Fractal Geometry

and Stochastics IV

Christoph Bandt
Peter Marters
Martina Zihle
Editors

HISNWHNHIB

Progress in Probability Vol. 61



BIRKHAUSER




Progress in Probability

Volume 61

Series Editors

Charles Newman
Sidney I. Resnick



Fractal Geometry
and Stochastics IV

Christoph Bandt
Peter Morters
Martina Ziahle
Editors

Birkhiuser
Basel - Boston - Berlin



Editors:

Christoph Bandt Peter Morters

Institut fiir Mathematik und Informatik ~ Department of Mathematical Sciences
Ernst-Moritz-Arndt-Universitit University of Bath

17487 Greifswald Bath BA2 7AY

Germany UK

e-mail: bandt@uni-greifswald.de

e-mail: maspm@bath.ac.uk

Martina Zihle

Mathematisches Institut
Friedrich-Schiller-Universitit

07740 Jena

Germany

e-mail: martina.zaehle@uni-jena.de

2000 Mathematics Subject Classification: 20E08, 28A80, 35K05, 37B10, 37D20, 37E35,
60B15, 60D05, 60G15, 60G17, 60G18, 60G50, 60G51, 60G52, 60H15, 60J45, 60]50, 60]80,
60J85, 60K35, 60K37, 82B27

Library of Congress Control Number: 2009931383

Bibliographic information published by Die Deutsche Bibliothek.
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data is available in the Internet at http://dnb.ddb.de

ISBN 978-3-0346-0029-3 Birkhéuser Verlag AG, Basel - Boston - Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, re-use of
illustrations, broadcasting, reproduction on microfilms or in other ways, and storage
in data banks. For any kind of use whatsoever, permission from the copyright owner
must be obtained.

© 2009 Birkhiuser Verlag AG

Basel - Boston - Berlin

P.O. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced from chlorine-free pulp. TCF «
Printed in Germany

ISBN 978-3-0346-0029-3 e-ISBN 978-3-0346-0030-9

987654321 www.birkhauser.ch



Contents

Preface .o vii

Introduction ... ...t ix

Part 1: Analysis on Fractals
A. Grigor’yan, J. Hu and K.-S. Lau

Heat Kernels on Metric Spaces with Doubling Measure .............. 3
V.A. Kaimanovich
Self-similarity and Random Walks ............... ... ... ... ....... 45

Part 2: Conformal Dynamics and Schramm-Loewner Evolution

G.F. Lawler
Multifractal Analysis of the Reverse Flow
for the Schramm-Loewner Evolution ................. ... ............ 73

Part 3: Random Fractal Processes

D. Khoshnevisan
From Fractals and Probability to Lévy Processes
and Stochastic PDES ... i 111

Part 4: Emergence of Fractals in Complex Systems

J.E. Steif
A Survey of Dynamical Percolation ................ ... ... ... ...... 145

J. Blath
Measure-valued Processes, Self-similarity and
Flickering Random Measures .............cooiiiiiiiiiiiiiiniea.. 175

G. Miermont
Random Maps and Their Scaling Limits .................cooiii.. 197



vi Contents

Part 5: Iterated Function Schemes and Transformations of Fractals
M.F. Barnsley

Transformations Between Fractals ............... ... . ... ... ....... 227
M. Furukado, S. Ito and H. Rao

Geometric Realizations of Hyperbolic Unimodular Substitutions ..... 251
M. Dekking

Random Cantor Sets and Their Projections .......................... 269



Progress in Probability, Vol. 61, vii
© 2009 Birkh&user Verlag Basel/Switzerland

Preface

The conference ‘Fractal Geometry and Stochastics IV’ with 116 participants from
all over the world took place at Greifswald, Germany, from September 8-12,
2008. (More information can be found on the web page http://www.math-inf.uni-
greifswald.de/~bandt/fgs4.html.) The conference continued a series of meetings
reflecting the developments in this modern mathematical field over the last fifteen
years. As in the previous meetings — the former authors and their topics are listed
at the end of the book — only the main speakers of the conference were asked for
contributions to this volume. Again, we followed the principle to invite represen-
tatives of very active areas of research. Their articles give nice introductions to
the subjects, most of them in form of surveys with selected proofs. Some of the
contributions also contain interesting original results. The volume is addressed to
non-experts as well as to specialists.

A few days before the conference Oded Schramm, outstanding researcher in
areas closely related to fractal geometry and stochastics, died in a tragic hiking
accident in the mountains near Seattle. The influence of his mathematical ideas
was very strongly felt during the conference and is also present in the contributions
in this volume. Some of our speakers were collaborators and friends of Oded and
many of us benefited from his original ideas and clear insights in both conformal
geometry and probability. His life was commemorated in a minute of silence during
the opening talk by Greg Lawler, and some of our authors have dedicated their
contributions to him.

We would like to express our gratitude to the Deutsche Forschungsgemein-
schaft for the essential financial support for the conference and to the referees for
their help in preparing this volume.
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Introduction

The purpose of this book is to give insight into some exciting recent developments
in the area of fractals, which are deeply influenced by the close interplay between
geometry, analysis and probability, as well as by algebraic approaches as a new
direction of research. In many of the topics the influence of randomness plays a
major role. This reflects, in particular, natural relationships to models in statistical
physics, mathematical genetics, population biology, finance and economics. For the
convenience of the reader we have divided the book into five parts, corresponding
to different directions of current research.

In Part 1 certain classes of fractals are treated in the more general frameworks
of analysis on metric measure spaces and of self-similar algebraic groups acting on
homogeneous rooted trees. The article of A. Grigor’yan, J. Hu and K.-S. Lau gives
a survey on recent developments in the study of heat kernels on metric measure
spaces. It explains several results obtained by the authors and their collaborators
in a line of papers. In particular, it illustrates how heat kernel estimates of rather
general form imply certain doubling properties of the underlying measure. Also re-
lations to embeddings of the associated Dirichlet space into Besov type spaces and
vice versa are shown. In addition a parabolic maximum principle is proved, along
with some applications. Fractal sets with certain self-similarity properties serve
as special examples. The latter may also be obtained as limit sets in the recently
developed theory of self-similar groups. This leads, in particular, to an algebraic
approach to Laplacians on such fractals. In the contribution of V. Kaimanovich
a survey on new methods and results for self-similar groups is presented focusing
on relationships between random walks on these structures and their amenability.
Self-similar groups generated by bounded automata are discussed as a special case.
The paper is completed by many references to the current literature on general
self-similar groups.

Part 2 deals with a modern field in conformal dynamics. The Schramm-
Loewner evolution (SLE) is a conformally invariant stochastic process consisting of
a family of random planar curves. They are generated by solving Charles Loewner’s
differential equation with Brownian motion as input. SLE was discovered by Oded
Schramm (2000) and developed by him together with Gregory Lawler and Wen-
delin Werner in a series of joint papers, for which they were awarded several prizes.
SLE is conjectured or proved to be the scaling limit of various critical percolation
models, and other stochastic processes in the plane with important applications in
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statistical physics. In the present book G.F. Lawler derives some new results: Us-
ing the Girsanov transformation and stochastic calculus he obtains large deviation
(multifractal) estimates for a reverse flow associated with SLE. Moreover, novel
fractal tools are developed to give a more accessible proof of Beffara’s theorem
(2008) on the Hausdorff dimension of the SLE curves.

In Part 3 some old and new relationships between fractal geometry and sto-
chastic processes are reviewed by D. Khoshnevisan, where Lévy processes are of
special interest. Connections to stochastic partial differential equations associated
with the generator of such a process are also discussed. For proving geometric
properties of occupation measure, range and local time Fourier transformation
arguments are used as a main tool.

In Part 4 we show how recent developments in various areas of probability
have led to the discovery and study of new fractal objects. The article of J. Steif
surveys the model of dynamical percolation. Generically, this can be interpreted
as a family of strongly coupled percolation processes indexed by a continuous
time parameter. This setup allows to ask whether there exist exceptional times
when the process has a property that has probability zero at any fixed time.
In the cases described in this survey, the exceptional times form an interesting
random fractal. The contribution of J. Blath describes a class of processes arising
in mathematical genetics and population biology from the point of view of their
fractal properties and, in particular, a new fractal phenomenon, the flickering of
random measures, is described. G. Miermont deals with the classical probabilistic
question of convergence of rescaled probabilistic objects to universal objects in
the new context of random planar maps, such as random quadrangulations of a
2-sphere. The resulting limiting object, which is homeomorphic to the 2-sphere
but has Hausdorff dimension 4, is again an exciting new fractal object.

Part 5 concerns (random) fractals generated by iterated function systems
in an extended sense. M.F. Barnsley studies homeomorphisms between the corre-
sponding attractors for equivalent address structures of the coding maps. In partic-
ular, the notion of fractal tops is discussed. Furthermore, generalized Minkowski
metrics are considered which make affine iterated function systems hyperbolic.
The paper of M. Furukado, S. Ito and H. Rao contains some new constructions
and original results on the theory of Rauzy fractals based on the interplay be-
tween symbolic dynamics and domain-exchange transformations. The special class
of (non-linear) Cantor sets is of traditional interest in fractal geometry and phys-
ical applications. F.M. Dekking answers in his article the question, whether the
algebraic difference of two independent copies contains an interval or not, for two
families of random Cantor sets. The survey is based on earlier papers by him,
K. Simon and other coauthors.
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Heat Kernels on Metric Spaces
with Doubling Measure

Alexander Grigor’yan, Jiaxin Hu and Ka-Sing Lau

Abstract. In this survey we discuss heat kernel estimates of self-similar type
on metric spaces with doubling measures. We characterize the tail functions
from heat kernel estimates in both non-local and local cases. In the local
case we also specify the domain of the energy form as a certain Besov space,
and identify the walk dimension in terms of the critical Besov exponent. The
techniques used include self-improvement of heat kernel upper bound and the
maximum principle for weak solutions. All proofs are completely analytic.

Mathematics Subject Classification (2000). Primary: 47D07,
Secondary: 28A80, 46E35.

Keywords. Doubling measure, heat kernel, maximum principle, heat equation.

1. Introduction

The heat kernel is an important tool in modern analysis, which appears to be useful
for applications in mathematical physics, geometry, probability, fractal analysis,
graphs, function spaces and in other fields. There has been a vast literature de-
voted to various aspects of heat kernels (see, for example, a collection [29]). It is
not feasible to give a full-scale panorama of this subject here. In this article, we
consider heat kernels on abstract metric measure spaces and focus on the following
questions:

e Assuming that heat kernel satisfies certain estimates of self-similar type, what
are the consequences for the underlying metric measure structure?

e Developing of the self-improvement techniques for heat kernel upper bounds
of subgaussian types.

A.G. was supported by SFB 701 of the German Research Council (DFG) and the Grants from
the Department of Mathematics and IMS in CUHK. J.H. was supported by NSFC (Grant No.
10631040) and the HKRGC Grant in CUHK. K.S.LL was supported by the HKRGC Grant in
CUHK.
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Useful auxiliary tools that we develop here include the family of Besov func-
tion spaces and the maximum principle for weak solution for abstract heat equa-
tion.

Some of these questions have been discussed in various settings, for example,
in [1, 4, 10, 12, 14, 18, 32, 33, 35, 36, 37, 38, 39] for the Euclidean spaces or
Riemannian manifolds, in [5, 7, 25] for torus or infinite graphs, in [9, 27, 41]
for metric spaces, in [2, 3, 6, 26] for certain classes of fractals. The contents of
this paper are based on the work [20], [21], [22] and [24]. Similar questions were
discussed in the survey [19] when the underlying measure is Ahlfors-regular, while
the main emphasis in the present survey is on the case of doubling measures.

Notation. The sign < below means that the ratio of the two sides is bounded from
above and below by positive constants. Besides, ¢ is a positive constant, whose
value may vary in the upper and lower bounds. The letters C, C’, ¢, ¢’ will always
refer to positive constants, whose value is unimportant and may change at each
occurrence.

2. What is a heat kernel

We give the definition of a heat kernel on a metric measure space, followed by some
well-known examples on Riemannian manifolds and on a certain class of fractals.

2.1. The notion of a heat kernel

Let (M,d) be a locally compact separable metric space and let u be a Radon
measure on M with full support. The triple (M, d, i) is termed a metric measure
space. In the sequel, the norm in the real Banach space L? := LP (M, 1) is defined
as usual by

1/p
T ( / If(af)”du(m)) Cl<p<oo
M
and
1o = esup | £(2)],
xeM

where esup is the essential supremum. The inner product of f,¢g € L? is denoted
by (f,9)-

Definition 2.1. A family {p:},., of functions p;(z,y) on M x M is called a heat
kernel if for any ¢ > 0 it satisfies the following five conditions:

1. Measurability: the p:(-, -) is p X g measurable in M x M.
2. Markovian property: p: (x,y) > 0 for p-almost all 2,y € M, and

/ P, )du(y) < 1, (2.1)
M

for p-almost all x € M.
3. Symmetry: pi(x,y) = pt(y, ) for p-almost all z,y € M.
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4. Semigroup property: for any s > 0 and for py-almost all z,y € M,
pesstey) = [ pie2)pa(zp)dut), (22)
M
5. Approzimation of identity: for any f € L2,

/Mpt(af,y)f(y) Qi) L F @) ast— 0+

We say that a heat kernel p; is stochastically complete if equality takes place
n (2.1), that is, for any ¢t > 0,

/ pi(x,y)du(y) =1 for p-almost all € M.
M

Typically a heat kernel is associated with a Markov process ({Xt}t>0 AP} e M)
on M, so that p; (x,y) is the transition density of X;, that is,

P, (X; € A) = /A pe(2,y) dp(y)

for any Borel set A C M (see Fig. 1).

F1GURE 1. Markov process X; hits the set A

Here are some examples of heat kernels.

Example 2.2. The best-known example of a heat kernel is the Gauss- Weierstrass

function in R™:
_ 1 |z —y|?
pi(z,y) = (i) exp (— yraml (2.3)

It satisfies all the conditions of Definition 2.1 provided p is the Lebesgue measure.
This heat kernel is the transition density of the canonical Brownian motion in R"™.

Example 2.3. The following function in R"”
n41
C, r—ul2\ "
pele,y) = 2 (1 Il t2y| ) (2.4)

(where C,, = I' (%5L) /w("+1)/2) is known on the one hand as the Poisson kernel,
and on the other hand as the density of the Cauchy distribution. It is not difficult
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to verify that it also satisfies Definition 2.1 (also with respect to the Lebesgue mea-
sure) and, hence, is a heat kernel. The associated Markov process is the symmetric
stable process of index 1.

More examples will be mentioned in the next section.

2.2. Heat semigroup and Dirichlet forms

The heat kernel is an integral kernel of a heat semigroup in L?. A heat semigroup
corresponds uniquely to a Dirichlet form in L2.

A Dirichlet form (€,F) in L? is a bilinear form £ : F x F — R defined on a
dense subspace F of L2, which satisfies in addition the following properties:

o Positiwity: £ (f):=E(f,f) >0 for any f € F.
e Closedness: the space F is a Hilbert space with respect to the following inner
product:

E(f,9) +(f,9)-
o The Markov property: if f € F then the function
g = min {1, max{ f,0})}
also belongs to F and € (g) < £ (f). Here we have used the shorthand £ (f) :=
1)

Any Dirichlet form has the generator £, which is a non-positive definite self-
adjoint operator on L? with domain D C F such that

E(f,9)=(-Lf,g)

for all f € D and g € F. The generator determines the heat semigroup {Fi},~
defined by P; = e**. The heat semigroup satisfies the following properties:
o {P,}¢>0 is contractive in L?, that is | P, f||, < ||f]|, for all f € L? and ¢ > 0.

o {Pi}i>0 is strongly continuous, that is, for every f € L2
Pth—2>fast—>O—|—.
o {P,}i>0 is symmetric, that is,
(Pif,g) = (f, Prg) forall f,geL?
o {P,}i>0 is Markovian, that is, for any ¢ > 0,
if f>0then P,f >0, and if f <1 then P.f <1.

Here and below the inequalities between L2-functions are understood u-
almost everywhere in M.

The form (£, F) can be recovered from the heat semigroup as follows. For
any t > 0, define a quadratic form & on L? as follows

& (f) = % (f=Pf, f). (2.5)

It is easy to show that & (f) is non-negative and is increasing as ¢ is decreasing.
In particular, it has the limit as ¢ — 0. It turns out that the limit is finite if and
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only if f € F, and, moreover,
t1_1>%1+5t (f)=&f)

(cf. [9]). Extend &, to a bilinear form as follows

gt(fmg) :%(fiptfmg)

Then, for all f,g € F,
Jm & (f,9) =€ (f.9).

The Markovian property of the heat semigroup implies that the operator P;
preserves the inequalities between functions, which allows to use monotone limits
to extend P, from L? to L™ and, in fact, to any L9, 1 < ¢ < oco. Moreover, the
extended operator P; is a contraction on any L7 (cf. [15, p.33]).

Recall some more terminology from the theory of the Dirichlet form (cf. [15]).
The form (€, F) is called conservative if P,1 =1 for every ¢t > 0. The form (&, F)
is called local if £(f, g) = 0 for any couple f, g € F with disjoint compact supports.
The form (€, F) is called strongly local if E(f,g) = 0 for any couple f,g € F with
compact supports, such that f = const in an open neighborhood of supp g.

The form (€,F) is called regular if F N Cy (M) is dense both in F and
in Cy (M), where Co(M) is the space of all continuous functions with compact
support in M, endowed with the sup-norm. For a non-empty open 2 C M, let
F(Q) be the closure of F N Cp(f) in the norm of F. It is known that if (£, F) is
regular, then (£, F(Q)) is also a regular Dirichlet form in L?({, u).

Assume that the heat semigroup {P;} of a Dirichlet form (€, F) in L? admits
an integral kernel p;, that is, for all t > 0 and « € M, the function p; (z, -) belongs
to L?, and the following identity holds:

Pof (x) = /Mpt (.9) F () dp (1) (2.6)

for all f € L? and p-a.a. © € M. Then the function p; is indeed a heat kernel, as
we will show below. For this reason, we also call p; the heat kernel of the Dirichlet
form (£, F) or of the heat semigroup {P;}.

Observe that if the heat kernel p; of (£, F) exists, then by (2.5) and (2.6),

&)= [ ) = 1) mlap)dn(r)auta) (2.7
1 [ 0= Pa@) ) duto) (2.8)
for any t > 0 and f € L2

Proposition 2.4. ([21]) If p; is the integral kernel of the heat semigroup {P;}, then
e is a heat kernel.

Proof. We will verify that p; satisfies all the conditions in Definition 2.1. Let ¢t > 0
be fixed until stated otherwise.
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(1) Setting p: . = pi(x,-), we see from (2.6) that, for any f € L?,
P, f(x) = (pt,z, f) for p-almost all x € M,

whence it follows that the function z — (p; 4, f) is p-measurable in z. Let {¢g }re
be an orthonormal basis of L2. Using the identity

o0

P (2,9) = Pra () = Y (Dras k) 21 (1)
k=1

we conclude that p; (z,y) is jointly measurable in @,y € M, because so are the
functions (pt .z, pr) ¥k (Y)-

(2) By the Markovian property of P;, for any non-negative function f € L?,
there is a null set Ny C M such that

Pif(z) >0 forallze M\Ny.

Let S be a countable family of non-negative functions, which is dense in the cone
of all non-negative functions in L?, and set

N=JN
fes

so that A is a null set. Then P;f () > 0 for all z € M\ N and for all f € S.
If f is any other non-negative function in L2, then f is an L2-limit of a sequence
{fx} € S, whence, for any x € M \ N,

(Pt f) = Jim (Pt fr) = i P f (z) > 0.

Therefore, for any x € M \ N, we have that p;, > 0 p-a.e. in M, which proves
that p; (z,y) > 0 for p-a.a. x,y € M.

Let K C M be compact. Then the indicator function 15 belongs to L? and
is bounded by 1, whence

/ pi (2,y) dji (y) = Pl () < 1
K

for p-a.a. x € M. Choosing an increasing sequence of compact sets { K, }, -, that
exhausts M, we obtain that

/ pe(@y)du(y) = tim [ pe(ey)dp<1
M K’VL

n—oo

for p-a.a. z € M.
Consequently, for any compact set K C M, we obtain by Fubini’s theorem

pe (2, y) du(y)dp(z) = pe (@, y) dp (y) | dp ()
S J(U, )
< [ dut@) = () <.

which implies that p: (z,y) € L}, . (M x M).



Heat Kernels on Metric Measure Spaces 9

(3) For all f,g € L?, we have, again by Fubini’s theorem,

(Pf.g) = /M (@) S 0)9 (@) () (@), (2.9)

On the other hand, by the symmetry of P,

(Pef,9) = (f, Prg) = /M Pig (y) f (y) du(y)

- /M P00 F ()9 (@) dul) ). (2.10)

Comparing (2.9) and (2.10), we obtain p;(x,y) = p:(y,x) for p-almost all
r,y € M.

(4) Using the semigroup identity Piys = P; (Ps) and Fubini’s theorem, we
obtain that, for any f € L? and for p-a.a. € M,

P, sf (x) = P, (Psf) ()

— /Mpt (2,2) (/Mps (z,9) f (y) du (y)> dp (2)
— [ ([ et £ ).

whence, for any g € L?,

(Pitsf,9) :/

M x M

( / pt<z,z>ps<z,y>du<z>) £ ()9 (@) duly)du(z).
M

Comparing with
(Poaatg) = [ pre (0.0 ()9 @) dulw)ia (o).
M x M
we obtain (2.2).
(5) Finally, the approximation of identity property follows immediately from

(2.6) and Pth—2‘>fast—>O. O

Corollary 2.5. If p; and g; are two integral kernels of a heat semigroup {P;}, then,
for anyt >0,

pt (z,y) = g (z,y) for p-a.a. z,y € M. (2.11)
Proof. Similarly to (2.9), we have

(Pifo) = [ @) £ 0)g (@) duy)du (o).
MxM
Comparing with (2.9), we obtain (2.11). O

Remark 2.6. Of course, not every heat semigroup possesses a heat kernel. The
existence for the heat kernel and results related to these on-diagonal upper bounds
can be found in [4, Theorem 2.1], [2, Propositions 4.13, 4.14], [8], [9], [11], [13],
[14, Lemma 2.1.2], [17], [21], [23], [31], [40], [41], [42], [43].
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2.3. Examples

Example 2.7. Let M be a connected Riemannian manifold, d be the geodesic
distance, and p be the Riemannian measure. The Laplace-Beltrami operator A on
M can be made into a self-adjoint operator in L? (M, i) by appropriately defining
its domain. Then A generates the heat semigroup P, = e*®, which is associated
with the local Dirichlet form (€, F) where

E(f) = /MIVf|2 dp, F= WP (M).

The corresponding Markov process is a Brownian motion on M.

It is known that this { P;} always has a smooth integral kernel p; (z,y), which
is called the heat kernel of M. Although the explicit expression of p;(z,y) can not
be given in general, there are many important classes of manifolds where p; (x,y)
admits certain upper and/or lower bounds. For example, as it was proved in [32],
if M is geodesically complete and its Ricci curvature is non-negative, then

1 d(fff,y)2>
z,y) = ——exp| —c . myeMt>0, 2.12

where V(z,7) = p(B(x,r)) is the volume of the geodesic ball

B(z,r)={ye M :d(y,x) <r}.
Example 2.8. If A is a self-adjoint Laplace operator as above then the operator
L=— (—A)ﬁ/2 (where 0 < 3 < 2) generates on M a Markov process with jumps.
In particular, if M = R"™ then this is the symmetric stable process of index 3, and

the corresponding heat kernel admits the following estimate
n+p3

_ 1 e —y”\ 7
Pt(ﬂfay)ﬂm<1+f .

A particular case § = 1 was already mentioned in Example 2.3.

Example 2.9. Let M be the Sierpinski gasket! in R (see Fig. 2).

It is known that the Hausdorff dimension of M is equal to a := log(n +
1)/log?2. Let pu be the a-dimensional Hausdorff measure on M, which clearly pos-
sesses the same self-similarity properties as the set M itself. It is possible to con-
struct also a self-similar local Dirichlet form on M which possesses a continuous
heat kernel, that is the transition density of a natural Brownian motion on M,
moreover, the heat kernel admits the following estimate

g 1 d(z,y) B/(B-1)
pt(x7y) - Wexp <C< tl/ﬁ > ) (213)

where 3 = log(n + 3)/log2 is the walk dimension (see [6], [16], [30]). Similar
results hold also for a large family of fractal sets, including p.c.f. fractals and the
Sierpinski carpet in R™ (see [30] and [3]), but with different values of « and §.

IFor the background of fractal sets including the notion of the Sierpinski gasket, see [2].
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FIGURE 2. Sierpinski gasket in R?

3. Auxiliary material on metric measure spaces

Fix a metric measure space (M,d, ) and define its volume function V (z,r) by
V(x,r) = u(B(x,r))

where x € M and r > 0.

3.1. Besov spaces

Here we introduce function spaces W58/2? on M. Choose parameters 1 < p < oo,
B > 0 and define the functional Eg , (u) for all functions u € L? as follows:

_ 1
Bopw) = sup v [ ot [ July) — @ duty) | dute). (3
0<r<1 M V(l’,?”) B(x,r)
For simplicity, if p = 2, denote it by
Epg(u) := Ega(u).
The Besov space W?/2? is defined by
Wh2P .= fu e LP: Ep,(u) < oo} (3.2)
with the norm
lullwsrzs = llully + Epp(u) /7.
For Ahlfors regular® measures u, the Besov space W5/ was introduced in
[28, 34, 22] although using different notation.

It is not difficult to verify that for any 1 < p < oo and § > 0, the space
WF/2P ig a Banach space. Note that the space W?/2P decreases as [ increases:

2A measure p on a metric space (M, d) is said to be Ahlfors-regular if there exist a, ¢ > 0 such
that V(z,r) < r® for all balls B(z,r) in M with r € (0,1).
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it may happen that this space becomes trivial for large enough 3. For example,
Wh/22 (R™) = {0} for B > 2.
Define the critical Besov exponent 3* by

B :=sup {5 > 0: WP/22 is dense in L2 (M, u)} . (3.3)
Lemma 3.1. We have 3* > 2.

Proof. Tt suffices to show that W2 is dense in L? = L? (M, u). Let u be a Lipschitz
function with a bounded support A and let A, be the closed r-neighborhood of A.
If L is the Lipschitz constant of u, then

—2 ! —u(2)|? x
B = st [ ol [ ) @ et

0<r<1

< sup 1"72/ L*r?du(z)
0<r<1 A

S LQH(/h).
It follows that Es(u) < oo and hence u € W2, We are left to show that the class
Lip of all Lipschitz functions with bounded supports is dense in L2. Indeed, let

now A be any bounded closed subset of M. For any positive integer n, consider
the function on M

fo () = (1 =nd(z,4)),,
which is Lipschitz and is supported in A;/,. Clearly, f, — 14 in L? as n — oo,
whence it follows that 14 € Lip, where the bar means the closure in L2. Since the
linear combinations of the indicator functions of bounded closed sets form a dense
subset in L?, it follows that Lip = L2, which was to be proved. O

3.2. Doubling condition and reverse doubling condition
The measure p on M is said to be doubling if there is a constant Cp > 1 such that
V (z,2r) < CpV (z,7) (3.4)
for all z € M and r > 0.
Proposition 3.2. If (3.4) holds on M, then there exists « > 0 depending only on
the doubling constant C'p such that
Vi(z,R d R\“
L)ﬁCD M forall x,y € M and 0 < r < R. (VD)
Vi(y,r) r
Hence, the inequality of Proposition 3.2 can be used as an alternative def-
inition of the doubling property of u and will be referred to as (VD) (volume

doubling). The advantage of this definition is that it introduces a parameter «
that will frequently be used.

Proof. If x =y, then R < 2™r where

n= [log2 Ij} < log, § +1,
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whence, it follows from (3.4) that

1 R.q R log, Cp
< (Cp)" < (Cp)'= = op (-) . (3.5)

r

V (z, R) < V (z,2™r)
Vi(e,r) = Vi(x,r)

If « # y, then B (z,R) C B (y, R+ ro) where 7o = d (z,y). By (3.5),

log, Cp
V(x,R)gV(y,R+ro)§0D<R+ro> ’
Vi(y,r) Vi(y,r) r
which finishes the proof. O

The measure p satisfies a reverse volume doubling condition if there exist
positive constants o’ and ¢ such that

Mzc E forallz e M and 0 <r < R. (RVD)
V (z,7) r

Proposition 3.3. If (M, d) is connected and p satisfies (3.4), then there exist posi-
tive constants o' and c such that (RVD) holds, provided B (z, R)® is non-empty.

Proof. The condition B (z, R) # () implies that
B (z,p')\ B(z,p) #0 (3.6)

forall 0 < p < R and p’ > p. Indeed, otherwise M splits into disjoint union of two
C

open sets: B (z,p) and B (z, p)°. Since M is connected, the set B (z, p)  must be
empty, which contradicts the non-emptiness of B (z, R)".
If 0 < p < R/2, then we have by (3.6)

(o) (o) o

Let y be a point in this annulus. It follows from (VD) that
Vi(z,p) <CV (y,p/3)

for some constant C' > 0, whence
Vi(z,2p) 2V (2,p) +V (y,p/3) = (1 +e) V (z,p), (3.7)

where e = C~ 1.
For any 0 < r < R, we have that 2"r < R where

n:i= [log2 I:} > log, g —1.

For any 0 < k <n — 1, we have 2¥r < R/2, and whence by (3.7),

V (2,281r) > (14¢) V(x,25r).
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Iterating this inequality, we obtain

V (z, R) S V (z,2™r)
Vi(z,r) = V(x,7)

> (1+e)"

)

e B _ R log, (1+4¢)
>(14e)r o 14e)! (?>

thus proving (RVD). O

Remark 3.4. As one can see from the argument after (3.7), the measure p is reverse
doubling whenever the following inequality holds

V(z,Cr)>(1+¢e)V (z,7) (3.8)
forsome C >1,e>0and all z € M, r > 0.
Corollary 3.5. Assume that (M,d) is connected and u satisfies (VD). Then
w(M) =00 < diam(M) =00 & (RVD).

Proof. If (M) = oo, then diam(M) = oo; indeed, otherwise M would be a ball
of a finite radius and its measure would be finite by (VD). If diam (M) = oo, then
B¢ (z, R) # () for any ball B (z, R), and (RVD) holds by Proposition 3.3. Finally,
(RVD) implies p (M) = oo by letting R — oo in (RVD). O

4. Consequences of heat kernel estimates

We give here some consequences of the heat kernel estimates

1 d(z,y) 1 d(z,y)
Vv (I,tl/ﬁ) q)1 ( tl/ﬁ > Spt (I7y) S Vv (Qj,tl/ﬁ) @2 < tl/ﬁ )

for all ¢ > 0 and p-almost all 2,y € M. Functions ®; (s) and Py (s) are always
assumed to be non-negative and monotone decreasing on [0, +00), the constant 3
is positive.

We prove that

e The lower estimate of the heat kernel implies that
— the measure p is doubling;
— the space F is embedded in W5/2:2;
— the lower tail function ®1(s) is controlled from above by a negative
power of s.
e The upper estimate of the heat kernel implies that
— the space W8/22 is embedded in F;
— if the Dirichlet form is non-local then the upper tail function ®2 (s) is
controlled from below by a negative power of s (for large s).
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4.1. Consequences of lower bound

Let p; be a heat kernel on a metric measure space (M, d, p). Consider the lower
estimate of p; of the form:

1 d(z,y)
pe(@,y) > V(m’tl/ﬁ)%( t1/§/> (4.1)

for all ¢ > 0 and p-almost all z,y € M.

Lemma 4.1. Assume that the heat kernel p; satisfies the lower bound (4.1). If
D4 (sg) > 0 for some sg > 1, then p is doubling.

Proof. Fix r,t > 0 and consider the following integral

[ wewdut) = [ o) laen @) dut),
B(z,r) M
The right-hand side is understood as follows: the function

F(xv y) = pt($7 y)lB(z,r)(y>

is measurable jointly in x,y so that, by Fubini’s theorem, the integral

/ P, )L oy () dpy)
M

is well defined for p-almost all x € M and is a measurable function of x. Choose
any pointwise version of p:(x,y) as a function of z,y. By Fubini’s theorem, there is
a subset My € M of full measure such that, for any = € My, the function p;(z,y)
is measurable in y and the inequalities (4.1) and (2.1) hold for p-a.a. y € M. It
follows that, for all x € My,

/ pe(w,y)du(y) <1 (4.2)
B(z,r)

whence

1 > einf (x,y)
— el x,Y).
V(z,r) = yeBln’ Y

On the other hand, we have by (4.1)
1 r
inf ) P — (_) :
S inf pilwy) 2 Ve, 0/9) L\ {7
which together with the previous estimate gives
V(z,r) < 1
V (z,t1/8) = &y (r/tV/F)

Setting here t = (r/so)’g we obtain
V(z,7)
V(x,r/s0) — ®1(s0)
Since s9 > 1 and P4 (sg) > 0, (4.3) implies that measure y is doubling. O
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Lemma 4.2. Assume that the heat kernel p; satisfies the lower bound (4.1) with
®1(sg) > 0 for some sog > 1. Then, there is a constant ¢ > 0 such that for all
ue L? (M),

E(u) > cEg(u). (4.4)

Consequently, the space F embeds into WP/2:2,
Proof. Let t,r > 0. It follows from (2.7) and the lower bound (4.1) that

1 2
e == [ [ () @) mlen)dnt)duta)

1 r 1
st (W) /M (V(MW’) /B(a:,r) (uly) = “(m))zd#(y)> dp(x),

where we have used the monotonicity of ®;. Choosing ¢t = (r/ so)ﬁ and noticing
that V(z,7/s0) < V(x,r) by sp > 1, we obtain

5/8 2
£ 2 5% (o0) [ (V(l) [, ) ) du(y)> )

whence, by taking supremum in 7,
1
E(u) = 555‘51(50)38(”),
thus proving (4.4). O

Finally, we give another consequences of the lower bound (4.1) of the heat
kernel.

Lemma 4.3. Assume that the heat kernel p; satisfies the lower bound (4.1). If p
satisfies the reverse doubling property (RVD), then there is ¢ > 0 such that

Oy (s) < (145" foralls >0, (4.5)
where o is the same as in (RVD).

Proof. Following [24], let u € L? be a non-constant function. Choose a ball
B(zg, R) where u is non-constant and let a > b be two real values such that
the sets

A={z € B(zo,R):u(xr) >a} and B = {x¢€ B(zo,R): u(z) <b}

both have positive measure (see Fig. 3).
It follows from (2.7) that

£u) > = / { / — u(@))? pi(w, y)du(y)du(z)

i J L@ v (75 ) )

- a;tb o, (ff;) (B)/ V(m}tl/ﬁ)du(x)'
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B(CE(),R}

FIGURE 3. Sets A and B

For x € A, we have that B(z, R) C B(xo,3R), and hence, for small enough ¢ > 0,

1 1 VR _ 1 .C< R )“'

V(z,t/8)  V(z,R) V(z,t/8) = V(z0,3R)  \t/B

where we have used the reverse doubling property (RVD). Therefore, for small

t>0,
c(a—b)? 2R\ +P 2R
Eu) > ——————u(A)u(B) | =— Q| —= |-
R e T At 7l B e
If (4.5) fails, then there exists a sequence {s} with s — 0o as k — oo such that
SZ’/Jrﬁfbl(sk) — o0 as k— oo.

Choose tj, such that s, = 2R/t,1€/ﬁ. Then

o'+
2R 2R a’_;'_ﬁ
(7)) mon
k k

as k — oo, and hence £(u) = oo. Hence, we see that F counsists only of constants.
Since F is dense in L2, it follows that L? also consists of constants only. Hence,
there is a point * € M with a positive mass, that is, u({z}) > 0. Then (2.1)
implies that, for all ¢ > 0,
1
Dt (I’7 x) S .
p({z})

However, by (RVD), we have V (z,r) — 0 as r — 0, which together with (4.1)
implies that p;(z,x) — oo as t — 0, thus contradicting (4.6). O

(4.6)
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Remark 4.4. The last argument in the above proof can be stated as follows. If
(RVD) is satisfied and (4.1) holds with a function ®; such that ®; (0) > 0, then
w({x}) =0 for all x € M. This simple observation will also be used below.

4.2. Consequences of upper bound

Consider the upper estimate of p; of the form:

1 d(z,y)
ple) < e () (@7)

for all ¢ > 0 and p-almost all z,y € M.

Lemma 4.5. Assume that p satisfies both (VD) and (RVD), and that the heat kernel
pe is stochastically complete and satisfies the upper bound (4.7) with

/ s9HP=1Py(s)ds < oo, (4.8)
0

where « is the same as in (VD). Then, there is a constant ¢ > 0 such that for all
we L? (M),

E(u) < CEg(u). (4.9)
Consequently, the space WP/22 embeds into F.

Proof. Fix t € (0,1) and let n be the smallest negative integer such that 27+ >
t'/8. Since p; is stochastically complete, we have that for any ¢ > 0,

=5 || @) =ut) e aut)dnte) = Au(O+40+42 () (@10
where
Aoty =y [ (o)~ )yt (a.11)
1 2
mwi= g [ ) ) ), (412
)=y [ [ ) )t () (113)

Observing that by (VD)

V(z,2k+1)

2k+1

t1/8
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and using (4.7), we obtain

> 1 2k
pe(z,y)dp(y / S 22 ( )du( )
/B(w,l) Zo B(w,25+1)\B(z,2v) V (@, t1/5) t1/8

V(2R 2k
<Oy S dy (S
= l;) V(x, t1/8) "2\ 41/8

, 0 2k « 2k
<3 (am) (i)

k=0
< C'/ s 1Dy (s)ds (4.15)
3t-1/8
< ct/ s9HP=1D, (s)ds. (4.16)
%tfl/ﬁ

Applying the elementary inequality (a — b)? < 2(a? + b?), we obtain from (4.11)

) < g [ [ e e

2 2
- ¥/M u(z) </B(z’1)cpt(l',y)d'u,(y)> dp(z)

< 20||u||§/ s9HP1, (s)ds
%tfl/ﬁ
= o()]ul3ast—0, (4.17)
where we have used (4.8). It follows that

Jim Ao (t) = 0. (4.18)
By (4.7) and (4.14), we obtain that, for 0 > k > n,

/ (u() — u(y))?pr (. y)du(y)
B(z,2k+1)\ B(z,2%)

1 ok
< ey alen2d
< i (075) [ o gy )~ 10

<co(35) @ (150 v g fo o (00 w0t

By the definition (3.1) of Eg, for all k < 0,

/M W /B(a:,2k+1)(U(x) ; U(y))Qd,u(y)du (:z:) = (2k+1)ﬁEﬂ (u) (4-19)
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Therefore, we obtain

Ay <t>=2i >, / sy (1)~ 00 ) )
S T s (1) ) ) 0 (4.20)
< cEp(u) /OOO sATP1D, (s)ds, (4.21)

where the latter integral converges due to (4.8).
For k < n, we have 281 < ¢1/# whence by (RVD)

V(z,201)  fokrN®
o <L) (4.22)

Similarly to the estimate of A;, we obtain

-5 > [ ] () = u(y) b1, ) () d0)

k<n (z,2k+1)\ B(x,2F)

2k+1 « +ﬂ 2k
<c) (W> 2, <m> B (u)

k<n
2
§cEﬁ(u)/ s 1Dy (s5)ds, (4.23)
0

where the latter integral converges at 0 due to o/ + 8 > 0. It follows from (4.10),
(4.18), (4.21) and (4.23) that

E(u) = tE»%lJ,-gt( u) = hm (Ao (t) + A1 (t) + A2 (1)) < CEg(u),
which finishes the proof. O

Lemma 4.6. Assume that u satisfies (VD) and that the heat kernel p; satisfies the
upper bound (4.7). Then, either (E,F) is local, or there is ¢ > 0 such that

Bo(s) > c(1+5) "D for all s > 0. (4.24)

Proof. Let u,v € F be functions with disjoint compact supports A = suppu and
B = suppw (see Fig. 4).
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FIGURE 4. Functions v and v

Noticing that (u,v) = 0, we obtain, for any ¢ > 0,

1
Et(u,v) = n (u,v — Pv)

1
=- (u, Ppv)

= —%/Au(m) (/B v(y)pt(%y)du(y)) du().

Setting R = d(A, B) > 0 and using (4.7), we obtain

et < 30 (5 ) Il [ e auto) (4.25)

Choose any fixed point zp € A and let diam(A) = r. Then, using (VD), we see
that, for all x € A and small ¢ > 0,

1 B 1 V(zg,r)
V(x,t1/8) — V(xg,r) V(x,t1/8)

< c d(zo,x) +r a< ¢ 2r “
~ V(xo,r) t1/8 = V(xg,r) \t/8 ) °

Therefore, by (4.25),

ol < 122 (5 ) Il (7)ol

(2" R\ (R
_W” ullaflvlly /8 2\ /8 )

If (4.24) fails, then there exists a sequence {sy} such that s; — oo as k — oo, and

A

52T dy(s1,) — 0.

Letting t; > 0 such that s; = R/tk/’g we obtain that
|Es, (u,v)| = 0 as k — oo,

showing that &(u,v) = 0. Hence, the (£, F) is local, which was to be proved. O
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4.3. Walk dimension

Here we obtain certain consequence of a two-sided estimate

1 d(z,y) 1 d(z, y)
V (z,t1/9) D, ( /8 > < pi(x,y) < V (@, 61/9) D, ( /5 ) . (4.26)

The parameter 3 from (4.26) is called the walk dimension of the associated Markov
process.

Theorem 4.7. Assume that p satisfies both (VD) and (RVD). Let the heat kernel
pt (z,y) be stochastically complete and satisfy (4.26) where ®1 (sg) > 0 for some
sp > 1 and

o d
/ so‘+ﬂ+€<1>2(s)?8 < oo (4.27)
0

for some € > 0. Then § = B* where % is the critical Besov exponent defined in
(3.3).

Remark 4.8. Assuming in addition that ®1 (so) > 0 for some sg > 1 allows to drop
(VD) from the hypothesis, thanks to Lemma 4.1. If one assumes on top of that,
that the metric space (M,d) is connected and has infinite diameter then (RVD)
follows from (VD) by Corollary 3.5. Hence, in this case (RVD) can be dropped
from the assumptions as well.

Proof. By Lemma 4.2, we have the inclusion F ¢ W#/22_ Since F is always dense
in L2, we conclude that W5/22 is dense in L?, whence 5* > 3.

To prove the opposite inequality, it suffices to verify that, for any 5’ > (3, the
space WH'/22 is not dense in L2. We can assume that 3’ — 3 is sufficiently small
so that the condition (4.27) holds with ¢ = 3’ — .

Let us show that u € W#'/22 implies & (u) = 0. We use again the decompo-
sition

gt (U) = Ao(t) + Al(t) + A2 (t)
where A;(t) are defined in (4.11)—(4.13). As in the proof of Lemma 4.5, we have
}E)% AO (t) =0.

Let us estimate Aj(t) similarly to the proof of Lemma 4.5 (and using the same
notation), but use Eg: instead of Ej. Indeed, using instead of (4.19) the inequality

1 5 N
/M W /B(:c,2k+1)(u<x) - u(y)) d,u(y)d# (I) < (2k+ ) Eﬁ/ (u), (4-28)
we obtain from (4.20) that

OLJr[j/ k
B—/—l 2k+1 2
Al(t) <ct?s E <tl/5 @y W Eﬁ/(u)

n<k<0

§ct%_1Eﬁ/(u)/ saﬂj/*l@g(s)ds (4.29)
0
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where the integral converges due to (4.27). In the same way, one obtains
B’ 2 ’ /
As (t) < ctfflEﬁl(u)/ sY 1Py (s)ds.
0

Putting together all the estimates, we obtain

Er (u) < Ag(t) + Ct%flE@/(u) —0 ast—0,

whence

E(u) =1limé& (u) =0.

t—0

Since &; (u) < € (u), this implies back that & (u) =0 for all t > 0.
On the other hand, it follows from (2.7) and the lower bound in (4.26) that

aw = 5 [ - me i)
{d(w,y)ﬁsotl/ﬁ}
S Ur) —u 2

{d(w,y)gsotl/ﬁ}

which yields u(z) = u(y) for y-almost all x,y such that d(x,y) < sot'/?. Since t
is arbitrary, we conclude that u is a constant function.

Hence, we have shown that the space WH'/22 consists of constants. However,
it follows from Remark 4.4 that the constant functions are not dense in L2, which
finishes the proof. O

4.4. Consequence of two-sided estimates (non-local case)
Lemmas 4.3 and 4.6 of the previous subsections imply immediately the following.
Theorem 4.9. Assume that the metric measure space (M, d, 1) satisfies (VD) and

(RVD). Let {p:} be a heat kernel on M such that, for all t > 0 and almost all
T,y e M,

C1 d(z,y) C d(z,y)
Wq’ (CltlT <p (may) < v (g;7t1/ﬁ) @ | Cy /8 (430)

where C1,CY, Ca,Ch are positive constants. Then either the associated Dirichlet
form & is local or

et (1+8) ) <@ (s) < en(1+5) () (4.31)

for all s > 0 and some c1,ca > 0, where a and o are the exponents from (VD)
and (RVD), respectively.
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5. A maximum principle and its applications

5.1. Weak differentiation

Let H be a Hilbert space over R and I be an interval in R. We say that a function
w: I — H is weakly differentiable at t € I if for any ¢ € H, the function (u (-),®)
is differentiable at ¢ (where the outer brackets stand for the inner product in H),

that is, the limit
lim (u(t—i—&) _u(t>,¢>
e—0 £

exists. In this case it follows from the principle of uniform boundedness that there

is w € H such that
t —u(t
lim <u(+5)u(),¢> = (w, )
e—0 £

for all ¢ € H. We refer to the vector w as the weak derivative of the function u at
t and write w = v’ (¢). Of course, we have the weak convergence

Méu’(t) as ¢ — 0.

In the next statement, we collect the necessary elementary properties of weak
differentiation.

Lemma 5.1.

(i) If u is weakly differentiable at t then u is strongly (that is, in the norm of H)
continuous at t.

(ii) (The product rule) If functions v : I — H and v : I — H are weakly
differentiable at t, then the inner product (u,v) is also differentiable at t and

(u,v) = (u,v) + (u,v').

(iii) (The chain rule) Let ( M,u) be a measure space and set H = L?( M, u).
Let w: I — L*( M, p) be weakly differentiable at t € I. Let ® be a smooth
real-valued function on R such that

®(0) =0, 81H1§p |®'| < o0, s%p |P"] < oo. (5.1)

Then the function ® (u) : I — L?( M, p) is also weakly differentiable at t
and
O (u) = (u)u'.
Proof. To shorten the notation, we write u; for u (t).

(i) Tt suffices to verify that, for any sequence {e;} — 0, we have
[[ttte, —uell — 0 as k — oo. (5.2)
The sequence ut%’;_ut
bounded and, hence, also strongly bounded. The latter clearly implies (5.2).

converges weakly, whence it follows that it is weakly



Heat Kernels on Metric Measure Spaces 25

(ii) Let {e} be as above. We have the identity

(ut+€k7vt+€k) — (g, v¢) Ut e, — Ut Vitep, — Ut
= YV |+ | Uy ————
k €k

Ek g
Utte, — Ut
+ (77%4-% - .
€k

By the definition of the weak derivative, the first two terms in the right-hand side
converge to (u},v;) and (uy,v}) respectively. By part (i), the sequence “ =" g
bounded in norm, whereas ||vi1e, — vt|| — 0 as k — oo; hence, the third term goes
to 0, and we obtain the desired.

(iii) By (5.1) the function ® admits the estimate |® (r)] < C'|r| for all r € R,
which implies that the function ® (u;) belongs to L? ( M, u) for any t € I. By the
mean value theorem, for any r, s € R, there exists &, s € (0,1) such that

P(r+s)—@(r)=d" (r+&.s(r—s))s.

We have then

D (u —®(u U —u
( t+€k€)k (ut) = & (up + € (Urge, —m))%

where we write for simplicity £ = &u, u,,., —u,, Which can also be rewritten as

P (Ut-i-skg)k_ m - (q)/(ut +¢£ (ut+5k - ut)) - @' () ) W+E§7lg_m

P () Lrer T U

L (5.3)

Since
[ (@ (g + € (utge, —ur)) — @ (ur)) || < sup [ D" [|urte, — well

k73 —Uu
M is bounded in norm, the first term

in the right-hand side of (5.3) tends to 0 strongly as k — co. We are left to verify
that the second term goes weakly to ®' (u;) u}. Indeed, for any ¢ € L2 ( M, ), we
have that

(0 22220 ) = (R 0 ) ) (0 ) ) =@ (0,

(where ||-|| is the L2-norm) and the term

€k

where we have used the fact that &' (u;) is bounded and, hence, ®' (u;) @ €
L*( M, p). O
5.2. Maximum principle for weak solutions
As before, let (€, F) be a regular Dirichlet form in L2 (M, u). Consider a path
u: I — F. We say that u is a weak subsolution of the heat equation in an open
set  C M if u is weakly differentiable in the space L? () at any t € I and, for
any non-negative ¢ € F (),

(u', ) + € (u,0) < 0. (5-4)

Similarly one defines the notions of weak supersolution and weak solution.
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A similar definition was introduced in [20] but with the difference that the
time derivative u’ was understood in the sense of the norm convergence in L2 ().
Let us refer to the solutions defined in [20] as semi-weak solutions. Clearly, any
semi-weak solution is also a weak solution.

It is easy to see that, for any f € L? (M), the function P, f is a weak solution
in (0,00) x Q for any open 2 C M (cf. [20, Example 4.10]).

Proposition 5.2 (parabolic maximum principle). Let u be a weak subsolution of
the heat equation in (0,T) x , where T € (0, +00] and Q is an open subset of M.
Assume in addition that u satisfies the following boundary and initial conditions:
o uy(t,) € F(QQ) for any t € (0,T);
2
o uy (t,-) @0 ast—o.

Then u(t,x) <0 for any t € (0,T) and p-almost all x € Q.
Remark 5.3. For semi-weak solutions the maximum principle was proved in [20].

Remark 5.4. It was shown in [20, Lemma 4.4] that the condition uy € F () is
equivalent to the following: v € F and u < v for some v € F(£2). We will use this
result to verify the boundary condition of the parabolic maximum principle.

Proof. Let ® be a smooth function on R that satisfies the following conditions for
some constant C":

(i) ®(r) =0 for all r < 0;
(ii) 0 < @' (r) < C for all r > 0.
(iii) |®"” (r)] < C for all r > 0.

Then @ (u) = @ (ug) € F () so that we can set ¢ = ® (u) in (5.4) and obtain
(', ® (u) + & (u,® (u)) <O0.

Since ® is increasing and Lipschitz, we conclude by [20, Lemma 4.3] that
E (u, ® (u)) > 0, whence it follows that

(u', ® (u)) <O0. (5.5)

Since ® satisfies the conditions (5.1), we conclude by Lemma 5.1, that the function
t + ® (u) is weakly differentiable in the space L? () and

® (u) =& (u)u,
and (u, ® (u)) is differentiable in ¢ and
(w, @ (u) = (W, @)+ (u,® (u))
= (W, ®(w) + (u, @' (u)u)
= (W, ® )+ (v, ¢ (u)u).
Set W (r) = @ () r so that
(u, @ (u)" = (u', ® (u)) + (u', ¥ (u)).
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Assume for a moment that function ¥ also satisfies the above properties (i)—(iii).
Applying (5.5) to ¥, we obtain from the previous line

(u, ® (u)) <0,

that is, the function t — (u, ® (u)) is decreasing in ¢. By the properties (i)—(ii), we
have @ (r) < Cr for r > 0, which implies

(1, ® () = (s ® (1)) < Cllu | = 0as t — 0.

Hence, the function ¢t — (u4,® (u4)) is non-negative, decreasing and goes to 0 as
t — 0, which implies that this function is identical 0. It follows that w4 = 0, which
was to be proved.

We are left to specify the choice of ® so that the function ¥ (r) = @ (r)r
is also in the class (i)—(iii). Let us construct ® from its derivative ®' that can be
chosen to satisfy the following;:

o &' (r) =0 for r <O0;

e o' (r)y=1forr>1;

o &' (r)>0forr e (0,1).
(see Fig. 5).

FIGURE 5. Function ® (r)

Clearly, ® satisfies (i)—(iii). It follows from the identity
U (r) =" (r)r+® (r)
that ¥’ (r) is bounded and ¥’ (r) > 0 for r > 0. Finally, we have
U (r)y=@" (r)r+ 29" (r)

whence it follows that U” (r) = 0 for large enough r and, hence, ¥” is bounded.
We conclude that U satisfies (i)—(iii), which finishes the proof. O
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5.3. Some applications of the maximum principle
Recall that if (€, F) is a regular Dirichlet form in L? (M, p1) then, for any open set

Q, (£,F(Q)) is also a regular Dirichlet form in L2 (€, it). Denote by P the heat
semigroup of (€, F()).

Lemma 5.5. Assume that (€, F) is a reqular and local Dirichlet form. Let u (t,x)
be a weak subsolution of the heat equation in (0,00) x U, where U is an open subset

of M. Assume further, for any t > 0, u (t,-) is bounded in M and is non-negative
nU. If

2
u(t,-) 80 as t 0 (5.6)
then the following inequality holds for all t > 0 and almost all x € U:
u(t,z) < (1-Pl1y(x)) osu];<)t llu (s, ) |Loo(0y- (5.7)
<s<

Proof. We first assume that U is precompact. Choose an open set W such that
W € U. Fix areal T > 0 and set

m = sup [u(s, e - (5.8)
0<s<T
We show that, for all 0 < ¢t < T and p-almost all z € W,
u(t,z) <m(1—PY1w(z)). (5.9)

Let ¢ and 7 be cut-off functions® of the couples (W, U) and (U, M), respectively.
Consider the function
w:=Cu—mn— P 1w]. (5.10)

Then (5.9) will follow if we prove that w < 0 in (0,7] x W.

Claim 1. The w is a weak subsolution of the heat equation in (0, 00) x W.

Clearly, PV 1y is a weak solution of the heat equation in (0,00) x W. Let
us show that so is (u. Indeed, the product (u belongs to F because both ( and u
are in L N F. For any test function ¢ € F(W), we have, using (¢ = 9,

0 (Cu 0 0
(Farte) = () = (@)
==& (u,¥) = =€ (Cu, ) + € ((¢ = Du, ¥)
= —&(Cu, ),
where we have used also that (( — 1)u = 0 in W and, hence,
£((¢ = Du,¢) =0,
by the locality of (£, F). Thus, (u is a weak solution in (0,00) x W.

3A cut-off function for the couple (W, U) is a function ¢ € FNCo(M) such that 0 < ¢ < 1in M,
¢ = 1 on an open neighborhood of W, and supp ¢ C U. If (£, F) is a regular Dirichlet form then
a cut-off function exists for any couple (W, U) provided U is open and W is a compact subset of
U (cf. [15, p. 27]).
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Finally, the function 1 (z) considered as a function of (¢, z), is a weak super-
solution of the heat equation in (0, c0) x W, since for any non-negative v € F(W)

E(n, ) = lim 7" (n = Pin, ) = lim ¢=" (1 = Py, v)) > 0,
whence it follows that w is a weak subsolution.
Claim 2. For every t € (0,T], we have (w (t,-)) . € F(W).
By Remark 5.4, it suffices to prove that in (0,7] x M
w(t,") <mPY 1y, (5.11)
because mPV 1y € F (W). In M \ U, inequality (5.11) holds trivially because
¢(=0=P"1y in M\U
and, hence, w = —mn < 0. To prove (5.11) in U, observe that n = 1 in U and
0<wu<min (0,T] x U, whence
w=Cu—m+mPY 1y <u—m+mP¥ 1y <mPV 1y,

which was to be proved.
Claim 3. The function w satisfies the initial condition

2
wit,) " 0 ast 0. (5.12)

Noticing that n = 1 in W, we see that

2
1= PV =1 — PV 1w % 0 as t — 0.

Combining with (5.6), we obtain (5.12).

By the parabolic maximum principle (cf. Prop. 5.2), we obtain from Claims
1-3 that w < 0 in (0, 7] x W, thus proving (5.9).

Finally, let U be an arbitrary open subset of M. Let {W;}:;2, and {U;};2, be
two increasing sequences of precompact open sets, both of which exhaust U, and
such that W; € U; for all 4. For each i, we have by (5.9) with ¢ = T that in W;

ws 1= PV 1w | sup fus, ) e, - (5.13)
0<s<t

Replacing by the monotonicity in the right-hand side U; by U, and noticing that
PVi1y, 2% PV1y as i — oo,

we obtain (5.7) by letting i — oo in (5.13). O

Corollary 5.6. Assume that (€, F) is reqular and strongly local. Let U C ) be two

open subsets of M. Then the following inequality holds for all t > 0 and p-almost
allx € U:

1—P1g(z) < (1 - P1y(2)) s, 11— P§21QHL®(U) . (5.14)
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Proof. Approximating U by precompact open subsets, it suffices to prove the claim
in the case when U € ). Let ¢ be a cut-off function of the couple (U, ). Then we
can replace the term 1 — Pf?1o(x) in the both sides of (5.14) by the function

u(t,z) =p(x) — Ptﬂlg(z).

Clearly, for any ¢ > 0, the function w (¢,) is bounded in M, non-negative in U,
and satisfies the initial condition (5.6). Let us verify that u (¢, z) is a weak solution
of the heat equation in (0,00) x U. It suffices to show that the function ¢ (z) as a
function of (¢, ) is a weak solution in (0,00) x U. Indeed, since ¢ is constant in
a neighborhood of U, the strong locality of (£, F) yields that £(p,) = 0 for any
¥ € F(U), which finishes the proof. O

6. Upper bounds in the local case

6.1. Exponential tail

Following [21], we give an analytical approach of how to obtain the exponential
tail of the heat kernel upper bound on the doubling space. This is a modification
of the argument of [27]. For an alternative approach see [20] (and [25] for the case
of infinite graphs).

The following is a key technical lemma.

Lemma 6.1. Let (€, F) be a regular, strongly local Dirichlet form in L*(M,u). Let
p:[0,00) — [0,00) be an increasing function. Assume that there exist ¢ € (0,1)
and & > 0 such that, for any ball B C M of radius r and any positive t such that
p(t) < or,

1
Ptch <e m ZB (61)

Then, for any t > 0 and any ball B of radius r > 0,

1
Pilpge < Cexp (—c’t\lf (%)) in 4B, (6.2)

where C, ¢, > 0 are constants depending on €,8, and function ¥ is defined by

v = supd o 2 (0
for all s > 0.

Remark 6.2. Letting A — 0 in (6.3), one sees that ¥ (s) > 0 for all s > 0. It is
also obvious from (6.3) that ¥ (s) is increasing in s.

Remark 6.3. If p(t) = t'/# for 8 > 1, then

U(s) = sup {5)\1/5 — )\} = 0[356/(5—1)
A>0
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for all s > 0, where ¢g > 0 depends only on § (the supremum is attained for
A= (s/ﬂ)%). The estimate (6.2) becomes

P a1 1
Plp. <Cexp| —c <t> in ZB'

Remark 6.4. If the heat semigroup P; possesses the heat kernel p; (x,y) then the
condition (6.1) can be equivalently stated as follows: If p (¢t) < 0r then, for almost
all = € M,

[ mendws<e (6.4)
B(z,r)°
Indeed, for any ball B (zg,r) and for almost all 2 € B (x¢,r/4), we have
Bilp(agne (7) = / pe (@, y) dp (y) < / pe(z,y) dp (y) ,
B(zo,r)° B(z,r/2)°

so that (6.4) implies (6.1) (although with a different value of ¢). Conversely, for
almost all z € B (zg,7/2),

/ pi (,y) dp (y) S/ pe (@,y) dp (y) = Pl pag,r/2) ()

B(x,r)°¢ B(zo,r/2)°¢

so that (6.1) implies (6.4), for almost all € B (xg,7/8). Covering M by a count-

able family of balls of radius 7/8, we obtain that (6.4) holds for almost all z € M.
In the same way, the condition (6.2) is equivalent to the following: For all

A t,7 > 0 and for almost all x € M,

/B L g inw) < Con (e (T)). (6.5)

Hence, Lemma 6.1 in the presence of the heat kernel can be stated as follows: If
(6.4) holds for some e € (0,1/2), 6 > 0 and all ,t > 0 such that p(t) < ér then
(6.5) holds for all r,t > 0.

Proof of Lemma 6.1. Let us first show that the hypothesis (6.1) implies that there
exist € € (0,1) and § > 0 such that, for any ball B of radius r > 0 and for any
positive ¢ such that p (t) < or,

1
PP1ip>1-¢ in 15 (6.6)
Indeed, applying [21, Proposition 4.7] we obtain that, for all ¢ and almost every-

where in M,

PtBI%B > PtléB — sup (6.7)

0<s<t

P, H .
ol ((32))
For any x € B, we have that B(z,r/4) C $B (see Fig. 6).
Using the identity P;1 = 1 we obtain, for any = € %B,

Pilyp=1-Pl(ypye > 1= Py e
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B )

FIGURE 6. Illustration to the proof of (6.1)=-(6.6)

Applying (6.1) for the ball B (x,r/4), we obtain
Pilp(p,/ae <€ in B(xz,r/16),
provided that ¢ satisfies
p(t) < 52. (6.8)
It follows that, for any = € B,
Plip>1—¢ in B(z,1/16),
whence

1
Plyp>1-c in B (6.9)

On the other hand, for any y € (%E)C, we have $B C B (y,r/4)° (see Fig.
6), whence
Ps]-%B < PslB(y,r/él)C'
Applying (6.1) for the ball B (y,r/4) at time s, we obtain if (6.8) holds then, for
all0 < s <t
PslB(y,r/4)C S cin B (y,’/‘/16).

It follows that, for any y € (%E)C,
Pil,p <ein B(y,r/16),

whence

Plip<ein (iB) . (6.10)
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Combining (6.7), (6.9) and (6.10), we obtain that, under condition (6.8),
1
PP1p>PPlip>1-2 in B (6.11)

which is equivalent to (6.6).
Now we show that (6.6) implies (6.2). The proof will be split into 5 steps.

Step 1. Assuming that
p(t) <or (6.12)

and that B is a ball of radius r, rewrite (6.6) in the form
1-PP1g<ein EB. (6.13)
For any positive integer k, set By = kB and we will prove that
1—-PP*1p, <c in iB. (6.14)

Since M is separable, there is a countable dense set of points in By. Let {b;} be
a sequence of balls of radii 7 centered at those points. Clearly, b; C By and the
family {1b;} covers By (sce Fig. 7).

.

FIGURE 7. Balls {B} and {b;}

Due to (6.12), inequality (6.6) is valid for any ball b;, that is, for all 0 < s < ¢,
1
PBe1p > Pl1,, >1-cin b

It follows that
PBrti1p  >1—¢ in By.
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Applying the inequality (5.14) of Corollary 5.6 with Q = Byy; and U = By, we
obtain that the following inequality holds in By:

B
1= PP, < (1=PBPp,) swp 1= PP 1, )
0<s<t

IN

e (1 fPtBlek) .

Iterating in k and using (6.13), we obtain (6.14).
It follows from (6.14) that

1
Pilp: <1-Plp, <1-PP*1p <& in B (6.15)

Although (6.15) has been proved for any integer k > 1, it is trivially true also for
k =0, if we define Bqy := 0.

Step 2. Fix t > 0, x € M and consider the function

E;, =exp <cd§€£))> , (6.16)
where the constant ¢ > 0 is to be determined later on. Set
r=6"1p(t),
and we will prove that
P, (E;,) <C in B(z,1/4), (6.17)

where C is a constant depending on €, §. Set as before By, = B (z,kr), k > 1, and
By = 0. Using (6.16) and (6.15), we obtain that in B (z,7/4),

P, (Eiy) = Z P (]—BkJrl\BkEt,x)
k=0

< Z ||Et,$||L°°(Bk+1)Pt (1Bk+1\3k)
k=0

Choosing ¢ < (5log% we obtain that this series converges, which proves (6.17).

Step 3. Let us prove that, for all ¢ > 0 and z € M,
PiE; » < Ci By, (6.18)
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for some constant C; = C (g,4). Observe first that, for all y,z € M, we have by
the triangle inequality

Ey(y) = exp (0M>

p(t)
< exp (d;”zt)>> exp (d;(t§/>) — Eyu(2)Ei(y),

which can also be written in the form of a function inequality:
Et,a: S Et,z (Z) Et,z-
It follows that

Pt (Et,z) S Et@ (Z) Pt (Et,z) . (619)
By the previous step, we have
P, (E:,) <C in B(z,r), (6.20)

where r = 167 1p (¢). For all y € B(z,r), we have

Bue ) < exp (75 ) =exp (571 /4) = €'

whence
Et,z (Z> g Et,z (y) Et,z (y) S C/Et,a: (y> .
Letting y vary, we can write

FEi.(2) <C'E;, in B(z,r).
Combining this with (6.19) and (6.20), we obtain
Pt (Et,a:) S CC,Etﬂ; in B (Z7 T) .

Since z is arbitrary, covering M by a countable sequence of balls like B (z,7), we
obtain that (6.18) holds on M with Cy = CC".

Step 4. Let us prove that, for all t > 0, z € M, and for any positive integer k,
1
Pyt (Ey ) < OF in 1B (6.21)

where B = (2,6 p(t)). Indeed, by (6.18)
Pit (Bt 2) = Pe—1ye P (Bt o) < C1Po—1) B o
which implies by iteration that
Py (Br ) < CfilptEt,av
Combining with (6.17) and noticing that C' < C4, we obtain (6.21).

Step 5. Fix a ball B = B (zg,r) and observe that (6.2) is equivalent to the
following: for all £, A > 0,
cr

1
Plg. < N — —— in - B 22
15 _C’exp(c p(l/)\)> 1n2 , (6.22)



36 A. Grigor’yan, J. Hu and K.-S. Lau

where C, ¢, > 0 are constants depending on ¢,d. In what follows, we fix also ¢
and A.
Observe first that, for any x € %B,

Pilpe < Pt]-B(a:,T/2)C'

Hence, it suffices to prove that, for any x € %B,

P . <C IXtE— 6.23
tlB(xz,r/2)c =~ L €XpP <C p(l/)\) ( )
in a (small) ball around z. Covering then %B by a countable family of such balls,
we then obtain (6.22).

Changing t to t/k in (6.21), we obtain that

P (Eyjp) < C¥ in B (z,0)
where o, = 16 'p (t/k). Since

r
FE, > ——— | in B ¢
¢k > €XD (Cp(t/k’)> in B (z,7)
and, hence,
1 <e T \E
c X -
B(z,r)c > €XpP p(t/k’) t/k,x>

we obtain that the following inequality holds in B (z, o)
cr cr
P e < ———— | P (E < 'k — ——
e = ( p(t/m) (Bia) < ( p(t/k>)

where ¢ = log C;. Given A > 0, choose an integer k > 1 such that

kE—1 k

—— <A< -

t SAs t

Then we obtain the following inequality in B (z, o)
cr

P1 Ircgexp(c'()\t—&—l —7>7 (6.24
Kot ) ram )
which finishes the proof. O

6.2. Consequences of two-sided estimates (local case)

Now we are able to specify the local case in the statement of Theorem 4.9.

Given two points x,y € M, a chain connecting x and y is any finite sequence
{zx}j_, of points in M such that zg = =, x, = y. We say that a metric space
satisfies the chain condition if there is a constant C' > 0 such that for any positive
integer n and for all 2,y € M there is a chain {z}},_, connecting x and y, such

that J
d(zk, Tri1) SCM forall k=0,1,...,n— 1. (6.25)
n

For example, the geodesic distance on any length space satisfies the chain condi-
tion. On the other hand, the combinatorial distance on a graph does not satisfy it.
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Theorem 6.5. Assume that the metric measure space (M,d, 1) satisfies the chain
condition and that p satisfies (VD) and (RVD). Let (€, F) be a regular, local and
conservative Dirichlet form, and let {p;} be the associated heat kernel such that,
for allt > 0 and almost all x,y € M,

C1 d(x,y) Cc} d(x,y)
et (05 snen <y (55) 6

where C1, Cy, Ca, Ch are positive constants, o, o/ are the exponents from (VD) and
(RVD), respectively, and 3 > o — o'. Then 8 > 2 and the following inequality
holds:

¢} exp (7615[3/@71)) < P(s) < chexp (*CQSB/(ﬁ71)> (6.27)
for some positive constants c1, ¢y, ca,cy and all s > 0.

Proof. Let us first observe that the locality and the conservativeness imply the
strong locality. Indeed, by [15, Lemma 4.5.2, p. 159 and Lemma, p. 161}, we have
the following identity

1 ~
lim- [ (1-PR1) u2d,u:/ u?dk
=0t Jy M

for any u € F where k is the killing measure of (£, F) and @ is a quasi-continuous
version of u. Since P;1 = 1, it follows that & = 0. Therefore, by the Beurling-Deny
formula [15, Theorem 3.2.1, p. 108], (£, F) is strongly local. This will allow us to
apply later Lemma 6.1.

We split the further proof into five steps.

Step 1. By Lemma 4.3 and the lower bound of p;, we obtain
B(s) < (14 )@+ for all s > 0.
Therefore, using the upper bound of p;, we obtain (similar to (4.15)) that

[ newdm e[ s e
B(z,r)c ir/t1/e
SC// Safo/fﬂflds.
Lr/t1/8

Due to the condition 3 > a —«’/, the integral in the right-hand side converges and,
hence, the right-hand side can be made arbitrarily small provided rt—1/% is large
enough. We conclude by Lemma 6.1 (cf. Remark 6.4) with p(t) = t'/8 that, for all
r,t > 0 and for almost all x € M,

/B(M)Cpt (2.y) du (y) < Cexp (—ctw (T)). (6.28)

where

U(s) := it;% {5/\1/5 - )\} . (6.29)
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Step 2. Let us prove that 8 > 1. If § < 1 then it follows from (6.29) that
¥ = co. Substituting into (6.28) and letting » — 0, we obtain that, for almost all

ze M,
/ pt (z,y) du (y) = 0.
M\{z}

It follows from the stochastic completeness that there is a point € M of a positive
measure, which contradicts Remark 4.4.
Assume now that 8 = 1. Then by (6.29)

0, 0<s<1
(I)(S){ oo, s>1

which implies that, for all ¢ < ¢r and for almost all z € M,
[ w0,
B(x,r)°¢

that is, p; (z,y) = 0 for all t < ¢d(x,y) and almost all z,y € M. Together with
(6.26), this yields the following bounds of the heat kernel for all ¢ > 0 and almost
all xz,y € M:

C_l d(l‘,y) C X d(may)
< < .
V(m’tl/ﬁ)q>< 1/ >_pt(m,y)_v(x7tl/5)<l>( 7 > (6.30)
where )
~ P(s), s<c”
@(3):{0() s>c L.

Clearly, the functions ® and ® satisfy the hypotheses of Theorem 4.7. We conclude
by Theorem 4.7 that § = §* whereas by Lemma 3.1 8* > 2, which contradicts to

g=1.
Step 3. Using that § > 1, let us show that the heat kernel satisfies the

following upper bound
O d(l‘,y) 6/(ﬁ_1)
W exp <—C ( tl/ﬁ . (631)

Setting in (6.29) A = (s/3)7—T we obtain as in Remark 6.3
U (s) = cps?/(B-1)

pe(z,y) <

so that (6.28) becomes

r \B/(B-1)
< —c(=— . .
/| oy P @) ) < Cexp < ¢(37) ) (6.32)

On the other hand, by the upper bound in (6.26), we have, for all ¢ > 0 and almost
all z,y € M,

pe(z,y) < V (o 077)" (6.33)
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Setting r = 3d (z,y), we obtain from (6.32) and (6.33) that

IN

d(x
pat(,y) / t(7, 2)pe (2, y) du(z)
Sy,

@G )+ [ el dute) (639

< pe(z, z) du(z

Vv (yat /6) /B(a:,r)c t( ) ( )

b [ ) duta)
V (@, 875) Sy e T

¢ c r \B/(B-1)
: <V (y,t1/7) Ty (m,t1/5)> P <C (W) ) : (6.35)

y (VD) we have

VvV tl/ﬁ 1/8\“ a
(2.077) _ o (dley) +t o1+ )
\% (y, tl/ﬁ) t1/8 11/8
Absorbing the polynomial function of 7/t*/? into the exponential term in (6.35),
we obtain (6.31).
Step 4. Now we can prove that § > 2. Indeed, we have the estimate (6.30)

where this time B
O(s) = exp (70(9(3/([371)) .

Since the estimate (6.30) satisfies the hypotheses Theorem 4.7, we obtain § > 2
by the same argument as in Step 2.

Step 5. The lower bound in (6.30) implies that, for all ¢ > 0 and almost all
x,y € M, such that d (z,y) < sot'/?,

pe (z,y) > W. (6.36)

Let us show that this implies the following lower bound

. 4 (z.5)\ 7D
pi(z,y) > W exp <C < /5 ) ) (6.37)

for all t > 0 and almost all z,y € M. Iterating the semigroup identity, we obtain
for any positive integer n and real r > 0

pio) = [ oo [ paonpg (1) g G g)diCnn) i)
/ / pe(@,z1)pe(21,22) . pe (zn-1,9)dp(zn-1) - . - du(z1),

B(x1,r) B(zp—1,r

(6.38)
where {z;};_, is a chain connecting 2 and y that satisfies (6.25) (see Fig. 8).
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FIGURE 8. Chain {z;}

Denote for simplicity zg = « and z, = y. Setting

d
p— 49 (6.39)
n
and noticing that z; € B(x;,7),0 < i < n—1, we obtain by the triangle inequality
and (6.25)
d
d(zi, Zi+1) < d(l‘i,l‘i_H) +2r < Cl(x—7y)
n

where C" = C + 2. Next, we would like to use (6.36) to estimate p;/, (2i,ziy1)
from below. For that, the following condition must be satisfied:

P\ /B
d (2, zit1) < So (> ;
n

1/
Cld(’ray) < 50 (t> .
n n

which will follow from

Absorbing the constants C’ and sg into one, we see that the latter condition is

equivalent to
3

nzc<d§f/ﬁy)>ﬁl. (6.40)

If d(z,y) < sot'/? then (6.37) follows immediately from (6.36). Assume in the
sequel that d(z,y) > sot'/8 and choose n to be the least positive integer satisfying

(6.40), that is
B
d(x,y)\? "t
nx( 751/5)> (6.41)

This and (6.39) clearly imply that
A\ /8
r = <> . (6.42)

n



Heat Kernels on Metric Measure Spaces 41

Then we have by (6.36) and (VD)
> ¢ > ¢
TV (2, (t/n)VB) TV (zi,1)

p (Ziazi-i-l) (643)

Since by (VD)
V (zi,7) <c d(zi,z;) + 7 < 090,
V (xi,r) r
it follows from (6.43) that
.
Vi(xg,r)
Using (6.38), (6.42), (VD), (RVD), and (6.41), we obtain

dp(zn—1)...du(z1)

G / Viz,r)V (x1,7) ...V (Tp_1,7)
B(z1,r) B(zp—1,7)

n T
/

>
V(z,r) ~ ¢ % (3;’ (t/n)l/ﬁ)
¢ "V (z,t1/P) , /B
c
\%4 (os,tl/ﬁ) Vv (:E, (t/n)l/ﬁ) -V (os,tl/ﬁ)

/

P (2is 2zig1) >

t
n

\%

V(o U8 (o, 077) exp (—Cn)

¢ d(z,y)”\ "
> - — g7
= v (3:7t1/5) exp C < ;

Comparing (6.26) with (6.31) and (6.37), we obtain (6.27). O

Corollary 6.6. Under the hypotheses of Theorem 6.5, we have € (u) < Eg (u) for
all w € L? (M). Consequently, F = Wh/2.2,

Proof. Indeed, by Lemma 4.2 we have € (u) > cEg (u). Using the upper bound
(6.31) and Lemma (4.5), we obtain € (u) < CEg (u), which finishes the proof. O
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Self-similarity and Random Walks

Vadim A. Kaimanovich

Abstract. This is an introductory level survey of some topics from a new
branch of fractal analysis — the theory of self-similar groups. We discuss recent
works on random walks on self-similar groups and their applications to the
problem of amenability for these groups.
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Introduction

The purpose of this paper is to give a brief survey of some ideas and methods
associated with new progress in understanding the so-called self-similar groups.
This class of groups consists of automorphisms of homogeneous rooted trees defined
in a simple recursive way. A good account of the initial period of the theory can
be found in the survey [BGN03] by Bartholdi, Grigorchuk and Nekrashevych and
in the recent monograph of Nekrashevych [Nek05] (their authors are among the
most active contributors to this field).

Self-similar groups have a natural interpretation in terms of fractal geometry;
their limit sets are very interesting fractal sets (see the recent papers [NTO08,
RT09] for a study of Laplacians on limit sets). These groups also arise as iterated
monodromy groups of rational endomorphisms of the Riemann sphere, which, for
instance, led to a recent solution of an old problem from rational dynamics [BN06].

Self-similar groups are often quite unusual from the point of view of the tra-
ditional group theory. This has both advantages and disadvantages. On one hand,
by using self-similar groups it is easy to construct examples which may otherwise
be much less accessible (for instance, the famous Grigorchuk group of intermediate
growth [Gri80, Gri85, dIH00] has a very simple self-similar presentation). On the
other hand, even the simplest group theoretical questions for self-similar groups
may be quite hard. Already finding a self-similar realization of a free group is very
far from being obvious [BS98, GMO05, VV07].
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Another question of this kind is whether a given self-similar group is amenable
(amenability introduced by von Neumann [vN29] is, in a sense, the most natural
generalization of finiteness, and it plays a fundamental role in group theory). There
are numerous characterizations of amenability in various terms. In particular, it is
known to be equivalent to existence of a random walk on the group with trivial be-
haviour at infinity (= trivial Poisson boundary) [Fur73, Ros81, KV83]. It turns out
that self-similar groups may have random walks which are also self-similar in a cer-
tain sense, and it is this self-similarity that can be used in order to prove triviality of
the Poisson boundary, and therefore establish amenability of the underlying group.

This idea was first used by Bartholdi and Virag [BV05] for proving amenabil-
ity of the so-called Basilica group B. This group first studied by Grigorchuk and
Zuk [GZ02a] has a very simple matrix presentation and also arises as the iterated
monodromy group of the map z — 22 — 1 (known as the Basilica map, whence the
name). In particular, Grigorchuk and Zuk proved that B is not subexponentially
elementary, which made especially interesting the question about its amenabil-
ity. The approach of Bartholdi and Virag was further developed by Kaimanovich
[Kai05] who used the entropy theory of random walks (which provides a simple
criterion of triviality of the Poisson boundary) in combination with a contraction
property for the asymptotic entropy of random walks on self-similar groups (the
“Miinchhausen trick”).

An important ingredient of this technique is a link (established in [Kai05])
between self-similarity and the so-called random walks with internal degrees of
freedom (RWIDF) [KS83] also known under the names of matriz-valued random
walks [CW89] or of covering Markov chains [Kai95]. These are group invariant
Markov chains which take place on the product of a group by a certain parameter
set. Any random walk on a self-similar group naturally gives rise to a random
walk with internal degrees of freedom parameterized by the alphabet of the action
tree of the group. In turn, this RWIDF, when restricted to the copy of the group
corresponding to a fixed value of the freedom parameter, produces a new random
walk on the self-similar group (as it is pointed out in [GNO7], this transformation
corresponds to the classical operation of taking the Schur complement of a matrix).
It is the interplay between the original and the new random walks, which allows
one to apply the Miinchhausen trick.

This technique was recently applied by Bartholdi, Kaimanovich and Nekra-
shevych [BKNOS8] to prove amenability of all self-similar groups generated by
bounded automata (this class, in particular, contains the Basilica group).

Added in proof. The recent preprint “Amenability of linear-activity automaton
groups” by Gideon Amir, Omer Angel and Bélint Virdg (arXiv:0905.2007) contains
a proof of amenability of all self-similar groups generated by automata of linear
growth. It is based on an extension of the methods from the above paper.

In this survey we attempt to give a historical and conceptual overview of these
developments without going into technical details, so that it should hopefully be
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suitable for a first acquaintance with the subject. Structurally, our presentation is
split into three parts.

In Section 1 we discuss the notion of self-similarity, introduce self-similar
groups in general and the subclass of self-similar groups generated by bounded
automata.

Further in Section 2 we briefly discuss the notion of amenability of a group.

Finally, in Section 3 we analyze random walks on self-similar groups, and
show how they can be used for establishing amenability of self-similar groups.

The presentation is based on a talk given at the “Fractal Geometry and
Stochastics IV” conference (and on several other occasions as well). I would like
to thank the organizers of this meeting for a very interesting and inspiring week
in Greifswald.

1. Self-similar groups
1.A. And so ad infinitum. ..

The modern idea of self-similarity is best described by the following quote from
On Poetry: a Rhapsody by Jonathan Swift (1733):

So, naturalists observe, a flea

Has smaller fleas that on him prey;
And these have smaller still to bite ’em,
And so proceed ad infinitum.

On a more formal level, the simplest self-similarity assumptions are:

e a part is similar to the whole;
e the whole is a union of such parts;
e these parts are pairwise disjoint.

These assumptions naturally lead to the most fundamental self-similar struc-
ture, that of a rooted homogeneous tree. Such trees are, for instance, skeletons
of iterated function systems satisfying the open set condition (e.g., see [Fal03]);
the classical Cantor set is produced by such a system. More precisely, let X =
{1,2,...,d} be a finite set called the alphabet. Denote by X* the set of all finite
words in the alphabet X (including the empty word &). In other terms, X* is
the free monoid generated by the set X (the composition being the concatenation
(w,w’) — ww). The associated rooted homogeneous tree T'= T'(X) is the (right)
Cayley graph of the free monoid X* (so that one connects w to wz by an edge for
all w e X*,x € X). The tree T(X) = X* is split into levels T, =2 X™ (the set of

't was naturally extended by Augustus de Morgan in his Budget of Paradozes (1872):

Great fleas have little fleas upon their backs to bite ’em,

And little fleas have lesser fleas, and so ad infinitum.

And the great fleas themselves, in turn have, greater fleas to go on;

While these again have greater still, and greater still, and so on.
This is a description of what is nowadays called the natural extension of a non-invertible dynam-
ical system. See [Kai03] for its applications in the context of fractal sets.
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words of length n). The level Tj consists only of the empty word &, which is the
root of T'. Each vertex w € T = X* is the root of the subtree T,, which consists
of all the words beginning with w. The map w’ — ww’ provides then a canonical
identification of the trees T and T,,, see Figure 1, where X = {a,b}.

%)

FIGURE 1

1.B. Generalized permutation matrices

The group & = Aut(T) of automorphisms of the tree T' obviously preserves each
level of T'. In particular, it acts by permutations on the first level X = 71, i.e., there
is a homomorphism g — o = ¢9 from & to Sym(X) (the permutation group on
X). Another piece of data associated with any automorphism g € & is a collection
of automorphisms {g. }»cx indexed by the alphabet X. Indeed, if y = 09(x), then
g establishes a one-to-one correspondence between the corresponding subtrees T,
and T}, rooted at the points 2 and y, respectively. Since both subtrees T, and T},
are canonically isomorphic to the full tree 7', the map g : T, — T, is conjugate
to an automorphism of T denoted by g, (in terms of Swift’s description above,
gz describes what happens on the back of a first-order flea when it moves from
position x to position y = 09(g)), see Figure 2.

FIGURE 2
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Conversely, a permutation o € Sym(X) and a collection {g, }.cx of elements
of & uniquely determine the associated automorphism g € &. In algebraic terms
it means that g — (09;{gm}zex) is an isomorphism of the group & and the
semi-direct product Sym(X) X &% (in yet another terminology, & is isomorphic to
the permutational wreath product & Sym(X)). There is a very convenient way of
visualizing this structure by means of generalized permutation matrices.

Recall that the usual permutation matriz M associated with a permutation
o € Sym(X) is a |X| x | X| matrix with entries

o _J 1, ify=o(2),
Mgy = { 0, otherwise

)

and that the map o — M? is a group isomorphism. In the same way we shall
present the data (09; {gm}zeX) by the generalized permutation matriz M9 with
entries

g | 9z, ify=09(x),
Mz, = { 0, otherwise.

For instance, the automorphism g described in Figure 3 is presented by the matrix
0 o
M9 = .
(92 0)
g1

g2
—

7
4

\
\
I’ ‘\

FIGURE 3

More generally, given an arbitrary group G, we shall denote by
Sym(X;G) = G1Sym(X) = Sym(X) £ G¥

the group of generalized permutation matrices of order | X| with non-zero entries
from the group G. The group operation here is the usual matrix multiplication,
the only difference with ordinary permutation matrices being that the matrix
elements are multiplied according to the group law of G. Obviously, application
of the augmentation map (which consists in replacing all group elements with 1)
to a generalized permutation matrix yields a usual permutation matrix, which
corresponds to the natural homomorphism of Sym(X;G) onto Sym(X). We can
now sum up the above discussion by saying that there is a natural isomorphism
of the group & = Aut(T) of automorphisms of the tree T = T(X) and of the
generalized permutation group Sym(X;®). It is this isomorphism that embodies
the self-similarity properties of the group &.
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1.C. Self-similar groups and matrix presentations

Definition. A countable subgroup G C & is self-similar if the restriction of the
isomorphism & — Sym(X;®) to G induces an embedding G — Sym(X;@G); in
other words, if all entries of the matrices M9, g € G belong to G. Note that,
rigorously speaking, self-similarity is a property of the embedding G C & rather
than of the group G only. The embedding G — Sym(X; G) need not be surjective
(see the example below).

Ezample 1. The adding machine (isomorphic to the group Z) is generated by the
transformation a : z — 2z 41 on the ring Zs of 2-adic integers eg+€1-2+---+¢p -
2™ + ... where the digits ¢; take values 0 or 1. Depending on the values of initial
digits, it acts in the following way:

Oereg €3... +— leyeges...
1062 E3... g 016263...,
110 e3... 00 1e3...,
We can think of sequences (g9,¢1,...) as of boundary points of the binary rooted

tree T = T'(X) of the alphabet X = {0,1}. The transformation a extends to an
automorphism of T', and, as one can easily see from its symbolic description above,
the associated generalized permutation matrix is

o (0 1
M(a 0).

Thus, the infinite cyclic group (a) = Z generated by the transformation a is self-
similar (as a subgroup of the full group of automorphisms ).

Note that the automorphism a is completely determined by the matrix M.
Indeed, the augmentation map applied to M produces the usual permutation

matrix which describes the permutation by which a acts on the first level

1
1 0
of the tree T'. Further, by substituting M“ for a and the identity matrix for 1 in
M? one obtains the matrix

0 010
0 0 01
01 0 O0f°~
a 0 0 0
augmentation of which produces the order 4 permutation matrix

0 010

0 0 01

01 0 0

10 0 0

describing the action of a on the second level of T'. By recursively repeating this
procedure one obtains the action of a on all levels of T', i.e., an automorphism of
the whole tree T
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The example above suggests the following way of defining self-similar groups
by their matrix presentations. Fix a finite (or countable, for infinitely generated
groups) set K (the future set of generators of a self-similar group), and assign
to each k € K a generalized permutation matrix M" whose non-zero entries are
words in the alphabet consisting of letters from K and their inverses (the entry
associated with the empty word is 1). By replacing the non-zero entries of matri-
ces M" with corresponding products of the associated matrices and their inverses
we obtain generalized permutation matrices of order |X|?, etc. The usual permu-
tation matrices obtained from them by the augmentation map determine then
the action of elements from K on all levels of the tree T, i.e., the corresponding
automorphisms of T'. See [BG00] or [Nek05] for more on recursions of this kind.

A particular case of this construction arises in the situation when all non-
zero entries of matrices M" are elements of the set K. In this case the assignment
Kk +— M" amounts to a map (k,z) — (A, y) of the product K x X to itself, i.e.,
to an autonaton. Here y = o(x) for the permutation ¢ = o(M") determined by
the matrix M", and A is the matrix entry My, . The self-similar group obtained in
this way is called an automaton group.?

1.D. The Basilica group
The Basilica group B is determined by the matrix presentation

HbO b}_}Oa
“@=%0 1) 1 0/

The aforementioned recursion for this group looks in the following way:

0a 00
aH(b0>|_>1000'_>.
0 1 0010 ’
0001
00 b0
bH(0a>H0001H_
10 1000 ’
0100

and the associated automaton is

=

8 8
11T 111
R

M — — s — ~—

)

o o

@

€,

A~ N N N N
— — — ~—

2
1
1
2

\.('h
N = N =

€,

2Usually, when talking about automata groups, one tacitly assumes that the corresponding au-
tomaton is finite, i.e., the generating set K is finite.
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Here {1,2} = X is the alphabet of the binary tree T, and K = {a,b, e}, where e

0 e

The group B was first studied by Grigorchuk and Zuk [GZ02a] (see below
for its algebraic properties). The name Basilica comes from the fact that it also
appears as the iterated monodromy group of the rational map z — 22 — 1 on the
Riemann sphere C.

is the group identity determined by the substitution e — <e O>.

This latter notion was introduced by Nekrashevych who created a very fruit-
ful link between the theory of self-similar groups and rational dynamics. Namely,
given a rational map ¢ : C — C of degree d, a generic point z € C has precisely
d preimages, each of which also has d preimages, etc. Thus, attached to a generic
point z € C is the rooted homogeneous tree T, of its preimages. One can move the
preimage tree along any continuous curve consisting of generic points. However, if
z follows a non-contractible loop, it may happen that, although the preimage tree
T, returns to its original position, it undergoes a certain non-trivial monodromy
transformation. Thus, there is a homomorphism of the fundamental group of the
connected component of z in the set of generic points to the group of automor-
phisms of the preimage tree T,. The resulting subgroup of Aut(7T.) is called the
iterated monodromy group of the map ¢, see [Nek05] for more details.

Now, in rational dynamics the map z — 22 — 1 is called the Basilica map
[Bie90], because its Julia set (a subset of the Riemann sphere which, in a sense,
consists of the limit points of this map) looks similar to Basilica di San Marco in
Venice (together with its reflection in the water), see Figure 4. This Julia set also
arises as the limit set of the Basilica group B5.

FIGURE 4

_ Interesting algebraic and analytic properties of the Basilica group obtained in
[GZ02a, GZ02b, BG02] made especially relevant the question about its amenability
formulated in [GZ02a], also see [BGNO3].
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1.E. Bounded automatic automorphisms and Mother groups

The Basilica group B actually belongs to a certain natural subclass of the class of
self-similar groups which we shall now describe.

As we have seen in Section 1.B, given an automorphism g € & = Aut(T'), any
symbol z € X determines an associated automorphism g, € &. In the same way
such an automorphism g,, € & (the state of g at the point w) can be defined for
an arbitrary word w € T' = X* by restricting the automorphism g to the subtree
T, with the subsequent identification of both T, and its image g(Tw) = Ty(w)
with T'. Equivalently, g,, can be obtained by recursively applying the presentation
g — M9, namely, g,, is the non-zero entry of the row R,, of the |X|I*l x |Xx|I*l
matrix obtained by recursive expansion g — M9 — - - -

If the set of states of g

S(9) ={gw:weT}C&

is finite, then the automorphism g is called automatic. The set of all automatic
automorphisms of the tree T forms a countable subgroup 2 = A(X) of & = &(X).

An automorphism ¢ is called bounded if the sets {w € X" : g, # e}
have uniformly bounded cardinalities over all n. The set of all bounded auto-
morphisms also forms a subgroup B = B(X) of & = &(X). We denote by
BA = BA(X) = B(X)NA(X) the group of all bounded automatic automorphisms
of the homogeneous rooted tree T.

It is easy to see that the generators a, b of the Basilica group B described in
Section 1.D are both automatic and bounded in the above sense, so that B C B2
(here and on several occasions below we omit the alphabet X from our notation).
More generally, any group generated by a (finite) automaton (see Section 1.C)
is a subgroup of . An automaton is called bounded if its group is contained in
B (therefore, in BA). The class of groups generated by bounded automata was
defined by Sidki in [Sid00]. Obviously, all these groups are subgroups of B2. Most
of the well-studied groups of finite automata belong to this class (see [BKNOS] for
examples).

Groups generated by bounded automata also appear naturally in connection
with fractal geometry. It was proved in [BN03] that every such group is contracting,
and a contracting group is generated by bounded automata if and only if the
boundary of its tile is finite. This technical condition implies that the limit space
(see [Nek05]) of such a group belongs to the well-studied class of nested fractals
(see [Kig01]). This is the class of fractals on which the Brownian motion is best
understood. This shows an interesting connection between the most well-studied
class of self-similar groups and the class of fractals with most well-understood
analysis (see [NTO08] for more details).

It turns out that the class of groups generated by bounded automata contains
a countable family of groups which have certain universality properties with respect
to this class.
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Let X be a finite set with a distinguished element 0 € X, and put X = X\ {o}.
Set A = Sym(X) and B = Sym(X; A), and recursively embed the groups A and B
into &(X) by the matrix presentations

M®=¢a(a), M"= (8 ¢Bo(b)> 7

where ¢4(a), pp(b) are, respectively, the permutation and the generalized permu-
tation matrices corresponding to a € A,b € B. Then the Mother group MM =
M(X) = (A, B) is the subgroup of & = &(X) generated by the finite groups A
and B.

A direct verification shows that both groups A, B are contained in B,
whence the group MM(X) is a subgroup of BA(X). On the other hand, as it was
proved in [BKNOS|, any finitely generated subgroup of BA(X) can be embedded
as a subgroup into the generalized permutation group Sym(XN;M(XN)) for some
integer N.

Thus, in view of the fact that amenability is preserved by elementary opera-
tions (see Section 2.C below), amenability of the groups B2((X) for all finite sets
X (therefore, amenability of all groups generated by bounded automata) would
follow from amenability just of all the Mother groups 9t(X).

It is worth noting that the groups generated by bounded automata form
a subclass of the class of contracting self-similar groups (see [BN03, Nek05]). It
is still an open question whether all contracting groups are amenable. However,
Nekrashevych [Nek08] recently established a weaker property: contracting groups
contain no free groups with > 2 generators.

2. Amenability

2.A. From finite to infinite: von Neumann, Day and Reiter

Finite groups can be characterized as those discrete groups which have a finite
invariant measure. In other words, a discrete group G is finite if and only if the
natural action of G by translations on the space £} ;(G) of positive normalized
elements from ¢! (@) has a fixed point. This trivial observation suggests two ways
of “extending” the finiteness property to infinite groups. One can look either for
fixed points in a bigger space, or for approximative invariance instead of exact one.

The first idea was implemented by John von Neumann [vN29], according
to whose definition amenable groups are those which admit a translation invariant
mean®. A mean on G is a finitely additive “probability measure”, in other words, an
element of the space [(*°]% ; of positive normalized functionals on £°°(G). Usual
measures on G are also means, but if G is infinite, then there are many more
means than measures (which corresponds to the fact that in the infinite case ¢! is
significantly “smaller” than its second dual space [¢(1]** = [(>°]*).

3 Actually, the original term used by von Neumann was the German mefbare Gruppe, which
means “measurable group” in English. It was later replaced in German with mittelbare (cf.



Self-similarity and Random Walks 55

Means being highly non-constructive objects, the other way was explored
(surprisingly, much later than the original definition of von Neumann) by Reiter
[Rei65] who introduced (under the name P;) what is nowadays known as Reiter’s
condition for a group G: there exists an approximatively invariant sequence of
probability measures on G, in other words, there exists a sequence of probability
measures N\, on G such that

Ao = gAn|| — O VgeqG,

where || - || denotes the total variation norm. He proved that the above condition
is in fact equivalent to amenability as defined by von Neumann.

Ezxample 2. The sequence of Cesaro averaging measures

1
Ap=——(0g+0+ -+
n n—|—1(0+ 1+ 4+ 0n),
on the group of integers Z is approximatively invariant (here ¢,, denotes the unit

mass at the point n). Thus, Z is amenable.

2.B. Other definitions

There is a lot of other (equivalent) definitions of amenability of a countable group,
which illustrates importance and naturalness of this notion. We shall briefly men-
tion just some of them, referring the reader to [Gre69], [Pie84] and [Pat88] for
more details. Moreover, the notion of amenability has been extended to objects
other than groups, in particular, to group actions, equivalence relations, and, more
generally, to groupoids (see, e.g., [ADRO00]).

The main application of the notion of amenability is its characterization as
a fized point property. Namely, a countable group G is amenable if and only if any
continuous affine action of G on a compact space has a fized point. An example
of such an action arises in the following way. Let X be a compact topological
space endowed with a continuous action of G, and let P(X) denote the space of
probability measures on X endowed with the weak* topology. Then P(X) has a
natural affine structure, and the action of G extends to a continuous affine action
on P(X). Therefore, any continuous action of an amenable group on a compact
space has a finite invariant measure* (in fact, this property can also be shown to
be equivalent to amenability). In the case of the group of integers Z this result

moyennable in French), literally meaning “averageable”. In English, however, Mahlon M. Day
suggested to use (apparently, first as a pun) the word amenable, which appeared in print in
this context for the first time in 1949 [Day49]. It is curious that Day himself, when he later
described the history of this term in [Day83] on the occasion of the nomination of his paper
[Day57] as a “Citation Classic” dated its appearance to 1955: In 1929, von Neumann studied
a new class of groups, those with invariant means on the bounded functions. My thesis (1939)
studied semigroups with invariant means; thereafter, I worked in the field alternately with the
geometry of Banach spaces. I finished a large geometrical project in 1955 and turned back to
invariant means; in order to talk to my students I invented the term ‘amenable (pronounced as
amean’able) semigroups’.
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is known as the Krylov-Bogolyubov theorem [KB37] (which is one of the starting
points of the modern theory of topological dynamical systems).

Yet another characterization of amenable groups can be given in terms of
their isoperimetric properties. This condition is basically a specialization of Reiter’s
condition to sequences of measures of special kind (although historically it was
introduced by Fglner [Fgl55] some 10 years before Reiter). Let A,, be a sequence
of finite subsets of G, and let A\, be the associated uniform probability measures
on A,. Then Reiter’s condition for the sequence A, is equivalent to the following
condition on the sets A,:

|gAR DA, _ .0 Vged,
| An| n—oee

where A denotes the symmetric difference of two sets, and | A| is the cardinality of a
finite set A. A sequence of sets A,, satisfying the above condition is called a Fglner
sequence, and the condition itself is called Fglner’s condition. Obviously, Fglner’s
condition implies Reiter’s condition; however, the usual “slicing” isoperimetric
techniques also allow one to prove the converse, so that Falner’s condition is
equivalent to amenability.

For finitely generated groups Fglner’s condition takes especially simple form.
Indeed, in this case it is enough to verify it for the elements g from a finite gen-
erating set K C G only. Let us assume that K is symmetric, and denote by
I = T'(G, K) the (left) Cayley graph of the group G determined by K (i.e., the
vertex set is G, and the edges are of the form (g, kg) with g € G and k € K)®. For
a set A C G denote by 0A = Ox A C A its boundary in the Cayley graph, i.e., the
set of all points from A which have a neighbor from the complement of A. Then a
sequence of sets A,, C G is Folner if and only if

04l

Existence of a sequence of sets as above is an isoperimetric characterization of
amenability.

Ezample 3. For the group Z with the standard generating set {£1} the boundary of
the segment A,, = {0,1,2,...,n} consists of two points {0, n}, whereas |A,| — oo,
so that {A,} is a Fglner sequence.

2.C. Elementary groups

The class of amenable groups is closed with respect to the “elementary” operations
of taking subgroups, quotients, extensions and inductive limits. Finite and abelian
groups are amenable (cf. Example 2). The minimal class of groups containing finite

4The first proof of this fact by Bogolyubov [Bog39] published in 1939 (immediately after [KB37])
in a rather obscure journal in Ukrainian remained almost unknown, see [Ano94, CSGdIH99].
5Elsewhere in this paper we shall always deal with the right Cayley graphs. However, in order
to keep the notations consistent, here it is more convenient to consider the left Cayley graphs.
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and abelian groups and closed with respect to the above elementary operations is
called elementary amenable (EA) [Day57].

In the above paper Day asked the question whether every amenable group
is elementary amenable. The first example of an amenable but not elementary
amenable group is the group of intermediate growth (see below) found by Grig-
orchuk [Gri80, Gri85]. Later, a finitely presented amenable extension of the Grig-
orchuk group was constructed in [Gri98].

However, there is yet another way to obtain “obviously amenable” groups.
It is related with the notion of growth. Let G be a finitely generated group with a
symmetric generating set K. Denote by B,, the n-ball of the Cayley graph metric
on G centered at the group identity, or, in other words, the set of all elements
of G which can be presented as products of not more than n generators from K.
The sequence |B,,| is submultiplicative, so that there exists a limit limlog|B,|/n.
The group G is said to have exponential or subexponential growth depending on
whether this limit is positive or zero (this property does not depend on the choice
of a generating set K).

The class of groups of subexponential growth contains all the groups of poly-
nomial growth (the ones for which |B,| is bounded from above by a polynomial
function; by a theorem of Gromov [Gro81] these are precisely finite extensions of
nilpotent groups), but there are also examples of groups of intermediate growth,
i.e., the ones whose growth is subexponential without being polynomial. First ex-
amples of this kind were constructed by Grigorchuk [Gri85], and these groups can
often be realized as self-similar groups (see [BGN03]). For instance, the most fa-
mous of the Grigorchuk groups has 4 generators acting on the rooted binary tree
with the matrix presentation

(01 b, (@0 G g (L0
“@=\1 o) 0 ¢/ “T\o da)° 0 b/

If the growth of G is subexponential, then the sequence B,, necessarily con-
tains a Fglner subsequence, so that the groups of subexponential growth are ame-
nable. Therefore, one can change the definition of elementary amenable groups by
extending the set of “building blocks”: the minimal class of groups containing fi-
nite, abelian and subexponential groups and closed with respect to the elementary
operations is called subexponentially elementary amenable (SEA). Thus, a natu-
ral goal is to find amenable groups which are not subexponentially elementary
(see [Gri98, CSGAIH99)).

It is the Basilica group B which provided the first example of this kind. It
was shown in [GZ02a] that it does not belong to the class SEA, whereas it was
proved in [BVO05] that the Basilica group is amenable. We shall now explain the
role of random walks in the proof of amenability of 5.

Remark. It is worth mentioning at this point that non-amenable groups do exist,
and there is actually quite a lot of them (for instance, numerous matrix groups:
non-elementary Fuchsian and Kleinian groups, lattices in semi-simple Lie groups,
etc.). The first example is of course the free group Fy with d > 2 generators (since
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any discrete group can be obtained from free groups by the elementary operations
above, amenability of free groups would have implied amenability of all groups).
Non-amenability of F; may be explained in many different ways by using various
definitions. For instance, it is not hard to build a paradozical decomposition of Fy
(see [CSGAIH99] and the references therein), which prevents it from having an in-
variant mean. Another way consists in noticing that there are continuous actions
of F4 on compact sets admitting no finite invariant measures. Let, for instance
d = 2. Then an action of F5 on a compact K is determined by specifying two
homeomorphisms of K corresponding to the generators of F». If K is the circle,
then the only measure preserved by any irrational rotation is the Lebesgue mea-
sure. Take such a rotation for the first homeomorphism from the definition of the
action. Then, if we choose the second homeomorphism in such a way that it does
not preserve the Lebesgue measure, then these two homeomorphisms (therefore,
the associated action of F3) do not have any invariant measure, so that F» is not
amenable.

3. Random walks

3.A. Convolution powers

The main idea behind the use of random walks for establishing amenability at first
glance looks counterproductive. Let us replace arbitrary approximatively invariant
sequences of probability measures A\, on G from Reiter’s condition with sequences
of very special form, namely, with sequences of convolution powers u*™ of a single
probability measure p on G. In the same way as with Fglner’s characterization
of amenability (see Section 2.B), it turns out that this restricted class of approxi-
matively invariant sequences is still sufficient in order to characterize amenability.
More precisely, a group G is amenable if and only if there exists a probability
measure | on G such that the sequence of its convolution powers p*™ is approx-
imatively invariant. In one direction (the one we need for proving amenability)
this is just a particular case of Reiter’s condition, whereas in the opposite direc-
tion it was conjectured by Furstenberg [Fur73] and later independently proved by
Kaimanovich—Vershik [VK79, KV83] and by Rosenblatt [Ros81].

Now, working with sequences of convolution powers instead of arbitrary se-
quences of probability measures on G is actually easier, because of their description
as one-dimensional distributions of random walks on G. Moreover, one can use a
very powerful quantitative criterion of whether a given sequence of convolution
powers is approximatively invariant. It is provided by the entropy theory of ran-
dom walks which we shall briefly describe below.

Random walks are in a sense the most homogeneous Markov chains: they
are homogeneous both in space and in time. The latter property means that the
assignment x — 7, of transition probabilities to the points from the state space is
equivariant with respect to a group action, and the simplest instance of such an
action is, of course, the action of a group on itself.
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More formally, the (right) random walk on a countable group G determined
by a probability measure p is the Markov chain with the state space G and the
transition probabilities

mo(9') = mg™"g")
equivariant with respect to the left action of the group on itself. In other words,
from a point g the random walk moves at the next moment of time to the point
gh, where the random increment h is chosen according to the distribution p. We
shall use for this description of transition probabilities of the random walk (G, p)
the notation

gv+——gh.
h~p

Thus, if the random walk starts at moment 0 from a point gg, then its position at
time n is
gn = gohlhg...hn 5

where h; is a Bernoulli sequence of independent u-distributed increments. There-
fore, the distribution of the position g, of this random walk at time n is the
translate gou*™ of the n-fold convolution power p*" of the measure p (the con-
volution of two probability measures p1,p2 on G is defined as the image of the
product measure p1 ® ps on G X G under the map (g1, g2) — g192)-

3.B. Trivial future
Reiter’s condition
lgp™ —p™" — 0 Vged
n—oo

for the sequence of convolution powers p*" means that the time n one-dimensional
distributions of the random walk issued from the group identity e and from an
arbitrary point g € G asymptotically coincide. Probabilistically, the fact that the
one-dimensional distributions of a Markov chain asymptotically do not depend on
their starting points means that the “remote future” (behaviour at infinity) of the
chain does not depend on its present, which, in view of the classical Kolmogorov
argument means that the “remote future” must be trivial.

In order to explain the latter notion in a more rigorous way, let us look at
two examples: the simple random walks on the 2-dimensional integer lattice (=
the Cayley graph of the group Z?) and on the homogeneous tree of degree 4 (= the
Cayley graph of the free group F» with 2 generators). The simple random walk
on a graph is the one whose transition probabilities are equidistributed among
neighbours; the simple random walk on the Cayley graph of a group is precisely
the random walk on this group determined by the probability measure p = pug
equidistributed on the generating set K. Locally, each of these graphs is regular of
degree 4 (each point has 4 neighbours), but their global geometry is very different,
see Figure 5. In particular, the Cayley graph of F5 is endowed with a natural
boundary dF» which can, for instance, be identified with the space of all paths
without backtracking issued from the identity of the group (or any other reference
point).
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FIGURE 5

The global behaviour of sample paths of simple random walks on these graphs
is also very different. Sample paths of the simple random walk on F, converge a.s.
to the boundary 0F; (of course, different sample paths may converges to different
limits). Thus, these limit points can be used to distinguish sample paths by their
behaviour at infinity. On the other hand, although sample paths of the random
walk on Z? are quite complicated (their scaling limit is the Brownian motion on
the plane), they all look “the same”, see Figure 6.

FIGURE 6

Formally speaking, the “remote future” of a Markov chain is described by its
tail o-algebra

A = (A7,

which is the limit of the decreasing sequence of o-algebras A:° generated by the
positions of the chain at times > n. Thus, the boundary convergence of sample
paths of the simple random walk on F, at once implies non-triviality of its tail
o-algebra. On the other hand, in spite of absence of any visible behavior at infinity,
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proving triviality of the tail o-algebra for the simple random walk on Z? requires
additional work.

On a formal level a criterion of the triviality of the tail o-algebra of an
arbitrary Markov chain is provided by the corresponding 0-2 law [Der76, Kai92].
Its “zero part” for the random walk on a group G determined by a probability
measure p takes the following form (see [KV83]): the tail o-algebra of the random
walk is trivial if and only if

lgp™ = p ™| — 0 Vg€ suppp .
n—oo

Thus, if the support of the measure p generates G as a group, and the tail o-
algebra of the random walk (G, ) is trivial, then the sequence of Cesaro averages
of the convolution powers satisfies Reiter’s condition, and therefore the group G is
amenable (actually, if 1 is aperiodic, then the sequence of convolution powers p*"
also satisfies Reiter’s condition).

3.C. Asymptotic entropy

Let p = (pi) be a discrete probability distribution. By Shannon the amount of
information contained in any outcome ¢ is — log p;. The average amount of infor-
mation per outcome

H(p) =— sz' log p
is called the entropy of the distribution p. The entropy has the following two
properties (by which it is essentially characterized, see [YY83]):
e monotonocity: if p’ is a quotient of the distribution p (i.e., p’ is obtained by
gluing together some of the states of p), then

H(p') < H(p),
e additivity: for any two distributions pi, p2 the entropy of their product is

H(pr ®@p2) = H(p1) + H(p2) .

Let pu be a probability measure on a countable group G with finite entropy

H(p). The (asymptotic) entropy of the random walk (G, p) is defined as
*M
WG, p) = lim Hw™) ;
n—oo n

in other words, h(G, 1) is the asymptotic mean specific amount of information
about a single increment h; in the product g, = hihs...h,. Existence of the
above limit follows from the fact that the sequence H (u*") is subadditive. Indeed,
by the definition of convolution, the measure p*("*™) is a quotient of the product
measure p*" @ pu*™, whence

H(p ™)) < H(p'™ @ p™™) = H(p'™) + H(u™™)
by the above monotonicity and additivity properties.
The asymptotic entropy was first introduced by Avez [Ave72]. As it turned

out, it plays a crucial role in understanding the asymptotic properties of the ran-
dom walk (G, p). Namely, as it was independently proved by Kaimanovich—Vershik
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[VK79, KV83] and Derriennic [Der80], the asymptotic entropy h(G, 1) vanishes if
and only if the tail o-algebra of the random walk (G, ) is trivial.

This result means that the “remote future” of the random walk (G, p) is
trivial if and only if the amount of information about the first increment hy in
the random product g, = hihs...h, asymptotically vanishes. Indeed, on a more
rigorous level, this amount of information is the mean conditional entropy (see
[Roh67]) H (hi|gn) of hy with respect to g,. It can be easily seen to coincide with
the difference H (u*") — H (u*(”’l)) between the entropies of two consecutive
convolution powers, whence the claim.

3.D. Self-similarity and RWIDF

A random walk with internal degrees of freedom (RWIDF) on a group G is a
Markov chain whose state space is the product of G by a certain space X (the
space of degrees of freedom), and its transition probabilities are equivariant with
respect to the action of G on itself. Thus, the transition probabilities are
M (h)
(9, %) = (gh.y) ,

where M = {1 z,y € X} is a | X| x | X| matrix of subprobability measures on
G such that

S llpayll =1 VzeX.
Yy

The image of the RWIDF (G, M) under the map (g,z) — « is the quotient
Markov chain on X with the transition matrix

P = (pa:y) ) Pzy = ”.uﬂ?y” )

which is the image of the matrix M under the augmentation map.

There is a natural link between random walks on self-similar groups and
random walks with internal degrees of freedom. Let p be a probability measure on
a self-similar group G. Then the associated random walk is

NI Ny
By using the self-similar embedding G — Sym(X;G) it gives rise to the random
walk on the generalized permutation group Sym(X; G) with the transition proba-
bilities

Mo A ot
Since multiplication of the matrix M9 € Sym(X;G) by the increment M" is done
row by row, we obtain the following Markov chain on the space of these rows:

R Rt

Due to the definition of the group Sym(X; G) the rows of the corresponding ma-
trices can be identified with points of the product space G x X (each row has
precisely one non-zero entry, so that it is completely described by the value of this
entry and by its position). Therefore, the latter Markov chain can be interpreted
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as a Markov chain on G x X whose transition probabilities are easily seen to be
invariant with respect to the left action of G on G x X, i.e., as a random walk on G
with internal degrees of freedom parameterized by the alphabet X. This RWIDF
is described by the transition probabilities matrix

M¥ = (pay) = > ulg)M? .

Recall that stopping a Markov chain at the times when it visits a certain
recurrent subset of the state space produces a new Markov chain on this recurrent
subset (the trace of the original Markov chain). For a random walk with internal
degrees of freedom on G x X determined by a matrix M take for such a subset
the copy G x {z} of the group G obtained by fixing a value x € X. It is recurrent
provided the quotient chain on X is irreducible. The transition probabilities of
the induced chain on G x {z} are obviously equivariant with respect to the left
action of the group G on itself (because the original RWIDF also has this prop-
erty). Therefore, the induced chain on G x {z} is actually the usual random walk
determined by a certain probability measure u* on G.

The measures u®, z € X can be expressed in terms of the matrix M as

= Hzx + MIE (I - Mﬁ)il Mffc 3
where M,z (resp., Mz,) denotes the row (fzy)y2s (resp., the column (pyz)ysz)
of the matrix M with the removed element iz, and Mzz is the (d — 1) x (d — 1)
matrix (where d = |X|) obtained from M by removing its xzth row and column.
The multiplication above is understood in the usual matrix sense.%
This is elementary probability. We look at the quotient chain on X and

replace its transition probabilities p,, with the transition measures p,, in the
identity

oo
1 = paa + Z Z DayoPyoyr =" Pyn—1ynPynz

n=0vyo,...,.yn#T

= paz + Puz (I*PH)il Pz,
which yields

o0
,Uw = fgz + Z Z HayoMyoyr = Hyn—1yn Hynx

n=0yo,...,ynF#x

6As it is pointed out in [GNO7], this formula corresponds to the classical operation of taking the
Schur complement of a matrix.
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The first term in this formula corresponds to staying at the point = (and performing
on G the jump determined by the measure p.,), whereas in the second term the
first factor corresponds to moving from x to X \ {«}, the second one to staying in
X\ {z} (each matrix power M. corresponding to staying in X \ {z} for precisely
n steps), and the third one to moving back from X \ {z} to the point z. The matrix
notation automatically takes care of what is going on with the G-component of
the RWIDF.

The measures p* also admit the following interpretation in terms of the
original random walk (G, u) with the sample paths (g,,): we look at it only at the
moments n when g, (T,) = Ty, and p” is then the law of the induced random walk
on the group Aut(7T,) = Aut(T).

3.E. The Miinchhausen trick
Let us now look at what happens with the asymptotic entropy in the course of the
transformations

w— M=M'— u*.
Since the information contained in a matrix does not exceed the sum of information
about each row, passing to asymptotic entropies we obtain the inequality

WG, 1) < dh(G, M) .

Further, all points € X are visited by RWIDF (G, M) with the same asymptotic
frequency 1/d (because the uniform distribution is stationary for the quotient chain
on X), whence
hG, ") = dh(G, M) > h(G, ) .
The idea of the Miinchhausen trick” [Kai05] consists in combining two ob-
servations. The first one is the above entropy inequality. The second observation
is that if the measure y* is a non-trivial convex combination

p=(1-a)de +au, 0<ax<l

of the original measure p and the J-measure at the identity of the group (in which
case we call the measure p self-similar), then

WG, p*) = ah(G, ) .
The result of these two observations is the inequality
MG, p) < ah(G,p) -

Taken into account that 0 < o < 1, it is only possible if h(G, u) = 0, which proves
amenability of the group G.

We shall now show how the Miinchhausen trick works in two particular cases:
for the Basilica group B and for the Mother groups 9.

"It is named after venerable Baron Miinchhausen who . .. once rode on a cannon-ball and next

told about it. Another time he reported he had to get himself and the good horse he sat on, out
of a quagmire by pulling his own hair till he saved himself and his horse...”
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3.F. The Basilica group

As we have seen in Section 1.D, the Basilica group is defined by the matrix pre-

sentation
b 0 0 a
B.ab—>(0 1), br—><1 0).

Take on B a symmetric probability measure p supported by the generators a,b
and their inverses®:

u:a(a+a_1) —|—ﬁ(b—|—b_1) ,
for o, 8 > 0 such that 2(a + 8) = 1. The matrix associated with the measure p is

MP = oM+ oM + BM® + BMY

—a (8 (1)) +a (bol (1)> +ﬁ((1) 8) +0 (a01 é)
~(Rs) )

Therefore, the trace of the RWIDF (B, M*) on the copy of B corresponding to the
first letter 1 of the 2-letter alphabet {1,2} is the random walk governed by the
measure

=" = gy + e (1 — pog) ™" pan

:a(b+b*1)+§(1+a)(1+a*1):/B+§(a+a*1)+a(b+b*1).
If 5
a P 2 _ 2
Bim — 2a° =",
then

so that the measure p is self-similar, and Miinchhausen’s trick is applicable.

3.G. The Mother group

For proving amenability of the Mother group 9t (here and below we omit the
alphabet X') one can apply an approach somewhat different from the one which
was used above for the Basilica group. It is based on the fact that the Mother
group M is generated by two finite subgroups A and B. We take for the measure y
the convolution product of the uniform measures m 4 and mp on these subgroups:

U=mgxmp .

Then the matrix M* has a very special form

0
MF = MbPapMte — F, ( HB
¢ ( 0 MAEd—1> ’

8For simplicity we pass from now on to the group algebra notations putting ¢ for a d-measure
dg, g # e and just 1 for the §-measure J. concentrated at the identity of the group.
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where d = | X|, and E4 denotes the order d matrix with entries 1/d, so that M*
has identical rows with entries

b - pp/d ify=o,
i pta/d otherwise .

It means that transition probabilities of the associated RWIDF (9t x X, M*) do
not depend on x, so that its projection to 9 is just the random walk (90,
determined by the measure

whereas the projection of RWIDF (9t x X, M*) to X is the sequence of independent
X-valued random variables with uniform distribution on X (because all entries
M}, have mass 1/d). Thus,

B(O, 1) < dh(I, ) -

The measure f is a convex combination of the idempotent measures u4 and
1B, so that its convolution powers are essentially convex combinations of the con-
volution powers of . The total number of mp’s in the n-fold convolution of 1 is
~ n/d, but some of them disappear because mpmp = mp, so that in fact p*" is
the convolution of about ddz,ln copies of u =m4 * mp. Thus,

- d—1
h(M, i) = Th(im 1) s

whence h(9, 1) = 0.
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Abstract. The Schramm-Loewner evolution (SLE) is a one-parameter family
of conformally invariant processes that are candidates for scaling limits for
two-dimensional lattice models in statistical physics. Analysis of SLE curves
requires estimating moments of derivatives of random conformal maps. We
show how to use the Girsanov theorem to study the moments for the reverse
Loewner flow. As an application, we give a new proof of Beffara’s theorem
about the dimension of SLE curves.
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1. Introduction

The Schramm-Loewner evolution (SLE) was introduced by Oded Schramm [11]
as a candidate for scaling limits of models in statistical physics. It has led to a
much greater rigorous understanding of scaling limits of critical models in two-
dimensional statistical physics.

Here we give a brief introduction to SLE. See [5] for more details. Chordal
SLE, in the upper half-plane H is defined in terms of conformal maps g; defined by

0,91(2) = —— go(z) =z, (1)

ge(2) = Vi’
where a = 2/k and V; is a one-dimensional Brownian motion. There is a corre-
sponding random curve (0, ¢]. The relation between the two is that for a fixed

Research supported by National Science Foundation grant DMS-0734151.
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time ¢, if H; denotes the unbounded component of H\ (0, ], then g; is a conformal
transformation of H; onto H satisfying

at
gi(z) =z + - + O(|Z|72)7 2z — 0.

We let f; = g; ', which is a conformal transformation of H onto H;, and ft(z) =
fi(z +V;). (We have chosen a particular parametrization of the SLE path. In the
original definition, the Loewner equation was written with 2 replacing a, and then
the function V; was a Brownian motion with variance k = 2/a. Our choice is a
simple linear reparametrizaton, i.e., using a different unit of time. We write many
of our formulas in terms of a but throughout the paper a = 2/k.)

A number of problems in SLF lead to studying moments of derivatives. When
considering moments of |f/(z)|, one can instead consider a reverse-time Loewner
flow. In this paper, we consider solutions of the time-reversed Loewner equation

a

Orhi(z) = 7Ut _ ht(z)7

hO(Z) =z, (2)

where U; = — By is a standard Brownian motion. Using only the Loewner equation
(1) and the time-reversibility of Brownian motion (see Section 10.3), one can show
that the distribution of hy(z)— Uy is the same as the distribution of f;(z). In many
ways the reverse Loewner flow (2) is easier to analyze than the forward flow (1),
see, e.g., [10, 4, 9].

In this paper we will study the moments of |h}| and show how they can be
studied using relatively standard methods of stochastic calculus. This builds on
previous work, especially that of Rohde and Schramm [10] who first studied the
moments in order to show that the curve v exists. Moments have also been studied
by a number of other authors, see, e.g., [2]. There are several reasons to include
a self-contained treatment of these moments. First, the recent work of the author
[7, 8] relies on these estimates. Second, this is a nice example of a multifractal
analysis that can be done. It illustrates the general technique in SLFE of trying to
reduce problems of the flow to a one-variable SDE and then to analyze the SDE.
A particular emphasis is the role of the Girsanov theorem in analyzing the SDE.

Our approach to studying the moments is to find an appropriate martin-
gale and then to use the Girsanov theorem to understand the distribution when
weighted by the martingale. We first note that the scaling properties of Brown-
ian motion imply that for each r > 0, the distribution of the random function
2+ 17t hy2(rz) is the same as the distribution of z +— hy(2). In particular, the
distribution of h/,,(rz) is the same as that of h}(z).

As an application, in Section 10 we give a new proof of Beffara’s theorem [1]
that the Hausdorff dimension of SLE, curves is 1 + % for k < 8.

I would like to thank Tom Alberts for his detailed comments on an earlier
version of this paper.
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2. Studying the flow
If z=x, +iy, € H, let
Zt(Z) = Xt(Z) + ’LYZ(Z) = ht(Z) — Ut.

Then (2) can be written as

dZy(z) = — Z:(lz) dt +dBy,  Zo(2) = 2,
dXy(z) = — laz)f(tz()zl dt+dB;, 9Yi(z) = |aZtY(tZ()Z|)2. (3)

We write d for stochastic differentials (with respect to time) and 9; for actual
derivatives. We note the following properties.

e Y;(z) increases with ¢ and hence the solution to (2) exists for all times. More-
over, 9;[Y;(2)?] < 2a and hence

Y2 < Yi(2)® <y + 2at.

e For each t > 0, h; is a conformal transformation of H onto a subdomain
hi(H) satisfying

hi(z) =2z — %t +0(|2]7%), z— oo.

We let
| O 1y (2)]
St(z) = sin [arg Z;(2)] [Yt(z)Q + ) +(2) Y, (2)
A calculation using It6’s formula gives
2
2ar + o + L) X4(2)? — L Yi(2)? rX(2)
d /2] _ r/2 ( 2 2 2 dt — dB
(577 =51 Z T ze)p P
(4)
By differentiating (2) with respect to z, we can see that
a
at DOg h;(Z)] = Zt(z)g .
Therefore,
/ ! a ! a [Xt(z>2 - Yt(z)z]
oI = ) Re | s | = o)) AT T
and )
—2aY:(z)
)4 =y —_—
9 V4(2) t(2) | Z(2)[*

In particular, U;(z) decreases with ¢ which implies

() < 33 < VI Zalt/) ()

=
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The next proposition introduces the family of martingales indexed by r € R
that will be the main tool for estimating the moments of |h}(z)].

Proposition 2.1. Ifr e R, z =z, + iy, € H, and

2 2
/\)\(r)r<1+21a>2a, (=¢)=r—1=r-_- (7)
then
My(2) = [hy(2)| Ye(2)* Se(2) ™" (8)
is a martingale satisfying
r X¢(2)
dMy(z) = 7)1 M, (z) dB. (9)

In particular,
E[My(2)] = Mo(2) = y5 [(22/y:)* + 172,

Proof. The product rule combined with (3), (4), and (5) shows that M; = M(z)
is a nonnegative local martingale satisfying (9). (Note that |h}(2)|*, Y;(2)¢ are dif-
ferentiable quantities so there are no covariation terms.) We can use the Girsanov
theorem to conclude that M; is a martingale for z ¢ R. We give the sketch of
the argument here. Readers unfamiliar with the use of stopping times with the
Girsanov theorem for continuous local martingales should consult the appendix
for more details.

If we use Girsanov’s theorem and weight B; by the local martingale M;(z)
then

r X¢(2) ~
dB; = dt + dB
FAE
where B, is a Brownian motion with respect to the new measure Q. In other words,
(r—a) Xi(2) 5
dX =-——"—=dt+dB;. 10
B = zer “H 1o

Note that Y;(2) and |h}(z)|¢ are differentiable quantities so their equations do not
change in the new measure. (Actually the equation of X;(z) also does not change.
What changes is the distribution of the random process B;. In order to write the
equation for X(z) in terms of a Brownian motion in the new measure, the drift
term is changed.) By comparing to a Bessel equation, it is easy to check that if
X1 (z) satisfies (10) then there is no explosion in finite time. Using (9), we see that
M;(z) also does not have explosion in finite time. O

3. Multifractal analysis

Multifractal analysis refers to the study of moments of a random variable and mea-
sures obtained by weighting by powers of random variables. There is a significant
overlap between this and large deviation theory. Here we discuss a simple version
of this that applies to our situation.
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Suppose we have a collection of random variables D;,t > 0. The start of large

deviation analysis is to estimate the exponential moments, e.g., to find a function
¢(X) such that

]E[eADt] ~ e—C(A)t

)

where ~ means

g()\) = — lim M.

t—o0

(11)

Many papers in probability are devoted to finding the function ¢ for some partic-
ular random variables. While one often can only prove a result such as (11), there
are many cases where one can give a stronger estimate:

E[e*P] < e~ <MD, (12)

where the implicit constants in the =< notation can be chosen uniformly over A
in an interval. If we know (12) and can show that ¢ is C2, then, as the next
proposition shows, it is easy to conclude that (roughly speaking) the expectation
in (12) concentrates on an event on which

Dy = —C'(\) t 4 O(tY/?).

Proposition 3.1. Suppose Ag € R,e >0, 0 < ¢1 < c2 < 00, and (¢ is a differentiable
function such that for all t > 1/€,

cpe ) < ]E[e)‘D‘] <y eftco‘), A= Xo| <e.
Suppose there ezists a < oo such that
[C) = C(0) =¢'Mo) A= Xo)l S a(X=Xo)? [A=Xo| <
Then for all t > 1/€? and all k > 0,
E [eA‘)D‘; |D; — ut| > ktl/ﬂ <c.e *E [BAOD‘] .
where p = —C'(No), cx = 2e%ca/cy.
Proof.

E[*P; D, > pt + kt'/?)
ot P (ptkt/?) E[e(’\°+t71/2)Dt;Dt > pt + kt'/?]

<cge” ent'? exp{—tC(ho + t~/?)}
<cge e emi) < (ci/2) ek E[e’\th],
Similarly, one shows that

E[e*Pt: D, < put — kt'/?] < (¢, /2) e FE[e*oPt]. O
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Let P; denote the probability measure with

d]P)t GAO Dy

@ E[eDi’

Then the conclusion of the proposition can be written as

Dy — ut
IPQ{M zk} <eoek t>e2
Vit

4. Moments of |}/

In this section we fix z = i and write My, Xy, Yz, ... for My(i), X¢(4), Yi(4),... We
will study the multifractal behavior of D; = log|hl,. (i), i.e., we will find the
function A — ¢*(\) such that

E(lhge ()] ~ t7¢ ).

Let
7“c:2a—&—l7 Ae = A(re) :a—l—i—l—L Cei=C((re) =a— L
2 16a 16a
We show the significance of these values below; it is the value of A such that (15)

holds. If r < r., we can solve the quadratic equation (7), to get

r=r(\)=2a+1—1/(2a4+1)> —4aX, A< (13)
We can write  as a function of A,
T 1 2 1
A)=A——=A+——/(2a+1)"—4dar—1— —. 14
() == o =A+ o/t 1) —dar—1— (14

As r increases from —oo to 7., A increases from —oo to A.. For A < A., we can
write the martingale from Proposition 2.1 as

My = [hy(z) Y 77,

Note that )
(N =0\ =1~ 2a + 1)2 — da

In particular, ¢ is strictly concave with ¢’(—oco) = 1. The critical value ). satisfies

CI(AC) =-1 (15)

For A < A., we would like to show
E [|hja (8)*] = ¢7¢)
and that the expectation is concentrated on an event for which
()] ¢,

We will actually show a slightly weaker version (we will show the stronger version
for a certain range of \, see Section 9).
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Let I(t,m) denote the indicator function of the event

1Y,
X <mvt, =< L<m.
m

Vit
Note that the “typical” values for X;,Y; are of order v/¢; in fact it is not difficult
to show that
lim E[I(t,m)] =1.

m— 00

For fixed m,
E [|hy(0)[} I(t,m)] < t=S/2E[M; I(t,m)] <t~ S2E[M,;] =t~/
(The implicit constants depend on m as well as ¢ and .) One consequence of the

next few sections is the following.

Proposition 4.1. If A < A\, there exist ¢, m such that
E[M; I(m,t)] > c.
In particular, there exists c1 such that
Elhy (1)) > E[lhy (i) 1(t,m)] > ex t=¢/2. (16)

We will now explain why ¢*(A) # ((A) for A > A.. Using the ideas of the
previous section, we can show that for A < \. the expectation in E[|h}(i)|* I(t,m)]
concentrates (roughly speaking) on an event on which

s i) = 7€),
However, (6) tells us that
Ha ()] < et.
Hence, for A > A, the expectation is concentrated on an event with |h},(i)| < ¢,
and
E[|hfz (i)} I(m, )] =<t 7276 X > A,
We can write
E(lhy2 (i)} I(m, )] = t=¢ ),

where

sy = L ¢ A< A
O ={ {4 - A3
The fact that the measure concentrates on (approximately) the same event for
A > A is reflected in the linearity of the function (*.

Remark. While there is a “phase transition” in the expectation at A = A, there
is no corresponding transition as A — —oo. Using either the Beurling projection
theorem (see, e.g., [5]) or (19) it can be seen that |kl (i)] > ct~*. This value is
obtained if U; is constant and Z;(7) goes deterministically upward. Since ¢'(\) < 1
for all A\, the weighted measure never concentrates on these paths.
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Example. When studying the Hausdorff dimension of an SLFE path, one is led to
study |h,(i)|?, where
1 K
d=1+—=1+_.
+ 4a + 8
For k < 8, this turns out to be the Hausdorff dimension of the paths. Note that if

r =1, then A =d. For k < 8, we have r < r., A < A, and
1

A=\ =1-—=2—-d.
(A =¢() o

Example. Second moment arguments for Hausdorff dimension lead to studying

the 2d-moment, i.e.,

1
A=2+—.
2a
There are two regimes to consider.

e 5/4 < a < oco. In this range 2d < A\.. We have

1 1
r:r(2d):2a+1—2a\/1—af4—az,

¢*(2d) = C(2d) =1 + k%,i

4a?
e 1/4 < a <5/4. In this range

16a

where the term in brackets is nonnegative, and hence

* o 5 B 3
¢t =00 - 1+ o —a] = 2a- 2

Note that (*(2d) = 0 if a = 3/4 and (*(2d) < 0 for 1/4 < a < 3/4.

5
s i -],

5. Change of time

In this section we fix z € H and write Xy,Y:, Zy, Sy for Xi(2), Yi(2), Z(2), St(z)
although it is important to remember that these quantities depend on the start-
ing point z. Since Y; is differentiable and strictly increasing, we can find a new
parametrization (depending on z) such that logY; grows linearly. To be more pre-
cise, let

O'(t) = inf{s . YS = 6at}7 f/t = Yg(t) = 6at, Xt = Xg(t)7 Zt = Z(.,(t)7

at

Ki=e Xy, S = So(t) = |eZ | = (K7 +1)712 by = hot-
t
Lemma 5.1. If z = x + e%oq,
¢ ¢
do(t) =22, ot)= [ |Zs>ds= / e (K% 4+ 1) ds. (17)
to to
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Proof. Since 8,Y; = aV;, (3) and the chain rule imply

- aY,
a)/t = —_ [3t0(t)] . O
|Z:/?
Using (3) we get
dXt = —aXt dt + |Zt| dBt,

dK, = —2a K;dt + \/ K2 + 1dB, (18)

where Bt denotes the standard Brownian motion
B o)
B; = / —— dB,.
o |Zsl
From (5) and (17), we see that
. a(X2-Y?2 . .
U2 = Wy ()12 = W (1) 2T = (o) [1 - 28],
t

and hence,
t
|hy(x + )| = exp {a/ [1-257 ds} .
0

Note that this implies

e~ < |hl(z + )] < et (19)
6. The SDE (18)
Let
1
q:2a+§—r, (20)

and note that if r < r., then ¢ > 0. We will study the equation (18) which we

write as 1
th(2q7’) K, dt+ /K?+1dB,. (21)

For this section, we consider ¢, r as the given parameters, and we define a by (20).
A simple application of It6’s formula gives the following lemma.

Lemma 6.1. Suppose J; satisfies
dJ; = — (¢ +r) tanh J; dt + dB;. (22)
Then K; = sinh J; satisfies (21).

Let
[ b 2ds _t_/t 2ds
b o K2+1 o cosh? J,

Note that —t < L; <t and
2
Oilelt] = et [1 - } . (23)

cosh? Ji
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As in (17), we let

t t t
1
o(t) = / e [K2 4+ 1] ds = / e%%% cosh? J, ds > / e ds = — [e* —1].
0 0 0 2a
(24)
Although all the quantities above are defined in terms of Jy, it is useful to

note that in the notation of the previous section,

. . X .
()| = e, V,=e ZL=K, [S] " =cosh.,.
t
Y;
We let
N; = e"Lt ¢ [cosh J]", (25)
where

\ +1 r? q+1 +r2
V= = —_ —_— = = j— —_
Mm=r\eTy) Ty T\ 1) T

.

2 1
§:aC:a)\—g:ar—%:r(g——>+—.

In the notation of the previous section, Ny = Mg (). We have written N; and
defined the exponents v, £ so they depend only on r, ¢ and not on a. Note that

r(v)=—<q+;>+ (q+;>2+4v7

2
f(y)—VJr(ngi) *% (q+%> +4v,

Since N; is M; sampled at an increasing family of stopping times, the next propo-
sition is no surprise.

Proposition 6.2. Suppose r € R and &, v are defined as in Proposition 2.1. Then
Ny as defined in (25) is a positive martingale satisfying
dN; = N, r [tanh J;] dB;. (26)
In particular,
E® (et [cosh J;]"] = e S E®[Ny] = [cosh z]" e ¢,

Proof. Tt6’s formula gives (26). If we use Girsanov’s theorem, the weighted paths
satisfy
dJy = —q[tanh Ji] dt + dWs, (27)

where .
W = Bt — r/ tanh J ds,
0
is a standard Brownian motion in the new measure. Since |tanh | < 1, it is straight-

forward to show that this equation does not have explosion in finite time, and hence
we can see that N; is actually a martingale. [
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7. The SDE (27) for ¢ > 0

We now focus our discussion on the equation (27) which has only one parameter g
that we will assume is positive. Recall from (20) that this corresponds to r < 7.

Lemma 7.1. Suppose q > 0 and J; satisfies (27).

e J; is a positive recurrent process with invariant density

C
vg(x) = —4—, —oo<z < oo,
cosh“?
where )
o _ I'(g+3)
T T(3)T(a)
Moreover,
o0 2 1—-2¢
1 vg(z)dr = p:=
/_Oo [ COSh2$:| (@) a 14 2¢q
o If

Fa) = Fyfa) = [ " fcosh 1% dy,

then F(Ji) is a local martingale.
o There exists ¢ = cq such that for 0 <y < z,k >0,

cosh y) : (28)

PY{|J¢| > x for somek <t<k+1} <c <
coshx

Proof. The computation of the invariant density is standard (but see the appendix
for a derivation). Since

F"(z) = 2q [tanh x] F'(x),
Itd’s formula shows that F'(J;) is a local martingale. Note that as  — oo, F(x) ~
(2q)~* [cosh z]?4.

It suffices to prove (28) for > 1. Assume first that y = 0. A coupling
argument shows that the probability in (28) is bounded above by the corresponding
probability where Jy has the law of the invariant distribution. Suppose Jy has
density vg, and let

k+2
Y:Ym:/ (| > 2 — 1} dt.
k

Then
c

EY] =2 dy < ———.
v /yzw_lvq(y) V= ost® o

Since the drift in (27) is bounded, we can see from the strong Markov property
that for some 6 > 0,

E[Y | |J¢| > = for some k <t < k+1] >,

and hence
P{|J;| > « for some k <t < k+ 1} < § 'E[Y].
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If0<y<uazlet T =T(0,2) be the first time that J; € {0,2}. Using the
strong Markov property we see that
c
]P)y{|Jt| ZI‘fOI‘SOI’HekStSk’—’-l, JT:O}S W

Hence,

PY{|J;| > x for some k <t < k+1} < 5 +P¥{Jr = x}.

c
[cosh z]
Applying the optional sampling theorem to the martingale F'(Jrat), we see that

P —a} = LW <, <C0shy>2q' )

coshx

Remark. For y = 0, the estimate (28) is sharp for large ¢. For y > 0, the estimate
is not sharp for large t; in fact, for large ¢ one gets the same estimate as for y = 0.
However, how large ¢ needs to be depends on y,z and (28) is the best one can do
if one wants a uniform estimate for all ¢,y, z.

As in the previous section, we let

¢ 2
Lt:/ [1—72 }ds.
0 cosh” Jg

It follows from the previous lemma that as t — oo,

_ e 2 1—2¢q
1
t7 E[L] [ [ p— 211} vg(z)de = p 17 2q

In fact, we claim that

Ly = pt+O(t'/?).
In Section 10 we will need large (or, as sometimes called, moderate) deviations,
i.e., probabilities that |L; — ut| is much larger than t'/2. Let

Zt :Lt —,ut

The standard way to obtain large deviation results is to obtain a bound on an
exponential moment. The martingales allow us to do that rather easily here. The
value b in the next proposition is not special; in fact, a small modification of the
proof shows that the expectation is bounded for all b. However, we only need to
use one value, and the proof simplifies slightly by restricting to this case. This
proposition should be compared to Proposition 3.1.

Proposition 7.2. Suppose J; satisfies (27) with ¢ > 0. Then there exists ¢ < oo
such that for all 0 < s < t,

b|L; — L
E [exp {|\/tt—_8|}:| S C, (29)
where b =2q + 1.
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Proof. Since |L; — Lg| < 2(t— s), it suffices to prove the bound for ¢ — s sufficiently
large. For this proof, we will assume that t — s > (4/q)?, i.e., 4/\/t — s < q.
We will first show that there is a ¢ such that

E [exp{ibL t%zss)} [cosh Jt]ix/f‘%} <ec. (30)
For g € R, let
1 2 1 2
s=s0)=p(f+3)-F e=s(t-7)-F

Using Proposition 6.2 with (g, r) replaced with (¢ — 3, 3), we see that
Oy =Lt ert [cosh Jt]ﬁ = 0Lt g(ptou)t [cosh Jt]ﬁ,
is a martingale. In particular, for s < ¢,
E |5(Lt—Ls) p(ptop)(t—s) (cosh Jt)ﬁ} - [(cosh Js)ﬁ} ) (31)
If 8 < g, then we can use (28) to see there is a ¢ < oo such that
E [(cosh JS)*B} <ec.
If we apply this bound with 3 = +4/v/t — s < ¢, then

2q+1 1
§=+=+
\/7f—s+4(t—s)7
2 — 1 1 1
==x - =—ud — .
P Vi—s  4(t—s) K JrO(t—s)

Hence,

L;— Ly -
exXp {:l:b tt — } < Ceé(Lt*Ls) e(P+5,u.)(tfs)’
and (30) follows from (31).

Clearly, (30) implies

Li— L,
Ele b < o0.
ol
To prove (29), we also need to show the corresponding inequality with b replaced
with —b. By choosing y sufficiently large, we can see from (28) that

P{|J;| > yvt — s} < e 2VI7s,
Since |L; — Ls| < 24/t — s, this implies

} T _
E exp{—b \Zfs} A AV

However, if |.J;| < yv/, then [cosh J;]~*/V? is bounded below and hence (30) implies

_ I _T. -
]Eexp{—b\;ﬁ}ﬂ‘fﬂgy\/i <ec. O
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The next proposition makes precise the idea that Js = O(1) and
Lyi=ps+0(s), Li—Ls=pu(t—s)+0Wt—s).

It is phrased in a way that is used in Section 10. In particular, it considers an
event where the error is of order a constant times /s or v/t — s when s is small
but allows a somewhat larger error for other values of s. Let

F(s,t) =2+ min{s,t — s}.
Proposition 7.3. Suppose J; satisfies (27) with ¢ > 0. For each u,t > 0, let Ey ,,
be the event that the following holds for all 0 < s < t:
|Js] < wulog F(s,t),
(L] < uv/a log(s +2),

|Li — Ls| <uv/t—slog(t—s+2),
Then
lim inf P(Ey,) = 1.

u—o00 t>0

Remark. For future reference we note that on the event E, .,
cosh? J, < e?l7sl < F(s,t)%".

In particular, there exists C, such that for all ¢; < ¢,
ty
o(ty) == / €298 [cosh® J,| ds < C\, F(ty,t)" ¢!, (32)
0

Proof. For ease we assume that ¢ is a positive integer. From (28), we see that there
is a ¢ such that

P{|Js| > u log(s + 2) for some k < s < k+ 1}

< P{|Js] > u log(k 4 2) for some k < s < k+1}
S C1 (k + 2)72(1“.
Therefore,
P{|Js| > u log(s + 2) for some s > 0} < ¢y Z(k’ + 2)_2‘1“7 (33)

k=0

and the right-hand side goes to zero as u — oco. A similar argument shows that

P{|Js| > u log(t — s+ 2) for some 0 < s <t} < ¢ Z(k 4 2) 2, (34)
k=0
Since |L; — Ls| < 2(t — s),
P{|Ls| > u+/s log(s + 2) for some k < s < k+ 1} <

P{|Ly| > uVk log(k + 2) — 2}.
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Using (29) and Chebyshev’s inequality, we see that the right-hand side is bounded
by a constant times (k + 2)~°%. Similarly,

P{|L; — Ls| > u/t — s log(t — 5 4 2) for some k < s <k + 1} < ¢ (k +2)7".
The argument proceeds as in (33) and (34). O

8. Lower bound

Having analyzed the one-variable equation for J; we return to the original problem.
Let r < 2a + % and ¢ = 2a + % —7r > 0. We fix a u as in Proposition 7.3 such that

for all ,

1
]P)*(Et,u) > 57

and we write just E; for E,. Here we write P, for the probability measure to
distinguish it from the probability measure under which the expectation E below
is defined. Let C' = C), be a constant such that (32) holds. We fix « and allow all
constants in this section to depend on u. We let z = ¢ and write X3, Y;, My, ... for
Xt(i>7 th(l)7 Mt(i)7 ce

Let M; be is the martingale associated to r. which we can write as M; as

My = R, (i)]* ;¢ [cosh )",

where J; is defined by
. ¢
sinh J; = ?tt

Note that J; = J,(;). Then Proposition 7.3 can be rewritten as

L2 E W (01 Y (cosh Jo)" 15,

Y

. - 1
= eant |:|h’:7(t) (’L>|/\ (COSh Ja‘(t)) 1Et:| Z §

On the event F,,, J; is uniformly bounded. Therefore, this implies
E [|hf,(t) @) 1&} = emact,
We now derive some bounds that hold on the event E;. Recall that
B (i)] = et = et el
The proposition implies for all 0 < s < ¢,
cosh J; < F(s,t)",
exp { —uv/slog(s +2)} < e |h () (9)] < exp {uy/slog(s +2)},

R AN O]
exp {—uvt—slogt—s+2)} < e #m
o(s) t

exp {uvt —slog(t —s+2)}.

IA
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The Loewner equation implies that

and the proposition gives the upper bound

o(s) < / %% cosh? J, dv < / €2 (v 4 2)" J, dv < ¢ (s + 2)%* €22*,
0 0

a(s) < / %% cosh? J, dv < / 2 (t —v+2)* J,dv < c(t — s+ 2)" e,
0 0

i.e.,

o(s) < cF(s,t)* e,
By inverting this, we get
1
s — cmin{log(s + 2),log(t — s+ 2)} < —logYo2as <s+e¢, 0<s<t.
a
This yields
cosh J2as < ¢ F(s,t)"
exp { —uv/slog(s +2)} < e |hla. (i)| < exp {uy/slog(s +2)},

i T 0
exp {—uvt—slog(t—s+2)} < e #m
62as ?
< exp{uvit—slog(t—s+2)}.
2at

Once we have this, we can continue the process from time o (t) to time ce***.
From this, one can deduce the following which is used in Section 10. The statement
is rather cumbersome, but it essentially follows from what we have done.
Theorem 8.1. Suppose r < 2a + % and X\, C are defined as in Proposition 2.1. Let

_1-2¢  2(r—2a)
Fe oy " 142a—1
For each b,u, let A(b,u,t) denote the indicator function of the event that the
following holds for 0 < s < t:
2as

1 e
F(s,t)*
cosh J,z2a: < bF(s, ),
b~! exp {—uy/slog(s +2)} < e " |hla. (i)| < bexp {uy/slog(s+2)},
b~ ! exp {—uvt — slog(t — s +2)} |hlsa. (i)] <
e = B0 (3)] < b exp {uvE — slog(t — s +2)} [hlaas (i)]-
Then there exist b,u such that for all t > 0,
b~' < E [|ALoar (i) |* A(b, u, )] < b.

F(s,t) = 2+ min{s,t — s}.

< VYoas <be®’,
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9. An upper bound

Here we prove a theorem which gives an upper bound on some of the moments of
|W/(2)] for a range of A\. The dependence on x is probably not optimal. Indeed, as
remarked after Proposition 7.1, the estimates for large = used in the proof are not
optimal.

Theorem 9.1. Suppose

1
0 <r<6a—2vba?—a, aZZ, (35)
0<r<2 +1 <1 (36)
r<2a+-, a<-
2’ 4’

A, ¢ are defined as in Proposition 2.1 and g = 2a+ % —1r. Then there exists a ¢ < 00
such that for all x € R, y > 0,

. . r+¢ _
E[|h{yy2(zy +iy)["] = [l (z +1)]"] < e(@® +1)7% [log(a® +2)°¢ (s + 1) 7.
In particular, if a > 1/4, there exists a ¢ < 0o, such that for all v € R,
E[|hz(z +4)|%) < ¢ (@® + 1)! 75 [log(a® + 2))** " (s +1)* 2.

The final assertion follows from the previous one by plugging in » = 1 which
satisfies (35) for a > 1.

Proof. By scaling we may assume y = 1 and without loss of generality, we assume

z =e > 0.If s <1, the Loewner equation implies that |h/z(z + )| < 1, so we

will assume s = e > 1. We write X, Ys, ... for Xq(z +1),Ys(z +1),.. ..
Consider the martingale

M, = M, (z+i) = [Wy(x +9) | Y ST

The conditions (35) and (36) imply that (36) holds for all a; ¢ > 0; r < 4a; and
2
—2g<(—20=71——— —2¢<0.
4<(-2q=r— - —2<0 (37)

Recall that

o(s) =inf{u:Y, = e*},
and let M, = Mg (). Let 7 = 7 be the minimum of ¢ and the smallest s such that

Sy <(t—s+1)e =),

Let p = o(7) so that S, = S,. (Note that 7 is the time in the new parametrizaton,
and p = o(7) is the corresponding amount of time in the original parameterization.
If one considers curves modulo reparametrization, then p and 7 represent the same
stopping “time”.) Note that

T R t 2at
p:U(T):/ 62“555_2ds§/ 672ds§e2‘“.
0 o ( 1)
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For positive integer k, let Ay = Ay be the event {t —k < 7 <t —k+ 1}. Since
M; is a martingale, 7 < €2?', and the event A, depends only on M,,0 < s < T,
the optional sampling theorem gives

E[Mear 14,] = E[M,14,] = E[M, 14,].
Since Y; increases with t, we know that on the event Ay,
Y2at > Y, > e™ ek, S/Q) = e 2ak |2,
The Girsanov theorem implies that
E[M, 1a,] = Mo Q(Ay) < ce®'” Q(Ay),

where Q denotes the measure obtained by weighting by the martingale M. From
(28) we know that
Q(Ak:) < ceQaq(l—k) k2q.

Therefore, if we write s = e%,

SE[|hz(z+1) 1a,] < ce™ E[|hL(z+19)|* Yo 1a,]

S Ceak( E[Msz 1Ak]
= ce™E[M,14,]
< ce™C et Q(Ay).

Therefore,

sCE [|he (z +4)"] < ce™ Z e Q(Ay) + ¢ Z k24 ga(k=0(¢=2q)
K<l k>l

Using (37), we can sum over k to get

SE “h/2(l,+i)‘>\} < c el 124 gadl 0

S

10. Hausdorff dimension

We will prove that for x < 8, the Hausdorff dimension of the paths is d = 1+ ¢. We
will only prove the lower bound which is the hard direction; the upper bound was
proved by Rohde and Schramm [10] and we sketch the proof in the next paragraph.
Since Hausdorff dimension is preserved under conformal maps, it is easy to use the
independence of the increments of Brownian motion to conclude that there is a d,
such that with probability one dimp[y[t1,t2]] = d. for all 1 < to. Using this and
the upper bound, we can see that it suffices to prove that for all o < d,

P{dimp(y[1,2]) > a} > 0. (38)

The computation (and rigorous upper bound) of the dimension was done by
Rohde and Schramm who first noted that

M; = My(2) =T§ 28!
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is a local martingale, where

- M = [sinar 2) —
=T = binarg(a () — Vi)l

The Koebe (1/4)-theorem (see Section 10.4) shows that

Ty

1

If T is the first time that T; < e, then the optional sampling theorem can be used
to see that
Mo(z) =E[Mr7.;T. < 0] = ediQE[S%ikl;TE < o).
By using the Girsanov theorem [6], one can show that there is a ¢, such that
]E[S;{?_l;T€ < 0] ~ ¢ P{T. < c0}.
which shows that
P{Yo <€}~ eyt e 9 My(2).

In particular,

P{dist[y(0,00), 2] < €} =< My(z) <.
From this the upper bound for the dimension follows easily.
The lower bound follows from standard techniques provided that one has a
“two-point” estmate

2—d
P{dist[y(0, 00), 2] < €, dist[y(0,00),w] > €} =< 274 (@) .
This was successfully established by Beffara [1] although the argument is somewhat
complicated.
We take a different approach to proving the lower bound by using the reverse
Loewner flow. As in Beffara’s approach, we construct a measure on the curve that
is in some sense a d-dimensional measure and use a version of Frostman’s lemma.

10.1. A version of Frostman’s lemma

The main tool for proving lower bounds for Hausdorff dimension is Frostman’s
lemma (see [3, Theorem 4.13]), a version of which we recall here: if A C R™ is
compact and p is a Borel measure with pu(R™\ A) =0, u(4) > 0, and

e = [ [ ulde) pldy) (30)

|z —y|*
then the Hausdorff-ow measure of A is infinite. In particular, dimy(A) > «. The
following two lemmas summarize a standard technique for proving lower bounds
of dimensions of random sets.

Lemma 10.1. Suppose A C R™ is compact and 0 < d < m. Suppose ¢ > 0 and
r: (0,d) — (0,00). Suppose there exists a decreasing sequence of compact sets
A, with N, A, = A and a sequence of Borel measures p, with p,(R™\ A,) =0,
w(Ay) > ¢, and Eq(pn) < r(a) for 0 < a < d. Then dimy(A) > d.
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Proof. (sketch) There exists a subsequence p,, such that u,, converges to a mea-
sure p. One needs only check that p(R™\ A) =0, u(A) > cand (1) < r(a). O

Lemma 10.2. Suppose A C R™ is a random compact subset of R™ and 0 < d < m.
Suppose 0 < ¢1 < cg < 00, 1 : (0,d) — (0,00), and 6, — 0. Let A, = {x € R™ :
dist(x, A) < 6,}. Suppose there exists a sequence of random Borel measures pi,
and a sequence 6, — 0 such that the following is true for each n and each o < d:

E[un(An)] > c1,
=l <o

Then,

b2

Proof. Let ¢ = ¢3/cy. Standard “second moment” arguments (see, e.g., [5, Lemma
A.15]) show that the first two inequalities imply that for every p > 0 there is an
€ > 0 such that

P{pn(An) = €} = ¢ —p.

E[Ea(jtn)
p i) -

Since
P{a(un) 2 p~ ()} <
it follows that for each n,
P{n(An) = € Ealtn) <p~'r(a)} = ¢ - 2p,
and hence
P{n(An) > € Ea(ptn) < p~'r(a) infinitely often} > g — 2p.

On the event on the left-hand side, we have dimy,(A) > « by the previous lemma.
Therefore,

P{dim(A) > a} > g — 2p.
Since this holds for all o < d and p > 0, the result follows. ([

The next lemma is similar to many that have appeared before (see [5, A.3]),
but the specific formulation may be new. For example, the assumptions (41) and
(42) include subpower functions and are not quite as strong as if the functions
were replaced by constants.

Definition. We will call a function ¢ : [0,00) — (0, 00) a subpower function if it is
increasing, continuous, and

i logp(x)

oo logx

i.e., ¢ grows slower than z¢ for all ¢ > 0.
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Throughout this paper we will use ¢, to denote subpower functions. Simi-
larly to the way arbitrary constants are handled, we will allow the particular value
of the function to vary from line to line. We will not try to find the optimal sub-
power function for the results in this paper. We will use the fact that if ¢, are
subpower functions, so are ¢ + 1, ¢, ¢ A ), PF.

Lemma 10.3. Suppose 1 : [0,1] — R™ is a random curve and
{F(jyn):n=1,2,...,j=1,2,...,n}

are nonnegative random variables all defined on the same probability space. Suppose
1 < d < m, and there exist a subpower function ¥, 0 < £ < 1, and ¢ < oo such
that the following holds forn=1,2,..., and 1 < j <k <mn:

n

LSRRG <e (40)

o
L
IN

=
|
<
2
=
£
S5
IN
7N\
e
3
~
Ay
<
VR
o~
3
~
=
N

—j+1 —j+1
and
@) (8)= (5) < (ss) oo
(42)
Then

P{dimy, (5[0, 1]) > d} > 0.

Remark. The proof constructs a measure supported on the curve. The nth ap-
proximation is a sum of measures p;, which are multiples of Lebesgue measure
on small discs centered at 7(j/n). The multiple at n(j/n) is chosen so that the to-
tal mass 1), is F'(j,n)/n. In particular, if F(j,n) = 0, u,.,, is the zero measure. To
bound E [€, ()] we need to show that the measure is sufficiently spread out and
(42) gives the necessary assumption. Note the assumption requires the inequality
to hold only when F(j,n)F(k,n) > 0. The assumption implies that if j < k and
n(j/n) = n(k/n) (or are very close), then at most one of 1, ,, and g, is nonzero.

Proof. We fix £,1),d and constants in this proof depend on &, ¢, m,d. Let u;,
denote the (random) measure that is a multiple of Lebesgue measure on the disk

of radius 7, = n'T ¥(n)/4 about n(j/n) where the multiple is chosen so that
ltjnll = =t F(j,n). Here || - || denotes total mass. Let v, = > 7 pjn. From
(40), we see that

Eflwnll] = e,



94 G.F. Lawler

and from (41) we see that

1
E [Inl?] =

2
n

n

Y _E[F(j,n) F(k,n)]

1 k=1

(1) o (2)

0

€

NE

3 <
Il

—

The last inequality uses & < 1.
We will now show that for each o < d < m, there is a C such that

Iz *ylo‘

We will use the estimate

d™xd™y
_2’”/ / x —= < ¢o min{r~%, zg —yo| "}
lz—z0|<r J|y—yo|<r |1‘ - y|

To estimate the terms with j = k, note that (41) with j = k gives

B[ [ [t ] o EEOR

£ (1-9a
T %/12(”) e
n

The last inequality uses a < d. Therefore,

B> [ [t -

For j < k, we use the estimate

//u], (dx) pgn (dy) < F(j,n) F(k,n)
[eY ¢ 2 ; o’
|z =y n2[n(j/n) = n(k/n)|
Note that (40) and (41) combine to show that for each o < d there exist ¢ <
00,6 > 0 (depending on «) such that

F(j,n) F(k,n) } ( n >15 _
E|—— <ec|—— . i<k 44
[muﬂw—nwﬂoa F J (44)
Combining this with (44) gives,

1-6
Pin(de) praldy) | _  Cs n <
e| [ Rt <ot 3 (7)) <o

1<j<k<n

1<]<k<n

This gives (43). The lemma now follows from Lemma 10.2. O
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Remark. The usual form of this lemma chooses 1 to be the identity function and
d = 1—¢ in which case (42) is immediate. The condition (41) is often replaced with
a stronger assumption where the subpower function i replaced with a constant.

It will be useful for us to give a slight generalization of Lemma 10.3. Lemma
10.3 is the particular case of Corollary 10.4 with n(j,n) = n(j/n).

Corollary 10.4. Suppose n: [0,1] — R™ is a random curve,
{F(j,n):n=1,2,...,5=1,2,...,n}

are nonnegative random variables, and
{n(G,n):n=1,2,...,5=1,2,...,n}

are R™-valued random variables all defined on the same probability space. Suppose

0 < d <m, and there exist a subpower function 1, 0 < & < 1, and ¢ > 0 such that
the following holds forn=1,2,..., and 1 < j <k <mn:

<SS BIFG) e (15)

E[F(j,n)F (k,n)] < (,@_’;H)5 Y (,@_’;H) : (46)

ng.m) — ()] > ("”")T o () MFGRFG >0
n) — n —_— n n
,,7 ]’ 77 ) — n |j _ k/’| + 1 ]’ 7 b
(47)
and such that with probability one
lim max {dist[n(j,n),n[0,1]] : j =1,...,n} =0. (48)

Then

P{dim(n[0,1]) > d} > 0.
In particular, if it is known that there is a d. such that P{dimp(n[0,1]) = d.} =1,
then d, > d.

Proof. The proof proceeds as in Proposition 10.3. The measure p;, in the proof
is placed on the ball centered at n(j,n) rather than n(j/n). The key observation
is that on the event (48) any subsequential limit of the measures v, must be
supported on 7|0, 1]. O

10.2. Basic idea

In order to prove (38), we will show that the conditions of Corollary 10.4 are
satisfied with

Let
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For fixed positive integer n and integers 1 < j < k < n, we let

i1 k—j k-1
S:Sj,n:HJT, T:ijk,n:Tj, S+T=1+——,  (49)

fj,n = ij1n7

n(t) =y(L+1), n(n) = finli/vn).
Note that 1 < S < S+T < 2,0 < T < 1. We will define an event E;, with
indicator function I(j,n) and define

. _d 2 . .

F(j,n) = nl—2 |f"9j’7l (z/\/ﬁ)‘df(],n).
The event Ej;, will describe “typical” behavior when we weight the paths by
| £} (i/ /)% in particular, it will satisfy

E |1}t/ V)" 1Gim)| < E [|1F],G/vl"] = n¥ 2. (50)

We define the event in Section 10.5. The typical value of | fj’n(z /+/n)| when weighted

as above is n”; more precisely, there exists a subpower function ¢ such that on the
event Fj ,,

n? o(n) ™ < /v <0 g(n).
The “one-point” estimate (50) suffices to prove (45) in Corollary 10.4. One

needs to prove the other two conditions as well. This is most easily done by con-
sidering the reverse time Loewner flow.

10.3. Reverse time

It is known (see, e.g., [10, 4]) that estimates for f] are often more easily derived by
considering the reverse (time) Loewner flow. This is how the one-point estimate
is derived. In this subsection, we review the facts about the Loewner equation in
reverse time that we will need. Suppose that g; is the solution to the Loewner

equation
a

Orgi(2) = m7 go(z) = z. (51)

Here V; can be any continuous function, but we will be interested in the case where

Vi is a standard Brownian motion.

For fixed T' > 0, let Ft(T)7 0 <t < T, denote the solution to the time-reversed
Loewner equation

a a T)
o F M (2) = — — . FD() =2 (52)
FO ) = Veoy Voo — FO(2)
Note that
FEED () = FOFEFT™(2), 0<s<s.

Lemma 10.5. Ift < T, then Ft(T) = ft,r—¢. In particular, Fj(jT) = fr.
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Proof. Fix T, and let uy; = F}@t. Then (52) implies that u, satisfies
a
ug(2) — Vi’
By comparison with (51), we can see that u.(z) = g:(fr(z)), and one can check
that g; o fr = fe, 7t 0

U (z) = ur(z) = 2.

We will be using the reverse-time flow, to study the behavior of f at one or
two times. We leave the simple derivation of the next lemma from the previous
lemma to the reader. A primary purpose of stating this lemma now is to set the
notation for future sections.

Lemma 10.6. Suppose S,T >0 and V :[0,S + T] — R is a continuous function.
Suppose g;,0 < t < S+ T is the solution to (51). As before, let f; = g; ' and
fi(2) = flz+ V4). Let
U =Vsir—t — Vsir, 0<t<S+T,
Uy=Vs_t—Vs=Urpe —Ur, 0<t<S,

and let hy,0 <t < S+ T, Bt70 <t < S, be the solutions to the reverse-time

Loewner equations
a

T U, - hi(z)

a a =

ho(z) = z.

Orhi(2) ho(z) = z,

atﬁt(z) = = = = = 5
Ut — ht(z) UT+t - UT - ht(Z)

Then
fs(2) =hs(z) = Us, foyr(2) = hsir(2) — Ussr,
hsyr(2) = hs(hr(2) — Ur) + Ur. (53)
In particular,
fs(w) foip(2) = W (2) Ws(hr(2) — Ur) g (w),
fsr(2) = fs(w) = hs(hr(z) = Ur) = hs(w).
Proof. Note that

QMKQ+W@WLZWHP¢_MA@+VQTY

Therefore, fsi7(z+ Veir) = hstr(2) + Vorr = hstr(z) — Usir. Note also that

MMM@_MMWHZWH%MM@fWHWT

ho(hT(Z) — UT) +Ur = hT(Z).
This gives (53). O

a

ho(2) + Vsyr = 2+ Vsyr.

Remark. If V; is a Brownian motion starting at the origin, then Uy, Ut are st~andard
Brownian motions starting at the origin. Moreover {U; : 0 <t < T} and {U; : 0 <
t < S} are independent.
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We let F = Fg denote the o-algebra generated by {Vs : s < S} = {Urys —
Ur : s < S} and G = Ggr the o-algebra generated by {Vgi: — Vg : 0 < ¢ <
T} ={U;:0<t<T}. Note that F and G are independent. We let F V G be the
o-algebra generated by {U; : 0 <t < S+ T}.

Let us give an idea of the reason for including the I(j, n) term in our definition
of F(j,n) for establishing the second bound in Corollary 10.4. Recall that

F(j.n) =n'"% |f},(i/ V)" 1(j.n)

where I(j,n) is the indicator function of an event on which \f]’n(z/\/ﬁﬂ ~ nb.
To give “two-point” estimates, we need to consider E[F(j,n)F(k,n)]. Suppose, for
example, j = k. If we did not include the I(j,n) term, then we would be estimating

EIf] . (/v

which is not of the same order of magnitude as (E|f]’n(z/\/ﬁ)|d])2 Indeed, if we
weight paths by |f]’n(z/\/ﬁ) |24, we do not concentrate on paths with |f]’n(z/\/ﬁ)\ ~

n® but rather on paths with |f/ (i/\/n)| &~ n® for some 3’ > . However, when
? but rather on paths with |f7 ,(i/v/n)| = n? f g >p. H , wh
we include the I(j,n) term, we can write roughly

E(lfs(i/v/n)** 1(j,n)] = n® E|f5(i/v/n)|" 1(j,n)] = n** P(Ej,).

10.4. Lemmas about conformal maps

In this section we collect some facts about conformal maps. They are consequences
of the Koebe (1/4)-theorem and the distortion theorem (see, e.g., [5, Section 3.2])
which we now recall. Suppose f : D — f(D) is a conformal transformation, z € D,
and d, p = dist(z,0D). The (1/4)-theorem states that f(D) contains the open ball
of radius d, p | f'(2)|/4 about f(z) and the distortion theorem implies
1—r , , 1+7r ,

- < < _-Tr — 2 <rd, p. 54

T OIS W) € G @ s <. G
The immediately corollary of the (1/4)-theorem that we will need is the following:
if h: H — h(H) is a conformal transformation and Im(z) = y, > vy, = Im(w),

then

W () Yz = yw)
4
The form of the distortion theorem is the following lemma. One can values of ¢, «,
but the actual values will not be important to us.

[h(2) = h(w)| = (55)

Lemma 10.7. There exist ca, a0 < oo such that if h : H — h(C) is a conformal
transformation, r > 1, and

z,w € R(r) = [-rr]x[I/r,r]={ec+iy: —r<z<r, 1/r<y<r},

then
W (2)] < car® W (w)].
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Proof. The map F(z) = (z —4)/(z + ¢) maps H conformally onto D, so we can
write

h(z) = f(F(2)),
where f : D — h(D). We can apply the distortion theorem to f. Details are
omitted. O
10.5. Defining the F(j,n)

In this section, we will define the event F;,,, which will be F-measurable, such
that

F(j,n) =nl"%

fa/vm| 1k, (56)
We write
Ejﬂl = Ej7n,1 n---N Ej,nﬁ,

for events that we define below. We define F'(k,n) similarly; it will be (F V G)-
measurable.

The event E] n is defined in terms of the solution of the time- reversed Loewner
equation. Let ht7ht as in Lemma 10.6. We write Z; = hi(i/\/n) — = X; +
iYs, Zy = ht( /V/n) — = X, +Y;. In particular, for 0 < s < S,

hsrr(i/v/n) = hs(Z7) + Ur,
Wopr(i/3/n) = B(Zr) hp(if V).

Remark. Note that the transformation hp is G-measurable and the transforma-
tion ﬁs is F-measurable. The random variable Zr is G-measurable. The random
variable hs(Zr) is neither F-measurable nor G-measurable. The key to bounding
correlations at times S and S + T is handling this random variable.

The six events will depend on a subpower function ¢y to be determined later.
Given ¢g we define the following events. Recall that 1 < S <S4+ T < 2,

By ={Y 2 th 6o(1/t)  for 1/n <t < S+T}. (57)
{Yt>t2¢0(nt) for 1/n§t§S+T}. (58)
Eyns = {|Xt| <7 ¢y (1/t) for 1/n <t < S-|—T}
{ %0

(nt) for 1/n§t§S+T}.

Eyns= { (n(tr)j) < ‘hg(z/\/ﬁ) ‘ < (nt)? ¢o(nt) for 1/n <t < S+T}

tr Wsyr(i/v/n)
Ek n,6 — < 177
do(1/t) hi(i/\/n)
E; . are defined in the same way replacing h¢, Uy, Z¢, S + T with Bt, Ut, Zt, S.

<t P go(1/t) for 1/n <t < S+T}. (59)
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Remark. What we would really like to do is to define an event of the form
Y=tz |Xy| <ctr, [h(i/vn)] = (nt)?

for all 0 < t < S+ T. However, this is too strong a restriction if we want the
event to have positive probability (in the weighted measure). What we have done
is modify this so that quantities are comparable for times near zero and for times
near S + T but the error may be larger for times in between (but still bounded by
a subpower function).

Theorem 10.8. There exist ¢1,co such that for allt > 1/n,
E |1/ = E |7, ()] < e2 (tm)$ . (60)
Moreover there exists a power function ¢g such that if F;, is defined as above,
then
e |5 1G] 2 e nt (51)

Proof. See Theorems 8.1 and 9.1. O

Remark. The equality in (60) follows immediately from scaling. Since |h/g(i/v/n)|?
~n? on E;,, we can see that

s g(n) T < P(Ejp) <0t g(n)

Before proceeding further, we note that the Loewner equation gives
a Xt

dX; = dt — dU;
t |Zt|2 ty
which implies
t
a|X,|ds
v [ ol
o 1%

Using this we can show that on the event Ey .,
U <2 ¢o(1/t) for 1/n <t < S+T, (62)
Us| < t2 ¢o(nt) for 1/n <t < S+T,

with perhaps a different choice of subpower function ¢¢. Hence, we may assume
that the function ¢g is chosen so that the last two inequalities hold as well.

10.6. Handling the correlations

Theorem 10.8 discusses the function k¢ and the corresponding processes XY,
for a fixed value of S. In this section we assume Theorem 10.8 and show how to
verify the hypotheses of Corollary 10.4 for £ as defined earlier and some subpower
function ¢. Here F(j,n) is defined as in (56). The first hypothesis (45) follows
immediately from (60) so we will only need to consider (46)—(48). Throughout
this subsection ¢ will denote a subpower function, but its value may change from
line to line.
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10.6.1. The estimate (46). We first consider j = k. Then

o 24

si/vm)| 16|

On the event E;,, we know that |h/y(i/v/n)| < n? ¢(n). Therefore, using (60),
N d

stV | o) < nf otm)

We now assume j < k. We need to give an upper bound for

E[F(j,n) F(k,n)] =n*"'E [ Le,., s (/)| 1p, , (Wopr(i/v/n)|*

Let Ek n= Ek n1 ﬂE;~c n,3 Where E n,; is defined as Ey,, ; except that 1/n <t <
S+ T is replaced with 1/n <t < T. Then Ek n is G-measurable and E}, ,, C Ek n-
Using (53), we can write

Wy 5(i/V/n) = hp(i/V/n) g (Zr).

E[F(j,n)?] =n*E [ h

E[F(], n)2] < n27d+[3dE |:

Therefore,

nd=2 E[F(j,n) F(k,n)] <

E[lEj,n s (/)| s (Zo)|* g, Wi/ V)| | (63)

This is the expectation of a product of five random variables. The first two are
F-measurable and the last two are G-measurable. The middle random variable
\Ws(Zr)| uses information from both o-algebras: the transformation hg is F-
measurable but it is evaluated at Z7 which is G-measurable.

We claim that it suffices to show that on the event Ej,, N Ej.n,

Ws(zn)| < T o(1/7), (64)

for some subpower function ¢. Indeed, once we have established this we can see
that the expectation in (63) is bounded above by

T (1) T)E [ (i/ V)| [ (/v |,
which by independence equals
T=5(1/T) B s (i/v)|] E [ 1K G/v/ml ]

Using (60), we then have that this is bounded by

“LnT): ' =T ¢(1)T) = <k ij)g ¢ <k’n—j> '

a
2

T=P4e(T)n

Hence, we only need to establish (64).
Let w = Zp. By the definition of Ek,n, there is a subpower function ¢ such
that w € TY2R(¢(1/T)), where R(r) is as defined in Lemma 10.7. Using the
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Loewner equation and the fact that the imaginary part increases in the reverse
flow, we can see that

hr(w) € T R($(1/T)),  [Wp(w)| < &(1/T).
for perhaps a different ¢ (we will change the value of ¢ from line to line). By the
definition of E; ,, and (62), we know that

Zr € TV2R($(1/T)),  |Ur| < T2 (1/T).

Hence also,
hr(w) = Ur € T2 R(6(1/T)).

If we define hpg by hs(z1) = hr.s(hr(z1) — Ur), then we know by the definition
of E;,, that

W s(Zs)| < T~ $(1/T).

Hence, by Lemma 10.7,

|5 (b (w) = Ur)| < T~7 6(1/T).
10.6.2. The estimate (47). Assume that j < k and that Ej}, and E}_, both occur.
Then,

n(k,n) = fsir(i/vn) = hsir(1/v/n) + Urys = hs(Zr) + Us.
Therefore, 3 .
U(k7n) - 7)(37 n) = hS(ZT) - hS(Z/\/ﬁ)
Using the Loewner equation, we see that there is a c¢; such that
Y — n71/2 >c Yr. (65)

(Since Yr is increasing we only need to check this for 7" = 1/n.) Using (55), we
get

. = - c z

[nk,n) =G, m)| = |hs(Zr) = hs(1/v/m)| = 5 Y Ws(Z0).

Hence on our event,

- -1
o) Gt 2 (1) mretg (1)

Remark. Note that we do not expect that last estimate to hold for all k, j, espe-
cially for k > 4 for which SLE, has double points. The restriction to the event
E;, NE}, is a major restriction.

10.6.3. The estimate (48). This estimate was essentially proved by Rohde and
Schramm [10] when they proved existence of the curve. In fact, we can give an

argument here. On the event E; ,,, we have |f§(z/\/ﬁ)\ ~ n”. Therefore, using the
Koebe (1/4)-Theorem we can conclude on this event that for every e > 0, there is
a c such that

dist | fs(i/v/n),~0, 5] ﬂR] <enften 12 = cpdte2,

Since d < 2, this goes to 0 for e sufficiently small.
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Appendix A. On the Girsanov theorem

In this section, we give a review of the Girsanov theorem. Assume B, is a standard
Brownian motion and F; = 0{Bs : 0 < s < ¢} is the filtration generated by the
Brownian motion. Suppose that M; is a nonnegative solution of the stochastic
differential equation

th = Mt At dBt, MO =Ty > 0. (66)

Here, and throughout, A; will denote a process such that A; is Fz-measurable and
of the form

A = A 1{T > t},

for some stopping time 7" and continuous process A,. More precisely, we require
(66) to hold only for M; > 0. and if 7 = inf{s : M; = 0}, then My = M, =0 for
t>T.

Solutions to (66) are not necessarily martingales because it is possible for mass
to “escape to infinity in finite time”. However solutions to (66) are nonnegative
continuous supermartingales,

E[M, | F,] < M, s<t.

In order to show that M; is a martingale it suffices to show that for each t,
E[M,] = zo, for then for each s < ¢

Since the integrand is nonnegative this implies that M; = E[M, | F].

A sufficient condition for a continuous local martingale to be a martingale is
boundedness in the following sense: for each ¢ there exists K; < oo such that with
probability one | M| < K¢,0 < s <.

If M; is a nonnegative continuous local submartingale, we can obtain a mar-
tingale by stopping the process. To be more precise, let T,, = inf{t : M; > n}.
Then M;a7, is a martingale. Suppose we know that for each ¢,

lim E [Miar, ; T < t] = 0. (67)

n—oo

Then the optional sampling theorem and the monotone convergence theorem imply
E[M;] = E[My].

The condition (67) means that mass does not escape to infinity by time ¢. There-
fore, to show that a nonnegative continuous local martingale is a martingale it
suffices to prove (67) for each t.

The Girsanov theorem is a theorem about nonnegative martingales satisfying
(66). Suppose M, is such a martingale. Let Q; be the probability measure on F;-
measurable events given by

Qi(V) = My "E[M; 1y].
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If s < t and V' is Fy-measurable, then it is also Fi-measurable and Qs(V) = Q¢(V).
This follows from properties of conditional expectation:

E[M,1y] = E[E(M, 1y | F,)] = E[Ly E(M; | F)] = E[M, 1v].

(Note that this calculation uses the fact that M; is a martingale.) Hence these
measures are consistent and give rise to a measure on F,, which we call Q.

Theorem A.1 (Girsanov). Under the assumptions above, with respect to Q,
t
Wi=p, - [ Acds (68)
0

is a standard Brownian motion.

We can write (68) as
dB; = A dt + dW. (69)
We can state the theorem informally as: “if we weight the paths by the martingale
My, then in the weighted measure By satisfies (69)”.

The Girsanov theorem requires that M; be a martingale. For many appli-
cations in SLE, one only knows that M; satisfies (66), and hence only that M;
is a local martingale. However, we can still use Girsanov by using stopping times
(this procedure is sometimes called localization). Assume for ease that My = 1;
otherwise, we consider M;/xg. Let T = T,, = inf{t : My > n or |A¢| > n}. Then
Miar is a bounded martingale satisfying (66) which we write as

dMipr = Miar A dBy, 0<t<T.

The Girsanov theorem applies to M. Hence, if we weight by Mar, then in the
weighted measure By satisfies

dBy = Apdt +dW,, 0<t<T. (70)

As a slight abuse of notation, we can say that if we weight by the local martingale
M, then in the weighted measure B; satisfies (69). This is shorthand for saying
that (70) holds for all n < oco. To show that M, is a martingale, it suffices to
establish (67), and do this one can use (70). If we let Q denote the weighted
measure, we can rewrite (67) as

lim Q{T, <t} =0.

Remark. The Girsanov theorem could be stated as a theorem about nonnegative
local martingales in which case the measure Q; on F; is a subprobability measure.
We find it more convenient to restrict the Girsanov theorem to martingales and
to use stopping times.

As an example, suppose that B; is a standard Brownian motion and ¢(z) =
e?(?) is a positive C? function. Then It6’s formula shows that

M=otz exp {3 [0+ 0B s},
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is a local martingale satisfying
dM; = ' (By) My dBy.
If we weight by the local martingale My, then
dB; = ' (By) dt + dWy, (71)

where W; is a Brownian motion in the new measure which we denote by Q. This
must be interpreted in terms of stopping times; however, if solutions to the SDE
(71) do not blow up in finite time, then M; does not blow up in finite time in the
measure Q and hence M; is a martingale. A sufficient condition for M; to be a
martingale is that 1’ is uniformly bounded.

Assume M; is a martingale. Let p;(z,y) denote the transition density for the
Brownian motion and let ¢;(z,y) denote the transition density for the SDE (71).
We claim that for all ¢, z,y,

¢(x)? 4t (2, y) = ¢(y)” @y, ). (72)
To see this from the perspective of the Girsnaov theorem, consider the set of paths

v : [0,t] = R with 4(0) = z,v(t) = y. Then P, Q give two measures on the set of
such paths with

dQ P(y) 1 /t 7 N2
= = 77 —= ds p .
P )= g P T2, W W)I006) ds
Here we have used the fact that M; is a deterministic function of the path v(s),0 <
s < t. Similarly, if we consider the reversed path 4% with 4%(s) = (¢t — s), we get

dQ $() L o2
00 = 50 oo [0 @it e)as).

The integral inside the exponential is not easy to compute but it is the same for
~ and %, which gives

ol T2 () = 6()° 2 (+).

Combining this with the symmetry of P gives (72). In particular,

/&@%mwm:/&@%mmm:&@.

This shows that ¢? us an invariant density for (72).
Often one starts with the SDE (71) in which case one can find ¢ using
¢ = el v
Example. If ¢)(z) = bz, we obtain the well-known exponential martingale
M, = ebBr = b°t/2,
In the weighted measure, which we denote by Q, B; satisfies
dBy = bdt + dWr,
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i.e., By is a Brownian motion with drift. This has no explosion in finite time, so
M, is a martingale and

e 0t/2 _ E[Mte’be] —Eq [e’be] — bt ]EQb[eibWt]-

b

This is the standard martingale computation for the moment generating function
for a normal.

Example. Assume By > 0 and let ¢(z) = 2, i.e., ¥(x) = b logz. Then

b(b—1) [t ds
0 s

In the weighted measure, B; satisfies the Bessel equation

b
dB; = — dt + dW;.
t B, + t

If b > 1/2, then the process under the weighted measure does not reach 0 in finite
time. For these values, we can say that M; is a martingale.

Example. If 1)(z) = —bz?/2, then

t
M, = ebBi/2 bt exp {bQ/ Bf ds} .
0
In the weighted measure, B; satisfies the Ornstein-Uhlenbeck equation
dB; = —b B dt + dW;.

2

The invariant density is proportional to ¢(z)* = e~b*” from which we see that the

process is positive recurrent.

Example. In the study of radial SLE, the case 9'(x) = (b/2) cot(x/2) arises for
which

ow) = exp{ [} = sit(ar2)

Assume By € (0, 27). In the weighted measure B; satisfies
b
dBt = 5 COt(Bt/2) dt + th

By comparison with a Bessel process we see that this process stays in (0, 27) for
all time provided that b > 1/2. The invariant density is sin®®(z/2).

Example. In Section 7, we consider the case
¢(z) = [coshz]’,  ¥'(z) =b tanhaz.

Note that 1’ is bounded. The invariant density is ¢(z)? = [cosh z]?°.
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Abstract. We present a few choice examples that showcase how the topics in
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it is almost entirely self-contained with complete, albeit somewhat stylized,
proofs.
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1. Introduction

It has been known for a long time that the theories of fractals and probability are
related. The principle aim of this paper is to make a case for the assertion that
those theories are in fact inextricably intertwined. And that, frequently, one learns
a good deal by adopting this particular point of view.

I aim to make this case by presenting a series of examples via a self-contained
flow of ideas that starts with a classical problem about the ternary Cantor set,
and progresses to more modern examples from stochastic analysis that are rooted
in statistical mechanics. The approach presented here will have some novelty, even
for the classical examples.

The only strict prerequisites to reading this article are a modest knowledge
of measure-theoretic probability and a little harmonic analysis on compact abelian
groups [for §3.5]. But it might help to know also some stochastic-process theory,
“hard” harmonic analysis, and fractal analysis.

And now we begin at the beginning, and without further ado.

Research supported in part by a grant from the National Science Foundation grant DMS-0706728.
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1.1. The Minkowski dimension

We begin our discussion by reviewing some basic facts from fractals and geometric
measure theory; more detail can be found in the excellent books of Falconer [12]
and Mattila [35].

One of the simplest notions of dimension is the [upper] Minkowski dimension,
or box dimension, of a bounded set G C R¢.

Recall that a cube U C R? is dyadic of side 2~ if it has the form

i o+l Ja Ja+1
U (I ) 1.1
(W, . } (2 . } (L1)

for some j := (ji,...,74) € Z%. The collection of such cubes is denoted by D,,
and D := U __ D, denotes the collection of all dyadic cubes in R%. On a very
few occasions I might refer to b-adic cubes of side b~", where b > 2 is an integer;
those are defined also as above, but 2™ is replaced everywhere by b™.

The Minkowski dimension of a bounded set G C R? is defined as

dim,,G := limsupilog2 #{U eD,: GNU #2}), (1.2)
where “log,” denotes the base-two logarithm.' It is possible to see that dim,, does
not depend on the base. That is, if we use b-adic cubes in place of dyadic ones and
apply log, in place of log,, then we obtain the same numerical value for dim,,G.

Minkowski dimension is also known as the upper Minkowski [or box| dimen-
sion. The corresponding lower Minkowski [or box] dimension is defined as

1
dim G :=liminf —log, (#{U € D, : GNU # @}). (1.3)
n—oo 7N

Clearly di_mMG < di—mMG.

Minkowski dimension is easy to use [and frequently easy to compute], but
has the drawback that there are countable sets of positive Minkowski dimension.
An example is G :={1,1/2,1/3, ...}, whose Minkowski dimension is 1/2. Viewed
from this perspective, Hausdorff dimension is a more attractive notion of dimen-
sion. We describe that notion next.

1.2. Net measures and Hausdorff dimension

Given a number ¢ € (0,00) and a set G C R?, we can define the quantity N7"(G)
as inf )~ (side Ij)?, where the infimum is taken over all dyadic cubes I, I, . ..
that have side length < 27" and cover G in the sense that G C U2, I;. The
q-dimensional net measure of G is the monotonic limit,

Ny (G) = nILH;oN‘?(G)' (1.4)

L As far as I know, Minkowski himself did not study this notion of dimension, but he did introduce
the closely-related Minkowski content in geometry.
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The restriction of N, to the Borel sets of R? — still denoted by A — is a bona
fide Borel measure. The Hausdorff dimension dim, G of G C R? is then defined
unambiguously as

dim, G :=sup{qg > 0: Ny (G) >0} =inf{g > 0: N,(G) < ¢} (1.5)

It can be shown that Hausdorff dimension has the following regularity prop-
erty: For all Borel sets G1,Go, ... C RY,

o0

dim, <U G’n> = supdim, G,. (1.6)
n=1 n>1

In particular, dim, G = 0 whenever G is countable.

If we use b-adic cubes in place of dyadic ones, then we obtain net measures
that are, to within constant multiples, the same as AV,;. Thus, Hausdorff dimension
does not depend on the base b that is used.

It can be verified that

dim, G < dim G < dim,,G. (1.7)
Either, or both, of these inequalities can be strict.

1.3. Riesz capacity

Typically one computes dim, G by separately deriving an upper and a lower bound
for it. It is not hard to derive an upper bound in many cases: One strives to
construct a “good dyadic cover” {UJ'}52, of side length < 27", and then estimate
N7 (G) from the above by Y777 (side Uj")?. And then one tries to find a value of
g that ensures that the said sum is bounded uniformly in n; thus, dim, G < q for
such a value of q.

It is more difficult to obtain lower bounds, since we have to consider all possi-
ble covers. As it turns out, there is a potential-theoretic method that is particularly
well suited to obtaining lower bounds for dim,, G' in many cases.

If 41 is a Borel measure on R? and ¢ is a positive constant, then the g-
dimensional Riesz energy of p is defined as

// ||:Efy||q 7 (1.8)

where || ---|| denotes the usual Euclidean norm. The quantity I,(x) might, or
might not, be finite. The following result shows us how we can try to find a lower
bound for dim,; G. Here and throughout, P( - --) denotes the collection of all Borel
probability measures that have compact support and satisfy pu(G) = 1.

Theorem 1.1 (Frostman [15]). If there exist u € P(G) and ¢ > 0 such that I,(p) <
00, then dim, G > q. Conversely, if I,(u) = oo for all p € P(G), then dim, G < q.

Define the g-dimensional capacity of a Borel set G C R? as
1

N — 1.9
inf,cpqy Ig(1) (1.9)

Cap,(G) :=
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where inf @ := 0o and 1/00 := 0. Frostman’s theorem implies that
dim,, G = sup {¢g > 0: Cap,(G) >0} =inf{g>0: Cap,(G)=0}. (1.10)

In particular, “capacity dimension = Hausdorff dimension.” I demonstrate the
easier — and more useful — half of Theorem 1.1 next.

Half of the proof. We suppose that I,(1) < oo for some ¢ > 0 and p € P(G), and
prove that dim, G > ¢, as a consequence.

For all €>0 we can find a dyadic cover {U;}32, of G such that 772 [side U;|?
is at most N, (G) + e. We fix this cover in mind, and use it as follows:

N @)
) > Z // ||x—y||q > const ]; Side O, 7" (1.11)

Since {U;}32, is a cover for G and p is supported on G, Jensen’s inequality implies
that for all positive numbers aq, as, . ..

)

-1
Zai Za],u . (1.12)
j=1

We can set a; := [side U;|?/u(U;) to find that
const const
1, > >
()_Z]1|51deU|q_ Ny(G)+ €

We let € — 0 and then optimize over all 4 € P(G) such that I,(u) is finite to
find that NV, (G) > const - Cap,(G) > 0. Consequently, positive capacity implies
positive net measure, whence the result. (I

(1.13)

2. Some instructive examples

2.1. The ternary Cantor set

Every z € [0,1] can be written as x = Z(;; x;377 where the digits x; are 0, 1, or
2. The ternary Cantor set C can be viewed as the collection of all points in [0, 1]
whose ternary digits are in {0,2}. Ours differs from the more popular definition
of C by at most a countable collection of points; consequently the two definitions
lead to the same Hausdorff dimension. Its numerical value is contained within the

following famous result of Hausdorff.
Theorem 2.1 (Hausdorff [19]). dim, C = log; 2.

Proof. The upper bound is derived by a standard covering argument, which I omit.
Next you will find a proof of the lower bound that highlights some of Theorem
2.1’s deep connections to probability theory: Let {X j}]?’ozl denote a collection of
independent random variables, each taking the values 0 or 2 with probability 1/2.
Then the jth ternary digit of X := 3772 X;377 is X;. Clearly, u(A) := P{X € A}
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defines a Borel probability measure on C.? It suffices to prove that I, () < oo for
all ¢ <logs 2.

We might observe that if Y is independent of X and has the same distribution
was X, then I,(u) = E(|]X — Y|~9), where E denotes expectation. Let Y; denote
the jth ternary digit of Y, and consider

J=inf{j>1: X; #Y;}. (2.1)

The triangle inequality shows that | X —Y| > 377/, whence I, (1) < E(377). Because
P{J = j} = 277 for all integers j > 1, E(3%/) = >°2 | 39277 is finite if and only
if ¢ < logs 2, and the theorem follows. O

2.2. Non-normal numbers

We follow Borel [5] and say that a number x € (0, 1] is simply normal in base 2 if
)= tim 23100y = & 22
= lim — i) == .
x e 2 {0y (@5) = 3

where z; denotes the jth digit in the binary expansion of z.?

The celebrated normal-number theorem of Borel [5] asserts that Lebesgue-
almost all z € (0,1] are simply normal in base 2 [and a little more, in fact].
Next is Borel’s ingenious proof; it is simplified thanks to more than a century of
afterthought.

Let X := >77°, X;277, where {X;}32, are independent random variables,
each distributed uniformly on {0, 1}. Then one verifies easily that X is distributed
uniformly on [0, 1]; that is, P{X € A} is the Lebesgue measure of A C [0, 1]. By the
strong law of large numbers, P{X € Ny 5} = 1 where Ny /5 denotes the collection
of all x € (0, 1] that are simply normal in base 2. We have shown that N;/, has
full measure, and this completes the proof!

It turns out that many interesting nonnormal numbers form fractal collec-
tions. For instance, choose and fix a number p € (0, 1) and define

N, :={z€(0,1]: f(z) =p}. (2.3)
Thus, the elements of N, are numbers whose digits have the prescribed asymptotic
frequencies p and 1 — p. The following striking example was conjectured originally
by I.J. Good and resolved ultimately by H.G. Eggleston [11]. This example high-

lights some of the connections between fractals, probability theory, and notions
from statistical mechanics.

Theorem 2.2 (Eggleston [11]). dim, N, = H(p), where

() = pioey (1) + (1= ) logs (). (2.4)

2In fact, u(e) is the restriction of the net measure Niog,(2) (@) to C.
3The x;’s are clearly defined uniquely for all but a countable collection of z € [0,1]; as that
collection has zero Lebesgue measure, we can safely not worry about it.
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Proof. Let X, Xas,... be independent random variables, each taking the values
zero and one with respective probabilities p and 1 — p. Then, X := 7%, X;27/
is a random number in (0, 1] that satisfies P{X € N,} = 1, owing to the strong
law of large numbers. Let u := P o X ~! denote the distribution of X; we have just
seen that 1 is a probability measure on Ny,.

We begin with a direct computation: If x € N,, is fixed, then

P {Xl =T1,.--, Xn — 'In} — pnf(z 7n)(l . p)n_f(w n)

_ 9-n(H(p)+o(1)) as 1 — oo, (2.5)

where f(z;n) := Z?Zl 1403(w). Note that the little-o term in (2.5) is allowed to
depend on the point x.

Consider the dyadic cube Uy, (z) :={y € (0,1]: y1 =21,...,yn = s }. The
preceding shows that p(U,(z)) = 2-"HH®+eW} for all 2 € N,. Since y € U, ()
if and only if x € U, (y), it follows fairly easily that u(U, (z)) = 2~ {H®+e(} for
all x € (0,1]. It is possible to prove that the following hold:

1. Up(x) Clz—27", 2+ 27"]; and
2. [z —27""Y x4+ 2771 C U,(y) UU,(2) for some y, z € (0,1] that might —
or might not — be distinct.

A monotonicity argument then shows that for our u € P(N,),
w(lz =7,z + 7)) = pHEFD asr |0, forall z € (0,1]. (2.6)

The density theorem of Rogers and Taylor [45] finishes the proof. O

2.3. The range of Brownian motion

Let B := {B(t)};>0 denote Brownian motion in R%. That is, B is a collection of
random variables that satisfy the following: (a) B(0) := 0; (b) B(t + s) — B(s) is
independent of {B(u)}o<u<s for all s,t > 0; and (c) the coordinates of the random
vector B(t+ s) — B(s) are independent mean-zero gaussian random variables with
variance t, regardless of the value of s > 0 and ¢ > 0.

A well-known theorem of Wiener states that one can construct B such that
the resulting random function ¢ — B(t) is almost surely Holder continuous with
any given index < 1/2. In fact, the following limit exists with probability one:

B(t) - B
lim sup |1B®) (5) =1 for all T > 0. (2.7)
=0 sefo,1) \/2(t —s)In(t —s)
te(s,s+e]

This is due to Lévy [31] but with a limsup in place of the limit; the present,
more elegant, formulation can be found in Orey and Pruitt [39] and Csorgé and
Révész [7].

Theorem 2.3 (Lévy [31], Taylor [51]). dim, B[0,b] = min(d,2) almost surely for
all b > 0.
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Proof. We need to prove only the lower bound; the upper bound follows readily
from the Holder continuity of W and (1.7).
Let us define a Borel measure p via

b
nV) = [ Lpoery s (2.8)

I plan to prove that E(I,(u)) < oo for every positive ¢ < min(d, 2).

Note that
dsdt
EUNmE(AwﬂB@—BmW>' 9

Elementary properties of gaussian random vectors show that the distribution of
B(t) — B(s) is the same as the distribution of |t — s|'/? times B(1), and hence

B = [ O

T BB, (2.10)

Since the (ds x dt)-integral is finite iff ¢ < 2, it suffices to prove that E(||B(1)]~9)
is finite when ¢ < d. But direct computation reveals that

1 2
-4y — _ — —q o—2l7/2
B(IBOI™) = oy [ Il 12 0 (211)
and the latter integral is finite iff ¢ < d. The theorem follows. O

2.4. Fractal percolation

Mandelbrot [34] has introduced the following random Cantor set in the context
of turbulence:* Choose and fix a parameter p € (0,1), and let {Z(I)};ep be an
independent, identically-distributed collection of random variables, each taking the
values zero and one with respective probabilities 1 — p and p. Define

Qu(p) == J{I €D (0,1]*: Z(I)=1}  foralln>0. (2.12)
And B
An(p) =[] Qj(p)  foralln>0. (2.13)
j=0

In words, in order to construct A, (p) from A, _1(p), we consider each dyadic
I C Ap—1(p) of sidelength 27™ and retain it in A, (p) — independently of the others
— with probability p. Since A, (p) C A, —1(p), the following “fractal-percolation set”
is well defined:

Ap = OO A (p). (2.14)

Let N,, denote the number of all I € D,, N (0,1]? that are in A,(p). Then,
a little thought shows that {N,,}>2, is a Galton-Watson branching process with
mean offspring distribution p2¢. Therefore, the theory of branching processes tells

4Mandelbrot refers to this as “random curdling.”
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us the following: If p > 279 then o := P{A, # @} > 0; else, if p < 27 then
o = 0.5 Thus, from now on we concentrate on the nontrivial case that

p>2"% (2.15)

Note that A, (p) is a disjoint union of N,, dyadic cubes of sidelength 2™
each. Therefore, its Lebesgue measure is N,,27"?. A standard computation reveals
that E(N,,) = p"; see (2.17) below, for example. Therefore, A, has zero Lebesgue
measure, almost surely.

Theorem 2.4 (Falconer [13], Mauldin and Williams [36]; see also Grimmett [18]).
If (2.15) holds, then

[[dim,, Ap”Loc(p) = HEMAPHLOO(ID) = d —logy(1/p), (2.16)
where “logy” denotes the logarithm in base 2.

Proof. Choose and fix two integers n > k > 1. The probability that a given dyadic
interval I € Dy N (0, 1] intersects A, (p) is p*, since I intersects A, (p) if and only
if Z(J) =1 for all k dyadic cubes that include I. Consequently,

P{INA, # 2} <pr. (2.17)

Let Nji denote the number of dyadic cubes I € D that intersect A,. We can
sum (2.17) over all I € Dy, to find that E(Ng) < (2¢p)¥. Therefore, Chebyshev’s
inequality implies that for every positive A < 29p,

= k = (de)k
S P{Ne > A<M "o < oo (2.18)
k=1 k=1

Since A € (0,2%) is arbitrary, the preceding and the Borel-Cantelli lemma to-
gether show that dim,, A, < log,(29p) = d — logy(1/p) almost surely.

In order to prove the remainder of the theorem, we apply an elegant “inter-
section argument” of Peres [41]. Let G' be a nonrandom Borel set in (0,1]%. T will
prove the following:

Claim A. If dim, G < log,(1/p), then A, NG = @ almost surely.

We first use this to prove Theorem 2.4, and then establish Claim A.

Consider an independent fractal percolation A’ﬁ. Because A, N Ag has the
same distribution as A,, we see that if p32¢ > 1 then A, N A,’a # & with positive
probability. We condition on A, to deduce from Claim A that dim A, > log,(1/5)
with positive probability. Since any positive 1/8 < p2¢ leads to this bound, it
follows that || dim,, Apl|r(p) > logy(29p) = d — logy(1/p), as needed. Now let us
prove Claim A.

5Tn fact, if we define N := #{I € Dy : Z(I) = 1} — that is, N denotes the number of retained
level-1 dyadic cubes — then o = E(O’N) by independence. Since N has a binomial distribution
with parameters 2¢ and p, the assertion follows from direct computation.
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We fix an arbitrary € > 0, and find dyadic cubes Uy, Us,... such that: (i)
{U;}52, is a cover for G; and (i) Y72 [side U;[°821/P) < e. In accord with (2.17),

P{A,NG#@} <D P{ANU; # o)=Y poelt/&idell «¢ (2.19)

Jj=1 Jj=1

This completes our proof, since € > 0 is arbitrary. O

Remark 2.5 (Theorem 2.4, revisited). Because A, has a great deal of self-similarity,
Theorem 2.4 can be improved to the following [13, 36], which we prove next:

P {dimH A, = dim,, A, = d — log,(1/p) ‘ A, # @} =1 (2.20)

Let us recall (2.15), let A denote the number of I € Dy such that Z(I) =1, and
choose A € (0,d —log,(1/p)). We can consider the probabilities

a(l) :=P{dim, (A, NI) <X, A,N T # o}, (2.21)

defined for all dyadic cubes I C (0,1]%. We can condition on {Z(I)};ep, to find
that a((0,1]%) < E([Ta(l) ; N > 1), where the product is over all I € DN (0, 1]¢
such that Z(I) = 1. But a(I) = «((0,1]¢) for every dyadic cube I C (0,1]<.
Therefore,

o (0,19 < B ([a (0,195 M 21)
<a((0,1]%) - P{N # 0}.

Theorem 2.4 implies that a((0,1]¢) < 1. Since P{N # 0} < 1, the preceding
proves that a((0,1]¢) = 0, which implies (2.20) readily. O

(2.22)

3. Lévy processes

Lévy processes are a natural family of random processes that “cannot help but
produce fractals.” I present a very brief introduction to the general theory. The
books by Bertoin [3], Jacob [23], and Sato [48] are excellent, and thorough, accounts
of Lévy processes.

A Lévy process X := {X(t)}+>0 on R? is a stochastic process [that is, a
collection of random variables| which satisfies the following properties:

1. X(0) = 0 almost surely;
2. X(t+s) — X(s) is independent of {X (u)}o<u<s for all s,¢ > 0;
3. The distribution of X (¢t + s) — X (s) does not depend on s, for all s,¢t > 0;
and
4. t+— X (t) is continuous in probability; i.e., lims_; P{|X(s) — X(¢)| > €} =0
forallt > 0 and € > 0.
It turns out that one can always arrange things such that ¢t — X(t) is right-
continuous and has left limits at all points [3, p. 13]; in particular, X can have
only discontinuities of the first kind, if it is at all discontinuous.
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According to the Lévy—Khintchine formula (Bertoin [3, Theorem 1, p. 13]),
a stochastic process X is a Lévy process if and only if

E (eig'x(t)) = e V() for all ¢ € R? and t > 0, (3.1)

where U is a negative-definite function — in the sense of Schoenberg [49] — such
that ¥(0) = 0; see also the monographs by Jacob [23] and Sato [48]. An equivalent
statement is this: If 4 (A) := P{X(¢) € A} defines the distribution of X (¢), then
{1 }>0 is a weakly-continuous convolution-semigroup of probability measures with
to := do [3, Chapter 1]. Of course, in this case we have [g,exp(if - x)u(dz) =
exp(—t¥(¢)). In general, we might refer to the function ¥ as the characteristic
exponent, or Lévy exponent, of the process X.

Ezample. Tt might be good to keep some examples of Lévy processes in mind:

L. If W(¢) = c||€]|* for some ¢ > 0, all £ € R?, and a € (0,2], then X is an
isotropic stable process on R¢ with index a. When o = 2 and ¢ = 1/2, X is
a Brownian motion.

2. The Poisson process is a well-known Lévy process on Zy := {0,1,...}; its
characteristic exponent is ¥(&) = A\(1 — e¢) for € € R and X > 0 is its rate.

3. A compensated Poisson process is a Lévy process on R, and its characteristic
exponent is W(¢) = A\(1+i&—e%). If Y is a rate-\ Poisson process on Z , then
X (t) :=Y(t) — At defines a compensated Poisson process with rate \. O

Perhaps one of the most common features of many interesting fractals is that
they have zero Lebesgue measure. The next result is a characterization of all Lévy
processes whose range has zero Lebesgue measure; those are Lévy processes that
tend to “generate” random fractals. With this in mind, let us define

1
= — for all £ € R 2
k(&) Re(1+w(§)> orall € € (3.2)
Theorem 3.1 (Kesten [26]; see also Orey [38]). Choose and fix b > 0. Then the
Lebesgue measure of X[0,b] is positive with positive probability if and only if k €
LY(RY).

Remark 3.2. Tt is well known that Brownian motion is “extremal” among all
Lévy processes in the sense that [¥(€)| < const - (1 + [|€||?). Therefore, x(&) >
const/(1+ ||€]|?); see Bochner [4, eq. (3.4.14), p. 67], for instance. As a result, we
can deduce the following theorem of Lévy [31, Théorem 53, p. 256]: If d > 2 then
X10,b] has zero Lebesgue measure almost surely. O

Remark 3.3. The passing reference to fractals should not, and can not, be taken
too seriously. For example, if X is a Poisson process on the line with rate A > 0,
then W (&) = A\(1—e%), and k ¢ L*(R). Thus, Theorem 3.1 verifies the elementary
fact that the range of X has zero Lebesgue measure. That range is Z, which is
clearly not an interesting fractal. (I
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It is more difficult to compute the Hausdorff dimension of X[0,b] than to
decide when X0, b] has positive Lebesgue measure. In order to describe the Haus-
dorff dimension of X[0,b] we consider the “Cauchy transform” W of &,

r) = 7R<§/T) or all r
W(r) : e T 1+ € d¢  forallr > 0. (3.3)

Theorem 3.4 (Khoshnevisan and Xiao [28]). For all b > 0, the following holds with
probability one:

1
dim,, X[0,b] = dim, X[0, ] = lim inf %ﬁr). (3.4)
Remark 3.5. One can also prove that almost surely,
S logW
dim,, X[0,b] = dim,, X[0, 8] = limsup 227V ") (3.5)
r—o  logr
where dim, denotes the packing dimension [28]. O

Example. Tt is possible to check directly that if X is Brownian motion on R?, then
dim,, X[0,b] = min(d, 2) almost surely. This agrees with Theorem 2.3. O

3.1. Subordinators: An example

A real-valued Lévy process X is a subordinator if t — X (t) is almost surely increas-
ing and everywhere nonnegative. We have seen already that one can characterize
a subordinator X by its characteristic exponent W. But it is sometimes simpler to
consider its Laplace exponent ® : Ry — Ry [2]; the defining feature of ® is that
it solves Eexp(—£X (t)) = exp(—t®(&)) for all ¢, > 0. There are various rela-
tionships between the Laplace exponent ® and the characteristic exponent ¥. We
mention one next: Let S := {S(¢)}1>0 denote an independent symmetric Cauchy
process [that is, S is a Lévy process with characteristic exponent ¥ () := |], so
that S(t)/t has the standard Cauchy distribution on the line for all ¢ > 0] and note
that the following from a few applications of Fubini’s theorem: For all £,& > 0,

. 1 o0 e—t\ll(gz)
et — | [e—@f(f)} —E [elX“)S(f)} - —/ S (3.6)

T ) o 1422

We integrate both side [e~? dt] to find that
1 1
=-W( for all £ > 0. 3.7
e O oralies (37)
Theorem 3.6 implies the following theorem of Horowitz [22]: With probability one,
log (¢)

dim, X|[0,b] = limsup
For an example, let us consider a one-dimensional Brownian motion B; the theory
of Brownian local times tells us that the zero set of B is the closure of the range
of a subordinator X with ®(&) = const - £'/2 for all positive &; see Maisonneuve
[33], and also Bertoin [2, Chapter 9] for a pedagogic account. Because the closure

(3.8)
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of the range of X and the range itself differ in at most the jump points of X —
and there are only countably-many of those — we can conclude the following well-
known theorem of Lévy [31]: The Hausdorff dimension of the zero-set of Brownian
motion is almost surely equal to lim supg_, ., log ®(&)/logé = 1/2. Lévy’s theorem
[for Brownian motion] has simpler proofs than the one outlined here. But the
present method can be used to compute the Hausdorff dimension of the level sets
of quite general Markov processes, when simpler arguments no longer exist.

3.2. Proof of Theorem 3.1, and the odds of hitting a ball

Define, for each b > 0, the incomplete renewal measure Uy as follows:
b
Uy(A) = / P{X(s) € A} ds. (3.9)
0
Each Uy, is a finite Borel measure on R? of total mass b.

Define the ball
B(z,r):={yeR%: [z —y|<r}, (3.10)
where

|z| == 1réla§d|zj| for all z € R%. (3.11)
<<

Then we have the following “quantitative hitting-time” estimate. The particular
formulation that follows appeared in [27], but this is an old folklore result which
arises in various forms in many parts of the literature.

Theorem 3.6. The following holds for all x € R* and b,r > 0:
Uy(B(z,7)) Usp(B(x,2r))
Ub(B(O72T)) Ub(B(O7T)> '

Proof. Let T denote the smallest time s € [0, 5] at which | X (s) — x| < r; if such
an s does not exist, then set T := b+ 1. We can write

<P{X[0,5]NB(z,r) £ o} < (3.12)

b
Ub(B(LE,T’)) =E (/ 1{|X(s)—x|§r} ds s 0 < T < b)
T

b—-T
=E </ 1{|X(5+T)—X(T)+X(T)—x|gr} ds y 0 < T < b) (313)
0

b
<E </ L x(s+T)-X(T)+X(T)—z|<ryds 3 0 < T < b) .
0

According to the strong Markov property [3, Proposition 6, p. 20], the process
{X(s+T)— X(T)}s>0 is a copy of X, and is independent of {X (u)}yuefo,7)- It
follows from this that

Up(B(x,7)) <E[Up(B(X(T)—z;7r)); 0<T < b

< Uy(B(0,2r)) -P{O< T < b}, (3.14)
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because if T € [0,b] then |X(T) — x| < r, whence B(X(T) — z,r) C B(0,2r).
This proves the first inequality of the theorem. The second inequality is proved
similarly, but instead of the preceding with start with the following: For the same
T as before,

2b
Uv2b(‘B('r ) 2T)) > E </ 1{|X(s)71|§2r} ds; 0<T < b)
T

20—T
E </ Lix(T48) - X(T)+X(T)—z|<2ry ds 5 0 <T' < b)
0

b
>E </ LixX(T48) - X(T)+X(T)—z|<2r} ds ; 0 < T < b)
0

=E(Upy(B(X(T)—2,2r)); 0<T <D). (3.15)
The theorem follows from this and an application of the triangle inequality; namely,
that B(X(T) —z,2r) 2 B(0,r) almost surely on {0 < T < b}. O

Recall that the distribution of X (s) is us. Thus, we define the renewal measure
U of the process X via

U(A) := / P{X(s) € A}e °ds = / ps(A)e™* ds. (3.16)
0 0
Note that U is a Borel probability measure on R?. Next we show that the complete
renewal measure is estimated well by the incomplete ones.

Lemma 3.7. For all b,r > 0,

164
—eb

e "Uy(B(0,7)) <U(B(0,r)) < : -Uy(B(0,71)). (3.17)
Proof. The first inequality is an elementary consequence of the definitions of U
and Up; we derive the second one only.

We can write

M8

(k+1)b
U(B(0,7)) < e-kb/kb P{IX(s)| < r} ds

=~
Il

0

e /b P{|X (s + kb) — X (kb) + X (kb)| <r}ds  (3.18)
0

M I

e E Uy (B(X (kb) ,7))]

B
Il
=

since {X (s + kb) — X (kb)}s>0 has the same distribution as the Lévy process X,
and is also independent of X (kb).
Since probabilities are < 1, the first inequality in Theorem 3.6 tells us that

sup Up(B(x,7)) < Up(B(0,2r)) for all » > 0. (3.19)
zeR4
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Because we can cover B(0,2r) by at most 169 disjoint balls of radius (r/2), the
preceding shows that

Uy(B(0,2r)) < 16°U(B(0,7)). (3.20)
One more application of (3.19) shows that
sup Uy(B(z,r)) < 164U, (B(0, 7)) for all r > 0. (3.21)
zeRI
This and (3.18) together imply the second inequality of the lemma. O

Proof of Theorem 3.1. Let R(r) denote the r-enlargement of —X]|0,d] for every
r > 0. That is, R(r) := UB(—X(s),r), where the union is taken over all s € [0, b].
We might note that P{X[0,b] N B(x,r) # @} = E[1 ()], and hence

/m P{X[0,0]N B(z,r) £ &} dz = E [leb(R(r))], (3.22)

where “leb” denotes the Lebesgue measure on R%. We can integrate the inequalities
of Theorem 3.6 with respect to dz to find that

rd

"~ Un(B(0,7))
where f =< g means that (f/g)(r) is bounded away from zero and infinity by
constants, uniformly over all > 0. [The preceding requires the Tonnelli theorem
and the fact that the total mass of Uy is finite and positive.]

Clearly, leb(R(r)) converges downward to the Lebesgue measure of X|[0,]
as r | 0. Therefore, it suffices to prove that & is integrable iff U,(B(0,r)) = O(r?)
as r | 0. Thanks to (3.20), it remains to prove the following:

ke LYRY iff  UBO,r) =00 asr | 0. (3.24)

We use Fourier analysis to establish this, and hence the theorem.

Owing to (3.16), U(£) = {1+ ¥(£)} ! defines the Fourier transform of U in
the sense of distributions; in particular, |U(€)| < 1. Consequently, for all rapidly-
decreasing test functions ¢ : R — R,

/¢dU_ oL /RdR <1+\II(§)> de. (3.25)

Next we prove that the preceding holds for all uniformly continuous ¢ such that ngS
is real and nonnegative. Indeed, let -, denote the density function of the centered
gaussian distribution on R% whose covariance matrix is 1/n times the identity, and
then apply (3.25) to ¢ * 7, in place of ¢ to find that

. _ 1 . RGHE o ligl2/(2n)
/(¢ Yn) AU @n) /RdR <1+\II(§)> de, (3.26)

for all n > 1. Because ¢ is uniformly continuous, ¢ * 7y, — ¢ uniformly as n — oc;
and the left-hand side of (3.26) converges to f(;SdU as n — oo. Because ¢ > 0,

E [leb(R(r))] (3.23)
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(3.25) follows from applying the monotone convergence theorem to the right-hand
side of (3.26).

Let fr(z) := (2r)"%1p(,(x) and ¢ := ¢, := f. * f,. Since ¢, is uniformly
continuous and ¢, = |f-|> > 0, it follows that

1 ~
Jerav =g | dromeae (3.27)
Because 274(2r) "1 (0,1 /2) < ¢r < (2r) "L p (0,20
U( 0 T/2 /qu a <Y (O) ,21), (3.28)

Therefore, (3.24) is equlvalent to the statement that k € L'(R?) iff [¢,dU =
O(1). Suppose, first, that « is integrable. Since |¢,| < 1, (3.27) implies that
limsup, o [ ¢r AU < (27)"4||k[| 1 (re) < 0o. For the converse, we merely observe
that (27) || k|| p1(rey < liminf, o [ ¢ AU, thanks to Fatou’s lemma and the fact

that lim,.o ¢,.(€) = 1 for all £. O

3.3. A theorem of Pruitt, and proof of Theorem 3.4
Theorem 3.8 (Pruitt [44]). For all b > 0, the following holds almost surely:
log U (B(0,7))

2
logr (3.29)

dim,, X[0,b] = dim X[0,b] = limlionf

Proof. Let N, (b) denote the total number of dyadic cubes I € D,, that intersect
X[0,b]. According to Theorem 3.6,

1 —n
E(N, (b)) < 0, (B2 1) z B(IV;I)EDH U (B(z,27™)). (3.30)

Because of (3.19) and (3.20),

sup Z Uz (B(z,27")) < 0. (3.31)
n2l,. B(z,2—"~1)eD,

Consequently,
const

U(B(0,27"))’
thanks to Lemma 3.7 and (3.18). Let us select ¢ > 0 such that U(B(0,27")) >
274 for infinitely-many n tending to oo. Then, (3.32) and Fatou’s lemma together
imply that liminf, .o 279N, (b) < oo almost surely. Therefore, dim, X[0,b] <
dim  X[0,b] < ¢ almost surely; this proves half of the theorem.

We prove the other half by appealing to Frostman’s theorem (Theorem 1.1).
Consider the following [random] Borel measure p [compare with (2.8)]:

E(Ny (b)) < (3.32)

b
(V) = /O 10 (X (s)) ds. (3.33)
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Then, I,(p) = f[o 02 | X (s) — X (t)|9dsdt for all ¢ > 0. We compute expectations.

) =2 // E (|X(t - )9 dsdt§2b/o E(IX(s)79) ds;  (3.34)
0<s<t<b

then we integrate by parts to find that

E(X(]7) =q [ AP (X()] <A} dr (3.35)
0
It follows from the preceding and Lemma 3.7 that

E (I,(n) < 2bq/ AT, (B(0,A)) dA
o o (3.36)
§2bqeb~/ AU (B0, N)) dA.
0
If ¢ > 0 and € > 0 are selected so that U(B(0,r)) = O(r?t¢) as r — 0, then
I,(p) is almost surely finite, since it will have a finite expectation. This proves the
theorem. O

Proof of Theorem 3.4. If u € L} _(R%), or u is a locally finite Borel measure on

R?, then @ denotes its Fourier transform in the sense of Schwartz. We normalize

the Fourier transform so that @(¢) = [g. u(x) exp(i& - 2) dz whenever u € L*(R%).
Consider the function

d
1—
H < o8 2””) for = € RY, (3.37)

2mra? J

where 7 > 0 is a parameter. Then ¢, is a nonnegative integrable function on R,
and its Fourier transform is the Pdlya kernel,

d +
¢r(©) =11 (1 — %) : (3.38)
j=1
Note that (,(¢) > 27 whenever |¢| < r. That is,
1p(0,(€) <2%¢,(¢)  forallr >0 and £ € R (3.39)
Therefore, by Fubini’s theorem,
PIX(s) € BO.M} < 2B (X)) =2 [ a@m(a, (340

where, we recall, ys := P o X (s)~! denotes the distribution of X (s). Consequently,

P{X(s) € B(0,r)} < Qd/ er(§)is(§) d§ = 2d/ pr(€)e VO de. (3.41)

R4 R4
We integrate [e~*ds] to find that
U(BO.1) <20 [ o©n()ds (3.42)
Rd
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only the real part [part of the definition of x| enters because U(B(0,r)) and ¢,(§)
are real valued. Since (1 — cosz)/2% < const/(1 + 2?) for all real numbers z, this
proves that U(B(0,r)) < const - W(r), whence half of the theorem.

For the other inequality we choose and fix § € (0, 1), and note that for every
r>0and z € RY,

d
1 _
Lp(o,m(2) = exp s E 2] | —exp (—r7'*°). (3.43)
i=1

Plug in z := X (s), take expectations, and then integrate [e~* ds] to find that

d
1—6 Z |X;(s)| | e *ds| —exp (71"71“5) . (3.44)
j=1

U(B(0,r) >E /Oooexp —

But with probability one,

exp —Tféimj(sn :E[exp (z%gs')) ‘X(s)}, (3.45)

where S := (S1,...,854) is a vector of d independent standard-Cauchy random
variables; the probability density function of S is p(¢) := 79 szl(l +&)7" at
¢ € R%. By Fubini’s theorem, and after a calculation, we find that

U(B(0,r) > E [/OOO exp <Z SrlX_gs)) o ds} ~ exp (o149

- /OOO e~5ds [de(g) A€ E [exp (z é;jf(j)ﬂ — exp (—r71+9)

= %W(rlf‘s) — exp (—rilﬂs) . (3.46)

And this is sufficient to prove the remaining direction of the theorem. O

3.4. Occupation measures, local times, and Hawkes’s theorem

Let X denote a Lévy process on R?, and define
Q(G) = / 1o (X (s))e—" ds, (3.47)
0

for all Borel sets G C R?. Evidently, @ is a [random] Borel probability measure on
R?. We follow Geman and Horowitz [17], and say that X has square-integrable local
times if @ is absolutely continuous with respect to leb, and its Radon—Nikodym
density ¢ satisfies ¢ := dQ/dz € L*(R%). The random process {£(z)},cra is then
called the local times of X. Note that if X has square-integrable local times, then
the following holds: For all nonrandom Borel-measurable functions f : R — R,

/OO f(X(s))e™*ds = f(z)l(x)dx almost surely. (3.48)
0 R
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In words, local times exist iff @) is differentiable. In this way, local times are the
most natural “Frostman-like” measures that can be constructed on the range of
a given Lévy process. These local times will make a surprising appearance in the
following section on stochastic PDEs, as well.

Theorem 3.9 (Hawkes [20]). A Lévy process X has square-integrable local times if
and only if the Lebesgue measure of X (Ry) is positive with positive probability.
Another equivalent condition is that k € L*(RY).

Proof. Theorem 3.1 shows the equivalence of the assertion “x € L'(R%)” and the
statement “leb(X (R.)) > 0 with positive probability.”

If ¢ exists and is almost surely in L#(R?), then we can apply (3.48) to de-
duce that ¢ is a random probability density on the closure of the range of X. In
particular, the closure of X — and hence X itself — must have positive Lebesgue
measure almost surely.

Conversely, suppose the Lebesgue measure of X (R ) is positive with positive
probability. Equivalently, that £ € L*(R%). I will follow Kahane [24], and use
Fourier analysis to show that ¢ exists and is in L?(R%) almost surely.

Because Q(£) = fooo exp{—s +i¢ - X(s)}ds for all £ € R?, we can write
E(|Q(6)|?) as Ty + Ts, where

ne [[ et (Eo-xo) g

0<s<t<oo

/ / e B (S XX dsar.

0<t<s<oo

(3.49)
T :

If s < t, then the distribution of X (s) — X (¢) is the same as that of —X (¢t — s),

and hence
T = // e *7'E (e*iﬂX(t*ﬁ) dsdt

0<s<t<oo

== // eisit ei(tis)w dS dt - %
24+ 2V(¢)

0<s<t<oo

Similarly, 7o = {2 + 2¥(¢)} 1, and hence,

(3.50)

B (100R) = Re (15 ) = 5 (351)

Because we have assumed that  is integrable on R¢, this proves that Q € L?(RY)
almost surely. Plancherel’s theorem ensures us that () is almost surely absolutely

continuous with respect to the Lebesgue measure, and has an almost-surely square-
integrable density £. O
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3.5. The sum of the range of a Lévy process and a set

Let G denote a fixed Borel-measurable subset of R¢, and X a Lévy process on R?.
We wish to know when X (R4 ) @ G has positive d-dimensional Lebesgue measure
[with positive probability], where A® B := {a+b: a € A, b € B}. There are
good reasons for asking such a question. For instance, if we consider G := {0},
then this is asking for when the range of X has positive measure; and the answer
is given by Theorem 3.1 in this case. Or if X is a “nice” Lévy process — such as
the Brownian motion — then our question turns out to be equivalent to asking
when P{0 € X(R4+) ® G} > 0. If we can answer this for all Borel sets G, then
by conditioning we can decide when P{X(Ry) N Y(Ry) # @} > 0 where YV
is an independent “nice” Lévy process on R?. That is, we can decide when the
trajectories of two independent Lévy processes can intersect. There are many other
applications of these ideas as well.

Theorem 3.10 (Hawkes [21]). Let X denote a Lévy process on RY and G C R
a nonrandom Borel-measurable set. Then the Lebesgue measure of X(Ry) ® G is
positive with positive probability iff there exists a compactly supported probability
measure v on G such that

/ K(€)[P(€)[* d€ < oo, (3.52)
Rd

where Kk was defined in (3.2).

The method of proof implies the following quantitative improvement:

3 1 . LN 2 -
sup e~ o (X101 G)] < [(W [ s dg} 559

<Efleb(X(R4) @ G)],
where inf @ := oo, and 1/00 := 0. Clearly, Theorem 3.10 is a consequence of (3.52).

Ezample. Condition (3.52) is frequently a fractal and/or capacity condition on
G. For instance, consider the case that X is an isotropic stable process with index
a € (0,2]. That is, U(&) := const-||£||*; when oz = 2 this means that X is Brownian
motion. One can easily check that (3.52) holds if and only if [5. [|£]|~*[2(&)[* d¢ <
0o. Thus, a little Fourier analysis [50, Theorem 5, p. 73] shows that, in the present
setting, (3.52) is equivalent to the condition that I;_,(r) < oo for some v € P(G),
where I, () is the same Riesz energy that was defined earlier in (1.8). In particular,
Frostman’s theorem (Theorem 1.1) implies that, in this example, X (R) & G can
have positive Lebesgue measure if dim,; G > d — «, but not if dim, G < d — «a.
This finding is essentially due to McKean [37]. O

The most natural proof of Theorem 3.10 requires developing too much ana-
lytic/probabilistic machinery. Instead I will prove a close variant which has fewer
requirements [though it does assume a good knowledge of abstract harmonic anal-
ysis at the level of Loomis [32], Pontryagin [42], or Rudin [47].]
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Let I' denote a separable compact metric abelian group, metrizable by a
distance d which is compatible with the group structure of I'. As is customary for
abelian groups, we denote the identity of I' by “0,” the inverse of g € " by —g,
and group multiplication by “+.” We denote the Haar measure on I' by m, using
the standard normalization, m(T") = 1 [32, 42, 47].

Let Y := {Y () }+>0 be a Lévy process with values on I'. That is:

Y (0) = 0 almost surely;

Y(t+s) — Y (s) is independent of {Y (u)}o<u<s for all s,t > 0;

The distribution of Y (¢ + s) — Y (s) does not depend on s, for all s,¢ > 0; and
t — Y (¢) is continuous in probability; i.e., lims_; P{d(X(s), X (¢)) > €} =0
forall t > 0 and € > 0.

N

Define I'* to be the dual group to I'; every character £ € I'* can be identi-
fied with a one-to-one continuous mapping from I' onto the unit disc in C such
that £(z + y) = £(x)&(y). Tt is well known that because I is compact, I'* is dis-
crete/countable. The distribution of the entire process Y is determined uniquely
by a function ¥ : I'* — C that satisfies the following:

E[E(Y ()] = exp(—tp(€))  forall £ > 0 and € € I, (3.54)

We call ¢ the characteristic exponent of Y.

For all intents and purposes, you might wish to consider only the case that
I is the torus (0,27]%, in which case I'* := Z¢ and &(z) = exp(i& - x) for all z € T
and £ € I'*. Then we have the following variant of Theorem 3.10:

Theorem 3.11. Let G C T' be a nonrandom Borel-measurable set. Then the Haar
measure of Y (R )®G is positive with positive probability if and only if there exists
a compactly-supported probability measure v on G such that

> K(©)0(€)]? < o, (3.55)

¢er-

where

1 *
K(¢):=Re (W) for all§ €T, (3.56)

In fact, I will establish the following analogue of (3.52):

supe"B [m(Y[0, b & G)] < [ inf K(ﬁ)ﬁ(ﬁ)ﬂ _

b>0 P(G) fere

<SE[m(Y(Ry) @ G)l;

(3.57)

which appears to be a new result with novel ideas of proof. I will not prove Theorem
3.10 here. But suffice it to say that one can deduce Theorem 3.10 from Theorem
3.11 — which I will prove — upon first letting I' be the large torus [0,27n)¢, and
then “letting n T 0o0.” There are other ways of proceeding, as well.
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As first step, let us recall a classical inequality.

Lemma 3.12 (Paley—Zygmund [40]). If X € L*(P) is nonzero with positive proba-
bility, then for all X € [0,1],
(1 - N2(EX)?

P{X > AEX} > X7

(3.58)

Proof. If A :={X > AEX}, then
EX = E(X14) + E(X14.) < VE(X2)- P(A) + AEX, (3.59)

by the Cauchy—Schwarz inequality. Solve for P(A) to finish. O
Now we can proceed with the bulk of the argument.

Proof of Theorem 3.11. It suffices to prove this theorem in the case that G is
closed. We assume this condition on G henceforth.

Let P, denote the distribution of the process a + X for all ¢ € T', and
let E, denote the corresponding expectation operator. We will be working with
the probablhty measure P, := fr m(da) P, and its expectation operator E,, :=

Jrm(da) Eq.
Suppose h is a probability density on I', and consider
J(h) = / h(=X (s))e~* ds. (3.60)
0
Since E,[J(h)] = [;° E[h(a — X (s))]e™* ds, we integrate [m(da)] to find that
B [J(h)] = / h(z) m(dz) - / et ds — 1. (3.61)
0
Similarly, we can compute directly to find that
(|J =2 // 5Tt ds dt/ m(db) h(D)E[h(b— X (¢t —s))]. (3.62)
0<5<t<00 g
Since the distribution of X (¢t — s) is us—s, it follows that E[h(b — X (t — s))] =
(t—sxh)(b), where “x” denotes convolution on the group algebra. After an appeal
or two to the Tonnelli theorem we find that
B (|10)) = [ BO)W b)) m(a), (3.63)
r

where U is the renewal measure from (3.16). If, in addition, h € L?*(T), then
U x h € L*(T") also, and hence by Plancherel’s theorem,

En (IV(0)) = 3 Re U(€) Ih(©)I (3.64)
gel=
Because fi;(€) = exp(—t1h(€)), it follows that Re U(¢) = K (€), whence
En (I1(0)F) = Y- K@ A (3.65)

ger~
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This, (3.61) and Lemma 3.12 together imply that
1

>0} > - .
2 eer- K(©)IE)?

Now counsider a function h of the form h(z) := (v*¢¢)(x), where: (i) v € P(G); and
(ii) {@c}teso is a continuous [compactly-supported] approximation to the identity.
If J(v* ¢e) > 0, then certainly —X(s) € G¢ for some s > 0, where G¢ denotes
the e-enlargement of G. Since |h(£)| < |P(€)|, we obtain the following after we let
€| 0:

P {J(h)

(3.66)

P, {Wm G # @} > { inf 3 K(§)|ﬁ(g)|2} o (3.67)

veP(G) fer-

This proves the first inequality in (3.53), since we can let € | 0 in the following:

P {~Y(Ry) NG # 2} = /F P{a—Y(s) € G for some 5 > 0} m(da) o

= E[m(Y(Ry)®GY)).

Now we strive to establish the second inequality in (3.53). Without loss of
generality, we may assume that E[m(Y[0,b] ® G)] > 0; for there is nothing left to
prove otherwise.

In order to obtain the converse we need some jargon from stochastic analysis.
Let F := {Fi}i1>0 denote the filtration generated by the process Y; we can and
will assume, without any loss in generality, that F satisfies the “usual conditions”
[10], so that in particular Doob’s optional stopping theorem applies.

Let T be the first hitting time of —G. That is,

T:=inf{s>0: =Y (s) € G}, (3.69)

where inf @ := oo, as before. Then T is a stopping time with respect to F. For all
density functions h: I' — Ry,

Ep, (J(h)| Fr) = Em (/TOO h(Y (s))e™*ds

-7:T> “lircoo)
(3.70)

=e 'E,, (/ (Y (s+T))e *ds

0

We apply the strong Markov property at time 7" to find that
Em [A(Y (s +T))| Fr] = (us = h)(Y(T)) almost surely on {T' < oo}, (3.71)

-7:T> “lireny

where ps denotes the distribution of Y (s) now. Consequently,
En (J(h) | Fr) = e~2(U + b)Y (T)) - Lz (3.72)

where U is the renewal measure, defined by (3.16). Since E,,(J(h)) = 1, an appeal
to Doob’s optional stopping theorem yields the following:

1> e PE[(Uxh)(Y(T))|T <b] - Pp{T <b}. (3.73)
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Let p(e) :=P,,{Y(T) € o|T < b}. Thus, we have

eb

J(U*h)dp’
[The identity follows as in (3.68).] Since U is a probability measure on T, if
h € L*(T), then we can apply Plancherel’s theorem to find that [(U * h)dp =

der* U(f)ﬁ(ﬁ),ﬁ(f), and hence

E[m(Y[0,b] & G)] = Pp{T < b} < (3.74)

eb

E[m(Y[0,b @ G)] < — .

Re ) eer- UG)R(£)A(E)
Since I is compact, the preceding holds for all continuous functions h, for example.
Now consider h := jj* ¢ * d., where: (i) f(x) := f(—z) for all functions f:T' — R
and x € Ty (ii) p(A) := p(—A) for all Borel sets A C T'; and (iii) {@c}eso is
an approximation to the identity comprised of all continuous functions. Thus, we
obtain

(3.75)

el

E[m(Y[0,b0] & G)] < - 2 ~
Y ¢er- ReU(E) - [0c()]? - [p(E)[?

el

T Seer K(©) - 18OP - 1)1

The second inequality in (3.53) follows from the preceding, and Fatou’s lemma,
upon letting € | 0. O

(3.76)

4. Linear stochastic PDEs

Let that p, denotes the distribution of a Lévy process X on R%. We have noted
already that ps4s = us * pe, and therefore we can view {u;};>0 as a convolution
semigroup of linear operators acting on L?(RY).

Define

Domle] = {1 € Lho(®Y: [ IFOF (L4 [0©OF) ds <o} ()

If f € Dom[L£], then the dominated convergence theorem shows that for all g €
L?(R%) the following limit exists, and the ensuing computation is valid:

/ g(x)(Lf)(x)dx := liﬁ)l g(x) {(,us *f)(@) = f(m)} dz (4.2)
Rd S

S

Rd

e )
i s [ 00 | ae=- [ i@ i@ wie ac

Owing to duality, this defines a linear operator £, mapping Dom|[£] in to L?(R?),
such that: (1) £ is the Hille-Yosida generator of {s}s>0 in the L2-sense; and (2)
the Fourier multiplier of £ is —W.
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FEzxzample. T mention a few examples:

1. If W(&) = ¢||€]|* for some ¢ > 0 and « € (0,2], then X is an isotropic stable
process on R? with index o — Brownian motion if & = 2 — and £ = cA%/? is
¢ times the fractional Laplacian of order a/2.

2. When d = 1 and X is a Poisson process on Z :={0,1,2,...} with rate A >
0, then we have U(§) = A(1 —e™), and (Lf)(z) = M f(z) — f(z —1)}1z, (2)
is A times the discrete gradient on Z .

3. When d = 1 and X is a compensated Poisson process on R with rate A,
T(E) = A1+ — ), and (Lf)(x) = M[f(2) — f(z — 1) = f'(x)} for all
x € R.

For more information see Fukushima et al. [16] and Jacob [23]. O

The object of interest here is the so-called stochastic heat equation,
Ou(t,x)
ot

where £ is the L2-generator of a Lévy process X on R%, and W denotes white
noise. That is,

= (Lu)(t,x) + W(t, ), (4.3)

. 9T (t,2)
W)= B, g’
in the sense of generalized random fields, where W := {W (¢, x)} (¢ »)ecre+1 is Brow-
nian sheet with d 4+ 1 parameters. That is, W is a continuous centered Gaussian
random field with the following covariance: For all (,z), (s,y) € R*!,

(4.4)

d
Cov(W(t,z), W(s,y)) =min(s,t) - [ [ min(a; ,y;). (4.5)

j=1

There are many ways to make rigorous sense of the stochastic heat equation
(4.3). Here is a quick, though perhaps not the most informative, way: Let ¢ : R% —
R be a smooth compactly-supported function from R? to R. We can multiply
both sides of (4.3), purely formally, by ¢(z) and integrate [dz] to arrive at the
“equation,”

ou(t, ¢ .

Q) _ (Lupie, 0) 4172 0), (1.6
where g(t,¢) := [z 9(t,x)p(x)dzx, whenever this makes sense, and Wi(t,¢)dt =
dX; — as generalized Gaussian random fields — where X is a Brownian motion with
covariance function

E (X, Xy) = ||¢||%2(Rd) ~min(s, t). (4.7)

It is now possible to convince oneself that (4.6) ought to be interpreted as an
infinite family of correlated stochastic differential equations, one for each nice ¢.
If the ensuing solution u(t,¢) can indeed be written as [g, u(t,z)¢(x)dz, then
{u(t,z)}i>0,.0ere is a “random-field solution.” References [6, 8, 25, 29, 30, 43, 46,
52] contain ways of interpreting (4.3) and many other stochastic PDEs.
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We will interpret (4.3) Fourier-analytically, and prove the following;:

Theorem 4.1 (Dalang [9], Khoshnevisan, Foondun, and Nualart [14]). Let X' de-
note an independent copy of X, and consider the Lévy process Y := {Y (t)}1>0
where Y (t) := X (t) — X'(t) for allt > 0. Then, (4.3) has a random-field solution
{u(t,z)}i>0,.0ere iff the range of Y has square-integrable local times {{(x)} cra-

In particular, (4.3) never has random-field solutions when d > 2 (Remark 3.2).

We prove Theorem 4.1 after we discuss the meaning of (4.3) in detail; we
shall see that the proof is based on simple ideas. Let us also mention the following
deeper result whose proof is too difficult to be included here.

Theorem 4.2 (Khoshnevisan, Foondun, and Nualart [14]). Suppose d = 1 and (4.3)
has a random-field solution {u(t,)}i>0.zer. Then the following are equivalent:

x— u(t,x) is continuous with positive probability for some t > 0;
x — u(t,z) is continuous almost surely for some t > 0;

x — u(t,z) is continuous almost surely for all t > 0;

x +— L(x) is almost surely continuous.

The preceding continues to hold if “continuous” is replaced by “Holder continuous”
everywhere, and the critical index of Holder continuity of x — u(t,x) is the same
as that of x — £(z).

There is a large literature that describes the continuity of local times of Lévy
processes. This literature culminates in the work of Barlow [1]. In order to describe
that work let us consider the following function:

_ [T L=cos((z —y)f)
i(z,y) .—/ T+ 2Re U (€ d¢. (4.8)
We can compare Theorem 4.1 with Theorem 3.9 to see that (4.3) has random-field
solutions if and only if §(x,z) < oo for all z. It follows easily from this that §
is a [pseudo-] metric on R. Define Ns(¢) to be the smallest number of d-balls of
radius € > 0 that are needed to cover [0, 1]; Ns is the so-called Kolmogorov metric
entropy of [0,1].5 Then we have

— 00

Theorem 4.3 (Barlow [1]). Suppose the symmetrized Lévy process Y has square-
integrable local times {€(x)}per. Then x — £(x) is continuous almost surely if and
only if it is continuous with positive probability. And the following is a mecessary
and sufficient condition for that continuity:

/0+ (log Nts(e))l/2 de < o0. (4.9)

Barlow’s theorem provides an analytic condition for the continuity of x +—
£(z). According to Theorem 4.2, the same condition is necessary and sufficient for
the continuity of the solution to (4.3) in its space variable x. In light of footnote

6We can replace ([0,1],d) by a general compact metric space (K,d). And Ny is defined in the
same way. If we apply it with a compact set K C R? where d := the usual Euclidean metric
instead of the preceding one, then limsup, log Ns(e)/log(1/e) = dimy, K.
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6, eq. (4.9) is a non-Euclidean fractal-like condition, on the pseudo-metric space
([0,1],9), that is necessary and sufficient for the continuity of solutions to the
stochastic heat equation. [In fact, we shall see that there is basically only one
good solution to (4.3) if there are any.] We close this article by making sense of
(4.3) and subsequently proving Theorem 4.1.

4.1. White noise and Wiener integrals
Let Ty := [0, 00) x R? denote “space-time.” We write a typical element of 7y as
(t,r) where t > 0 and z € R

Consider the standard [complex] Hilbert space H := L?(7;), endowed with
the usual inner product (g, k) g := [;° dt [g.dz g(t,z)h(t,z) and norm ||A||g =
(h, h>}{/2 for all g, h € H. The isonormal process W := {W (h)}pem is a [complex-
valued] mean-zero gaussian process whose covariance function is described by

Cov(W(h),W(g)) == (h,g)u. (4.10)

It is not difficult to prove that for all a,b € C and h,g € H the following holds
almost surely: W (ah + bg) = aW (h) + bW (g). But the null set depends on a, b, h,
and g. In particular, if Imf = 0 then W(f) is real valued, and the restriction of
W to such functions is a real-valued isonormal process.

For all nonrandom Borel sets A C 7; with finite Lebesgue measure define

W(A) =W (1,4). (4.11)

The resulting set-indexed stochastic process W is called white noise on 7. Thus,
we can think of h — W(h) as an integral against white noise, and write

/ / (t,z) W(dtdx) for all h € H. (4.12)
Rd

This is called the Wiener integral of h. We will stop writing the dot in W from
here on, as there is no ambiguity in omitting that dot. Thus, from now on, we
write

W(h) = /OO /Rd h(t,x) W(dtdz) forallhe H. (4.13)

4.2. The Fourier transform of white noise
If h € H, then so is h, where h(t,£) : = [ga €"h(t, x)dz for all £ € R h is well

defined for almost all ¢ > 0. And we can define the Fourier transform 1474 of white
noise as

W (h) := W(h). (4.14)

Thus, {W(h)}nen is a mean-zero [complex-valued] gaussian random field whose
covariance function is defined by

Cov (W(1). W(9) = (f.)m = (20)"{ .0} (4.15)

the last assertion follows from Plancherel’s theorem when f(¢,z) is of the form
T(t)X (), and in general by density.
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4.3. A return to the linear stochastic heat equation
Before we make rigorous sense of (4.3), let us recall a few facts about the linear
heat equation of classical PDEs.

Suppose w(t, x) defines a “nice” function, and consider the heat equation

Ju(t,x)
ot
We can make sense of (4.16) by taking the Fourier transform [in z] throughout.

This yields 0u(t, ) /ot = =W (&)u(t, &) +w(t,§). Thus, a reasonable solution u to
(4.16) ought to satisfy

= (Lu)(t,z) +w(t,x). (4.16)

t
a(t,€) = /0 e =V (s, €) ds. (4.17)

In particular, we might expect that if ¢ : R? — R is also “nice”, then

| it 036 d - / ds [ €T IO s ). (4.18)

An informal appeal to the Plancherel theorem might then suggest that

it o= -1 [ s ) o=t oy
(1.0) = g | a5 [ a6 900 (5.0, (419)

where u(t, ¢) := [gau(t,z)¢(x) dz. A remarkable feature of this heuristic compu-
tation is that it produces the usual notion of weak solutions of (4.16) rigorously,
for instance when ¢ is in the Wiener algebra L'(R%) N F~1(L'(R?)), where F
denotes the Fourier transform.

Let () denote the class of Schwartz distributions ¢ on R? whose Fourier

transform ¢ is a function and

/Otds[m d¢ ‘é(g)e*sw@r < o0; (4.20)

see Dalang [9]. Then we say that D (V) is the class of natural testing distributions
for (4.3), and the weak solution {u(t,¢)}scow) to (4.3) is the random field [i.e.,
stochastic process| defined by the resulting Wiener integrals

u(t, p) == @i // B(€) e~ E=IVE 7 (ds de). (4.21)

This is a well-defined random field, indexed by ¢t > 0 and ¢ € D(\I/), because

B (Ju(t, 9)

Moreover, one can show that our “weak solution” u(t, ¢) agrees almost surely with
the much-better known “weak solution” of Walsh [52] for all ¢ € L%(R?). [We will
not dwell on this connection here.]

ds de ‘qﬁ =91 * < o, (4.22)
d

R
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Definition 4.4. We say that (4.3) has a random-field solution {u(t,z)};>0 zera if
and only if §, € D(¥) for one, and hence, all x € R%. In that case, we identify
u(t,x) with u(t,,) for each t > 0 and x € R%.

This is consistent with its analogue in PDEs. In fact, if u(t,x) exists and is
sufficiently regular, then [, u(t,z)¢(x)dz defines a version of u(t, ¢).

Define _
_ 1 b(€) $(¢)
£, v) = (27)@ [Rd 1+ 2Re ¥ (¢) dé, (4.23)

for all Schwartz distributions ¢ and ¥ whose Fourier transform is a function and
E(p,9) +E(W, 1) < co. Because the real part of ¥ is nonnegative, (¢, ¢) < co
for all ¢ € L2(RY).

Lemma 4.5. For allt > 0 and ¢ € L?>(RY),
(1=¢) &6,0) <E(Jult,d)) < E(6,9). (4.24)
In particular, L*(RY) C D ().

Proof. Note that | exp{—sV¥(£)}|? = exp{—2sRe ¥(¢)} and Re¥(£) > 0. Thus, for
allt > 0 and ¢ € D(V),

E <|u( / ds/ d¢ ‘qﬁ e 2R V(E) (4.25)
Rd
For all ¢ € LQ(Rd),

Bt 0)F) < e [ s /R e fbe)| e et ). (420

In order to derive the complementary bound we note that

0 (n+1)t
1 _ Z/ e—s—2sRe‘I’(§) ds
0/ n

1+ 2Re T (¢) ,
o0 . (n+1)t 2sRe L(E) (4 27)
< e " / e “she ds .
1 ¢
< o[ e 2ReY(E) gy [r:=s—nt].
1—et 0
The lemma follows from this and an application of (4.25). O

Let us conclude the paper by proving Theorem 4.1.

Proof of Theorem 4.1. Lemma 4.5 identifies ®(¥) with the closure of L?(R?) in
the “energy norm”, ¢ — &(¢, ¢)1/ 2. In particular, we have a random-field solution
if and only if £(;,d,) < co. An equivalent condition is the integrability of the
function {1+ 2Re¥}~! on R?. Since 2Re ¥ is the characteristic exponent of the
symmetrized Lévy process Y, Hawkes’s theorem (Theorem 3.9) completes the
proof. O
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Abstract. Percolation is one of the simplest and nicest models in probability
theory/statistical mechanics which exhibits critical phenomena. Dynamical
percolation is a model where a simple time dynamics is added to the (or-
dinary) percolation model. This dynamical model exhibits very interesting
behavior. Our goal in this survey is to give an overview of the work in dy-
namical percolation that has been done (and some of which is in the process
of being written up).
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1. Introduction

Within the very large and beautiful world of probability theory, percolation theory
has been an especially attractive subject, an area in which the major problems are
easily stated but whose solutions, when they exist, often require ingenious methods.
Dynamical percolation is a model where we add a simple time dynamics to the
percolation model. It happened to have turned out that this new model is very
rich and much can be said about it. It is hoped that this survey will provide a
good guide to the literature from which point the reader can study the various
papers on the subject of dynamical percolation.

1.1. The ordinary percolation model

In the standard percolation model, we take an infinite connected locally finite
graph G, fix p € [0,1] and let each edge (bond) of G be, independently of all
others, open with probability p and closed with probability 1 —p. Write m, for this
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product measure. In percolation theory, one studies the structure of the connected
components (clusters) of the random subgraph of G consisting of all sites and all
open edges. The first question that can be asked is the existence of an infinite
connected component (in which case we say percolation occurs). Writing C for this
latter event, Kolmogorov’s 0-1 law tells us that the probability of C is, for fixed
G and p, either 0 or 1. Since m,(C) is nondecreasing in p, there exists a critical
probability p. = p.(G) € [0, 1] such that

0 for p < pe
™(C) = { 1 for p > pe..
At p = p., we can have either m,(C) = 0 or 7,(C) = 1, depending on G. Site
percolation is defined analogously where the vertices are retained independently
with probability p and all the edges between retained vertices are retained.

For the d-dimensional cubic lattice, which is the graph classically studied,
the standard reference is [16]. For the study of percolation on general graphs, see
[41]. For a study of critical percolation on the hexagonal lattice, see [54].

While a tremendous amount is known about this model, we highlight some
key facts. In the following, Z% denotes the d-dimensional integers with the usual
graph structure where points at distance 1 are neighbors.

e For Z?, Harris [22] established in 1960 that there is no percolation at 1/2
and Kesten [28] established in 1980 that there is percolation for p > 1/2. In
particular, we see there is no percolation at the critical value for Z2.

e For Z¢ with d > 19, Hara and Slade [21] established that there is no per-
colation at the critical value. (Percolation connoisseurs will object to this
description and say that they, in addition, essentially established this result
ford>17.)

e Aizenman, Kesten and Newman [2] proved that on Z?, when there is per-
colation, there is then a unique infinite cluster. Later Burton and Keane [8]
established this in much greater generality but more importantly found a
much simpler proof of this theorem.

We end this subsection with an important open question.

e For Z¢, for intermediate dimensions, such as d = 3, is there percolation at
the critical value?

1.2. The dynamical percolation model

Héaggstrom, Peres and Steif [19] initiated the study of dynamical percolation. In
fact, Olle Haggstrom and I came up with the model inspired by a question that
Paul Malliavin asked at a lecture I gave at the Mittag Leffler Institute in 1995. This
model was invented independently by Itai Benjamini. In this model, with p fixed,
the edges of G switch back and forth according to independent 2-state continuous
time Markov chains where closed switches to open at rate p and open switches to
closed at rate 1—p. Clearly, 7, is the unique stationary distribution for this Markov
process. The general question studied in dynamical percolation is whether, when
we start with distribution 7, there exist atypical times at which the percolation
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structure looks markedly different than that at a fixed time. In almost all cases,
the term “markedly different” refers to the existence or nonexistence of an infinite
connected component. Dynamical percolation on site percolation models is defined
analogously.

It turns out that dynamical percolation is a very interesting model which
exhibits quite new phenomena. It also connects up very much with the recent and
important developments in 2-d critical percolation.

In the paper [17], Haggstrom gives a description of the early results in dy-
namical percolation and some open questions; most of these earlier results will
be repeated here. We also mention the following upcoming paper [13] by Garban
which will discuss Oded Schramm’s contributions to the area of noise sensitivity;
this paper will have some overlap with the present paper.

1.3. Outline of paper

In Section 2, we will start with a discussion of some of the first results obtained
for dynamical percolation including (1) “triviality away from criticality”, (2) the
existence of graphs with “exceptional times” and (3) nonexistence of “exceptional
times” for high-dimensional lattices. In Section 3, we present the fairly refined
results that have been obtained for trees that do not percolate at criticality in
ordinary percolation.

We present in Section 4 the basic elements of noise sensitivity and influence
together with the Fourier spectrum which is the key tool for the analysis of these
concepts. These concepts are both interesting in themselves and are key in the
“second moment method” approach to proving the existence of exceptional times
for dynamical percolation in 2 dimensions as well as to computing the Hausdorff
dimension of the set of exceptional times. Section 5 briefly reviews results con-
cerning critical exponents for ordinary critical percolation since these are crucial
to the study of dynamical percolation in 2 dimensions.

In Section 6, we outline the proofs from [51] for the hexagonal lattice of the
existence of exceptional times for dynamical percolation (which also yields a non-
sharp lower bound on the Hausdorff dimension) and obtain a lower bound for the
noise sensitivity exponent for crossing probabilities. (For the square lattice, pos-
itivity of the noise sensitivity exponent was established but not the existence of
exceptional times.) This method managed to estimate the Fourier spectrum well
enough to obtain the above two results. However, the estimates of the spectrum
that this method led to were not sharp enough to yield the exact noise sensitivity
exponent or the exact dimension of the set of exceptional times. We present the
results from [14] in Section 7. These yield for the hexagonal lattice the exact di-
mension of the set of exceptional times for dynamical percolation and the exact
noise sensitivity exponent for crossing probabilities. (For the square lattice, exis-
tence of exceptional times for dynamical percolation as well as sharp noise results
in terms of the number of pivotals is also established.) These arguments are based
on a completely different method to analyze the Fourier spectrum which turns out
to be sharp.
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Essentially all the results above dealt with graphs which do not percolate at
criticality. When dealing with graphs which do percolate at criticality and asking
if there are exceptional times of mon-percolation, the structure of the problem is
very different. A number of results in this case are presented in Section 8.

In Section 9, a relationship between the incipient infinite cluster (in ordinary
percolation) and the structure of the infinite cluster at exceptional times in dy-
namical percolation is presented. Recent work on the scaling limit of dynamical
percolation on the hexagonal lattice is discussed in Section 10, . Finally, in Section
11, dynamical percolation for certain interacting particle systems are discussed.

We end the introduction by mentioning that there are a number of other papers,
such as [3], [24] and [23], dealing with the existence of certain “exceptional times”
for various models. On an abstract level, the questions we are asking concerning
exceptional behavior are equivalent to questions concerning the polarity or non-
polarity of certain sets for our (Markovian) dynamical percolation model; see [12].
Sometimes, the exceptional objects one looks for are of a more general nature such
as in [5] and [1].

2. Dynamical percolation: first results

This section will discuss a selected subset of the results that were obtained in [19]
and [49], which were the first two papers on dynamical percolation.

2.1. Away from criticality

The first very elementary result is the following and contained in [19]. Let C; be
the event that there is an infinite cluster at time ¢t and P, denote the probability
measure governing the whole process when parameter p is used and the graph is
understood.

Proposition 2.1. [19] For any graph G we have
P,((=Cy) occurs for everyt) =1 if p < pc(G)
P,(Cy occurs for every t) =1 if p> p.(G).

Outline of proof. For the first part, we choose ¢ sufficiently small so that the set
of edges which are open at some time during a time interval of length ¢ is still
subcritical. Then on each “d-interval” there are no exceptional times of percolation
and we use countable additivity. The second part is proved in the same way. [

This result suggests that the only interesting parameter is the critical one and
this is essentially true. However, before restricting ourselves in the continuation
to the critical case, we do mention two results for the supercritical case, both
from [49].

The first result is a version for dynamical percolation of the uniqueness of
the infinite cluster.
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Theorem 2.2. [49] Consider dynamical percolation with parameter p > p. on the
d-dimensional cubic lattice Z¢. Then a.s., for all times t, there exists a unique
infinite cluster.

Proposition 2.3. [49] Let T’ be any infinite tree. If p € (p.(T"),1), then a.s., there
exist infinitely many infinite clusters for all t.

2.2. Graphs with exceptional times exist

We now stick to the critical case. The following result says that dynamical percola-
tion can exhibit exceptional times which then insures that this model is interesting.

Theorem 2.4. [19] There exists a G1 which does not percolate at criticality but such
that there exist exceptional times of percolation.

There also exists a graph Go which percolates at criticality but such that there
exist exceptional times of nonpercolation.

These graphs were obtained by replacing the edges of Z? by larger and larger
finite graphs which simulated having the original edge move back and forth quickly.
These graphs have unbounded degree. Many examples with bounded degree were
later discovered and will be discussed in later sections.

2.3. High-dimensional Euclidean case

Once we have the existence of such examples, it is natural to ask what happens on
the standard graphs that we are familiar with. The following result answers this
for the cubic lattice in high dimensions. (Recall Hara and Slade [21] proved that
ordinary percolation does not percolate at criticality in this case.)

Theorem 2.5. [19] For the integer lattice Z¢ with d > 19, dynamical critical perco-
lation has no exceptional times of percolation.

The key reason for this is a highly nontrivial result due to Hara and Slade,
that says that if 8(p) is the probability that the origin percolates when the param-
eter is p, then

0(p) = O(p — pc)- (2.1)

In fact, Theorem 2.5 was shown to hold under the assumption (2.1).

Outline of proof. We use a first moment argument together with the proof method
of Proposition 2.1. We break the time interval [0, 1] into n intervals each of length
1/n. If we fix one of these intervals, the set of edges which are open at some time
during this interval has density about p. + 1/n. Hence the probability that the
origin percolates with respect to these set of edges is by (2.1) at most O(1/n). It
follows that the expected number of these intervals where this occurs is at most
O(1). It can then be argued using Fatou’s Lemma that a.s. there are at most
finitely many exceptional times during [0, 1] at which the origin percolates. To
go from there to no exceptional times can either be done by using some rather
abstract Markov process theory or, as was done in the paper, by hand, which was
not completely trivial. O
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It is known, due to Kesten and Zhang [32], that (2.1) fails for Z2. The question
of whether there are exceptional times for critical dynamical percolation on Z2 was
left open in [19]. (Recall there is no percolation at a fixed time in this case.) This
question will be resolved in Sections 6 and 7.

3. Exceptional times of percolation: the tree case

Although Theorem 2.4 demonstrated the existence of graphs which have excep-
tional times where the percolation picture is different from that at a fixed time, in
[19], a more detailed analysis was done for trees.

To explain this, we first need to give a little background from ordinary per-
colation on trees, results which are due to Lyons and contained in [39] and [40].
Lyons obtained an explicit condition when a given tree percolates at a given value
of p. This formula becomes simplest when the (rooted) tree is so-called spherically
symmetric which means that all vertices at a given level have the same number of
children, although this number may depend on the given level.

Theorem 3.1. [40] (Case of spherically symmetric trees)
Let 0 be the root of our tree and T,, be the number of vertices at the nth level. Then
the following hold.
(i) pe(T) = (liminf, Tp/™)~L.
(i) Pp(0 < 00) > 0 if and only if Y, win < oo where
wy, 1= Ey[number of vertices in nth level connected to 0] = p™T,.

Note that (i) essentially follows from (ii). In [19], an explicit condition was
obtained for when, given a general tree and a value of p, there exists for dynamical
percolation a time at which percolation occurs. Again the spherically symmetric
case is simplest.

Theorem 3.2. [19] (Case of spherically symmetric trees)

Let w,, be as in the previous result. Then there exists a.s. a time at which perco-
lation occurs (equivalently with positive probability there exists a time in [0, 1] at
which the root percolates) if and only if 3, —— < oco.

n NWy

Ezample. If T, =< 2"n'/?, then the critical value is 1/2, there is no percolation at
criticality but there are exceptional times at which percolation occurs (which will
have dimension 1/2 by our next result). (The symbol < means that the ratio of
the two sides is bounded away from zero and infinity by constants.)

Outline of proof. For the “if” direction, we apply the second moment method to
the random variables
Zn =Y U,

veT,
where U, is the Lebesgue amount of time during [0, 1] that the root is connected
to v and T, now denotes the set of vertices at the nth level. (The “second moment
method” means that one computes both the first and second moments of a given
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nonnegative random variable X and applies the Cauchy-Schwarz inequality to
obtain P(X > 0) > (E[X]?)/E[X?].) For the “only if” direction, we perform a
slightly nontrivial first space-time decomposition argument as follows. If there is
some v in T, which percolates to the root at some time ¢ during [0, 1], we show
that one can pick such a random pair (v',t') in such a way that E[Z,, | (v/,t')]
is much larger than E[Z,]. This implies that it is very unlikely that such a pair
exists. O

In [18], it was shown that some of the more refined results in [40] and Theorem
3.2 above together yield that a spherically symmetric tree has an exceptional time
of percolation if and only if fplc 1/6(p) < co. (As we will see, this equivalence also
turns out to be true for Z¢ with d = 2 or d > 19.) It was also shown in [18] that
for general trees, the “only if” holds but not the “if”.

In the spherically symmetric case, the Hausdorff dimension was also deter-
mined in [19].

Theorem 3.3. [19] Consider a spherically symmetric tree and let w, be as in the
two previous results. Then the Hausdorff dimension of the set of times at which
percolation occurs is given by

a—1

sup{a€[071] : inwn <oo}.

n=1

While we do not state the results here, we mention that [49] went a good
deal further for spherically symmetric trees. What was obtained in [49] was (see
Corollary 5.1 there) a “capacity condition” for which subsets of time have the
property that with positive probability they contain a percolating time. This is
analogous to the well-known Kakutani criterion (in terms of Newtonian capacity)
of which subsets in Euclidean space intersect a Brownian motion path with positive
probability.

Once we have such a capacity condition, Peres’ intersection equivalence the-
ory ([45] and [46]) leads to a criterion for when there are exceptional times at
which there are at least k infinite clusters. We can in particular construct trees
for which there are times at which we have (say) 6 infinite clusters but no times
at which there are 7 infinite clusters. In addition, various Hausdorff dimensions of
these different exceptional time sets can be computed.

On a much less formal note, my personal feeling is that the set of exceptional
times in these cases, very vaguely speaking, might have a similar structure to the
set of so-called “slow” points for Brownian motion. In Section 8, we will see a very
different type of set of exceptional times for dynamical percolation and I believe
that in this latter case, this set might behave more like the set of so-called “fast”
points for Brownian motion. Here are two words explaining this vague connection
(for those who know these concepts from Brownian motion). For a time point s
to be a slow point, it must be the case that |B(t 4+ s) — B(s)| does not go above a
certain (well-specified) level for all values of small ¢ while a time s is an exceptional



152 J.E. Steif

time of percolation if the origin percolates out to all distances. On the other hand,
for a time point s to be a fast point, it must be the case that |B(t+s) — B(s)| goes
above a certain (well-specified) level for an infinite number of arbitrarily small
t while a time s is an exceptional time of non-percolation say for a tree if we
have an infinite number of cut-sets which are off. This type of structure looks like
something which is called a limsup fractal; see [35].

We end by mentioning that in [33], Khoshnevisan extended to general trees
the result of Peres and Steif determining which time sets contain percolating times.
Results concerning the Hausdorff dimension of exceptional times for general trees
are also obtained in [33]. Some of the techniques use methods from [34].

4. Noise sensitivity, noise stability, influence and
the Fourier spectrum

The study of noise sensitivity and noise stability for Boolean functions was initiated
in [4]. The concepts discussed in this section come from or are motivated by this
source. See [44] for a nice survey of noise sensitivity and its applications in theoretic
computer science. See also [26] for related matters.

4.1. Definition of noise sensitivity, noise stability and some examples

As indicated in the introduction, the notion of noise sensitivity is both an interest-
ing concept in itself and what is needed to carry out the second moment arguments
necessary for the results described in Sections 6 and 7.

Let w be uniformly chosen from the n-dimensional discrete cube {0,1}"
(which we can think of as n fair coin flips) and let w. be w but with each bit
independently “rerandomized” with probability €. “Rerandomized” means the bit
(independently of everything else) rechooses whether it is 1 or 0, each with prob-
ability 1/2. (Of course w, has the same distribution as w).

Let f:{0,1}™ — {£1} or {0, 1} be arbitrary. We are interested in the covari-
ance between f(w) and f(we). In most cases of interest, we will have a sequence
{fn} where f,, : {0,1}" — {£1} or {0, 1} and we are interested in the asymptotic
behavior of the covariance above.

Definition 4.1. The sequence {f,} is noise sensitive if for every ¢ > 0,
lim B[fy(w) fn(we)] = Elfa(w)]* = 0.

Usually f is an indicator of an event A and this then says that the two
events {w € A} and {w. € A} are close to independent for e fixed and n large.
The following notion captures the opposite situation where the two events above
are close to being the same event if € is small, uniformly in n.

Definition 4.2. The sequence {f,} is noise stable if
tim sup P(f, () # () = 0.
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It is easy to check that {f,} is both noise sensitive and noise stable if and
only if the sequence of variances {Var(f,)} goes to 0. Here are two easy examples
where m,, is taken to be n.

Ezample 1. f,(w) = w1 (i.e., the first bit).
Ezample 2. f,(w) is the parity of the number of 1’s in w.

It is easy to check that Example 1 is noise stable while Example 2 is noise
sensitive. We will see later why these two examples are the two extreme examples.
A more interesting example is the following which, while it is not immediately
obvious, turns out to be noise stable as shown in [4].

Ezample 3. (Majority) Let m,, = 2n+ 1. Let f,(w) be 1 if there is a majority of
1’s and 0 if there is a majority of 0’s.

A much more interesting example is the following.

Example 4. Let f,, be the indicator function of a left to right crossing of the box
[0,n] x [0,n] for critical percolation either for the ordinary lattice Z* or for the
hexagonal lattice. For the hexagonal lattice, the box has to be slightly modified so
that it is a union of hexagons. (Note m,, is of order n? in this case.)

Theorem 4.3. [4] The sequence {f,} in Example 4 is noise sensitive.

In fact, it was shown that
i B[ (@) fa(we,)] ~ E[fa()]? = 0 (4.1)

even when €, goes to 0 with n provided that €, > C/log(n) for a sufficiently large
C. Clearly for any sequence of Boolean functions, if ¢, goes to 0 sufficiently fast,
we have

lim P(f(w) # falwe,)) =0 (4.2)

for the trivial reason that in that case P(w # w,,) — 0.

4.2. The noise sensitivity exponent, the noise stability exponent, and influence

For sequences {f,} which are noise sensitive, it might be hoped that (4.1) is still
true when €, decays as some power of 1/n and this was explicitly asked in [4] for
crossings in critical percolation. This suggested “critical exponent” is what we call
the noise sensitivity exponent. The following definitions now seem natural.

Definition 4.4. The noise sensitivity exponent (SENS({f.})) of a sequence {f,}
is defined to be

sup{a : (4.1) holds with €, = (1/n)“}.
The noise stability exponent (STAB({f,})) of a sequence {f,} is defined to be
inf{a: (4.2) holds with e, = (1/n)*}.



154 J.E. Steif

Remarks.

1. We will see later that E[f(w)f(w.)] — E[f(w)]? is nonnegative and decreasing
in e. It easily follows that P(f,(w) # fn(we)) is increasing in e. From this, it is
easy to see that SENS({f,}) < STAB({f,}) unless the variances Var({fn})
go to 0.

2. One might hope that SENS({f,}) = STAB({f.}). First, this can fail for
trivial reasons such as the f,’s for even n might have nothing to do with the
fn’s for odd n. However, this may fail for more interesting reasons. Using
STAB({Ay}) for STAB({I4,}) and similarly for SENS, if, for example, A4,
and B, are independent for each n, have probabilities near 1/2 and satisfy

SENS({A,}) = STAB({4,}) = a < b= SENS({B,}) = STAB({B,.}),
then it is easy to check that
SENS({A4, NB,}) =a < b= STAB({A, N B,}).

In such a case, for €, = (1/n)¢ with ¢ € (a,b), the correlation between
{w e A,NB,} and {w,, € A, N B,} neither goes to 0 nor to being perfectly
correlated. The question of under what conditions we have SENS({f,}) =
STAB({f.}) turns out to be a fairly subtle one.

3. If m,, =< n?, then it is trivial to check that STAB({f.}) < o since if €, =
(1/n)7+9 for some fixed d, then P(w # w,, ) — 0.

4. Tt is natural to ask for bounds on these exponents for general Boolean func-
tions; this will be discussed at the end of subsection 4.3.

The next important notion of total influence will give us a more interesting
upper bound on the noise stability exponent than that provided by comment 3
above.

Definition 4.5. Given a function f: {0,1}" — {£1} or {0, 1}, let I;(f), which we
call the influence of the ith variable on f, be the probability that all the variables
other than the ith variable do not determine f. Le., letting w* be w but flipped in

the ith coordinate, _
Li(f) =Pw: f(w) # f(w")).
The total influence, denote by I(f), is defined to be Y, I;(f). If f(w) # f(w"), we

say that ¢ is pivotal for f and w and hence I(f) is the expected number of pivotal
bits of f.

The following I believe was “known” in the community. The argument below how-
ever I first saw given by Christophe Garban in the context of percolation.

Theorem 4.6. Consider a sequence f, : {0,1}"» — {£1} or {0,1} and assume
that 1(f,) = nPT°M . Then STAB({f.}) < p

Proof. We need to show that if & > p and €, = (1/n)%, then (4.2) holds. Let
wp, w1, - .. ,wk, be such that one obtains w;11 from w; by choosing independently a
bit at random and rerandomizing it. It is immediate that P(f,,(w;) # fn(wit1)) =
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% from which one gets P(fn(wo) # fu(wg,)) < %ﬂm

.If e, = (1/n)%, then
is sort of like w, with k, = " and so

We

n

m..nPtod)
P(fa(w) # fa(we,)) ~ P(falwo) # fa(wr,)) < — ——
mpn
which goes to 0 as n — oo if @ > p. The “sort of like” above and the imprecise
~ are trivial to make rigorous and correct using standard large deviations for
binomial random variables. O

Remarks. An example where we have strict inequality is the “majority function”
of Example 3. It is easy to check that for this example p in Theorem 4.6 is 1/2
but, by the noise stability of this example, we have that STAB({f,}) = 0. One
explanation of the failure of having a converse to Theorem 4.6 in this case is that
the expected number of pivotals is not so relevant: the random number N, of
pivotals is not at all concentrated around its mean E[N,] = I(f,) =< n'/? but
rather it goes to 0 in probability.

We will see an alternative proof of Theorem 4.6 using Fourier analysis in the
next subsection.

Of the very many nice results in [4], we mention the following one which al-
most characterizes noise sensitivity in terms of influences. As the authors mention,
this result could be used to prove Theorem 4.3 but they instead use a different
approach. A function f is monotone if x < y (meaning x; < y; for each ¢) implies
that f(z) < f(y). The proof of the following result uses the Fourier spectrum (see
the next subsection) and a notion known as hypercontractivity.

Theorem 4.7. [4] Consider a sequence of Boolean functions {fy}.

If limy, o0 3, Ii(fn)? = 0, then the sequence {f,} is noise sensitive. The
converse is true if the f,’s are monotone. (Example 2 shows that monotonicity is
needed for the converse.)

We end this section by going back to Example 4. It was asked in [4] whether
the noise sensitivity exponent for this sequence is 3/4. The heuristic for this guess
is the following. An edge (or hexagon) is pivotal if and only if there are 4 disjoint
monochromatic paths alternating in color from the edge (or hexagon) to the top,
right, bottom and left sides of the box. This is close to the 4-arm exponent which
by [53] was proved to be behave like n~%/4. If boundary terms do not matter much,
I(f,,) should then be about n3/4. One might hope that the number N,, of pivotals
is quite concentrated around its mean I(f,); in this direction, it is well known for
example that E[N?2] = O(1)E[N,,]2. This gives hope that Theorem 4.6 is now tight
in this case and that 3/4 might be both the noise sensitivity and noise stability
exponents. In Section 7, we will see that this is indeed the case, but the proof will
not go through understanding pivotals but rather through Fourier analysis. This
brings us to our next topic.
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4.3. The Fourier spectrum
It turns out that the best and proper way to analyze the above problems is to
use Fourier analysis. The set of all functions f : {0,1}" — R is a 2"-dimensional
vector space with orthogonal basis {xs}scqi,...n} Where

—1  if # of 's in {w'}ics is odd

1 if # of 1’s in {w'};cs is even.

XS(wla"'awn) =

So xp = 1. We then can write

f= Z f(S)Xs-

SC{1,...,n}

(In fancy terms, the various xs’s are the so-called characters on the group Z% but
everything below will be from first principles.) The f (S)’s are called the Fourier
coefficients.

The reason that {xs} is a useful basis is that they are eigenfunctions for the
discrete time Markov chain which takes w to w.. It is an easy exercise to check
that

Elxs(wdl] = (1 — ! xs(w)
and that

n
E[f (w)f(we)] = BIf @) + Y (1= > f(5)*. (43)
k=1 |S|=k

This formula which first (I believe) appeared in [4] makes clear the central
role played by the Fourier coefficients with respect to questions involving noise.
Note that we see the nonnegativity of the covariance between f(w) and f(w,) and
that it is decreasing in € as we had claimed earlier. (I am not aware of any coupling
proof of this latter fact; we can of course couple w, w. and w45 so that we agrees
with w in more places than w,ys does but in view of Example 2 in Subsection 4.1,
this does not seem to help.) Crucially, we see that the covariance between f(w)
and f(we) is small when most of the “weight” of these coefficients are on the S’s
with larger cardinality while the covariance is largest when most of the “weight”
of these coefficients are on the smaller S’s.

In Subsection 4.1, Example 1 is the function (1 —x1})/2 while Example 2 is
the function x(i,. .. ) from which we now see why these are extreme examples as
we mentioned earlier.

We now restrict to f’s which take values in {—1,1}. The advantage in doing
this is that we have (due to the Pythagorean theorem or Parseval’s formula)

> 8=

SC{1,...,n}

(For those who do not like the restriction of {—1,1} on the range of f since you
are interested in indicator functions of events, you can just consider the function
which is 1 on the event in question and —1 on its complement and then easily
translate back the results below in terms of your events.)
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Given the above, we can let S be a random subset of {1,...,n} given by
P(S = S) = f(9)% The idea of looking at this as a probability distribution on
the subsets of {1,...,n} was proposed in [4] and is called the spectral sample or

spectral measure of f. (We will not be careful to distinguish between S and its
distribution.) (4.3) can now be written as (with the two expectations being on
different spaces)

E[f(w)f(wd)] = E[(1 - ¢)/®1]. (4.4)
This equation demonstrates the important fact that a sequence {f,} is noise sen-
sitive if and only if the corresponding spectral measures {S,} satisfy |S,| — oo
in distribution provided we remove the point mass at ) (which corresponds to
subtracting the squared mean).

We now give an alternative proof of Theorem 4.6 which is taken from [14].

Proof [14]. We need only one thing which we do not prove here which comes from
[25]; one can also see a proof of this in [14]. This is that
E[|S]] = I(f). (4.5)
It clearly suffices to show that if & > p and ¢, = (1/n)%, then
lim Blfa () fuwe,)] = 1.
(4.4), Jensen’s inequality and E[|S,,|] = I(f,) yields
E[fn(@)fa(we,)] = E[(1 = )15 > (1 =€) P11 = (1 — €,)TU)
aynPTo)
= (1= (1/m)%) :
This goes to 1 since a > p. (|
In the context of Theorem 4.6, it would be nice to know under which further
conditions we could conclude the reverse inequality and even that SENS({ f,}) > p.
One sufficient condition is that the distributions of |S,|, normalized by their means
and with the point mass at 0 removed is tight on (0, 00). (Tightness at co follows
from Markov’s inequality; the key point is tightness near 0.) We make this precise

in the following result. This result is proved by just abstracting an easy small part
of an argument from [14].

Theorem 4.8. Assume f, : {0,1}" — {£1} and that I(f,) = n*t°D). Let S,
be the spectral sample corresponding to f,. Assume that for every v > 0, there is
0 > 0 so that for all n

P(IS,| < B[S, S # 0) < 7. (46)
Then SENS({fn}) > p.

Proof. We need to show that if & < p, (4.1) holds when €, = (1/n)“. The difference
in (4.1) is by (4.3) and (4.4) simply E[(1 — €,)!5" I, p]. Fix v > 0 and choose §
as in the assumption. We have

E[(1 — €)1 s, 20] < P(ISu| < SE[Snll, Sn # 0) + (1 — €)= 115011,
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The first term is at most v for all n by the choice of § and the last term goes to 0
since 0 is fixed, o < p and using (4.5). Since v was arbitrary, we are done. O

It is now interesting to look again at the majority function for which p =
1/2 but SENS({fn}) = STAB({f»}) = 0. In this case, the spectral measures do
not satisfy the necessary tightness condition above but rather these distributions
normalized by their means approach the point mass at 0. This follows from the
known noise stability of majority, the fact (see Theorem 1.9 in [4]) that stability
in general implies tightness at oo for the unnormalized spectral measures and the
fact that the expected value of the spectral size is going to co. See [44] for details
concerning the spectral measure of majority.

The following is an exercise for the reader which relates the lower tail of the
spectral measures with noise sensitivity; Theorem 4.8 already gave some relation-
ship between these.

Ezercise 1. Let f,, be an arbitrary sequence of Boolean functions with correspond-
ing spectral samples S,.

(i) Show that P(0 < |S,| < A,) — 0 implies that E[(1 — €,)/5"| I, 4] — 0 if
€nA, — 0.

(i) Show that E[(1 — €,)!S"/I5, 5] — 0 implies that P(0 < [S,| < A4,) — 0 if
end, = O(1).

In particular, SENS({f,}) > a if and only if P(0 < |S,,| < n®%) — 0 for all § > 0.

Ezercise 2. Show that STAB({f,}) < « if and only if P(|S,| > n®*%) — 0 for all
d>0.

We end this subsection with a brief discussion of general upper bounds on our
noise sensitivity and noise stability exponents. We stick for simplicity and without
loss of generality to m,, = n. We have seen then that 1 is an upper bound for
these exponents. On the other hand, the parity function, Example 2, is easily seen
to have both these exponents being 1. This question turns out to be much more
interesting if we restrict to the important subclass of monotone Boolean functions.

Theorem 4.9. Assume f, : {0,1}" — {£1} be monotone. Then STAB({f,}) <
1/2.

Outline oprroof. It is an exercise to check, crucially using the monotonicity, that
Li(fn) = |fn({i})]. It follows that Y, I;(fn)? < 1. The Cauchy-Schwartz inequality
now yields that >, I;(f,) < v/n. The result now follows from Theorem 4.6. O

Remark. The above theorem can be proved (and has been) without the use of
Fourier analysis and is known in various contexts.

Answering a question in [4], it was shown in [42] that the above result is optimal
by giving a sequence {f,} of monotone functions with STAB({f,}) = 1/2. By
tweaking these examples, one can also obtain a sequence with SENS({f,}) = 1/2.
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5. Critical exponents for percolation

The exact values for critical exponents for percolation on the hexagonal lattice are
a crucial ingredient in the study of exceptional times for dynamical percolation
and noise sensitivity for crossing probabilities. We therefore briefly describe these.

Let A% be the event (for ordinary percolation) that there are k disjoint
monochromatic paths from within distance (say) 2k of the origin all of which
reach distance R from the origin and such that they are not all of the same color.
This is referred to as the k-arm event. Let A%H be the analogous event but where
we restrict to the upper half-plane and where the restriction “not all of the same
color” may be dropped. This is referred to as the half-plane k-arm event. All these
events decay as powers of R and the exact power is called the corresponding critical
exponent.

Theorem 5.1. For the hexagonal lattice, we have
(i) [ ] (Al ) _ R75/48+o(1)
(i) [53] For k > 2, P(Ak) = R—(F*~1)/12+o(1)
(iii) [53] For k > 1 P(A’“H) Rk 1)/6+o(1)
) 53] 0(p) = (p — 1/2)>/30 (1),
It was shown by Kesten [31] that (iv) follows from (i) and the case k = 4
n (ii). See [43] for a detailed derivation of this.

For dynamical percolation on the hexagonal lattice, A}, A% and AEH and
their exact critical exponents were relevant in the work in [51] while A}, A%,

(iv

A}Q’H and even some “corner-plane” events and their exact critical exponents were
relevant in the work in [14].

We finally mention that the above proofs rely on the conformal invariance of
percolation on the hexagonal lattice proved by Smirnov (see [52]) and the conver-
gence of the discrete interface in critical percolation to SLEg (see [9] and [52]).
SLE originally stood for stochastic Lowner evolution when it was introduced by
Schramm in [50] and is presently called the Schramm-Léwner evolution. It has one
parameter, usually called x, and therefore written SLE,. As one varies k, these
yield random curves which describe many 2-dimensional critical systems.

6. Exceptional times and positivity of the noise sensitivity
exponent for the hexagonal lattice

Considering the question of whether there are exceptional times for dynamical
percolation in Z?2, while this was not accomplished in [51], it was proved in this
paper that exceptional times do exist for the hexagonal lattice. What allowed the
proof to go through for the hexagonal lattice is that various exact critical exponents
from critical percolation have been established for the hexagonal lattice. These
same critical exponents are expected to hold for Z? but have not at this point
been established.
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Theorem 6.1. [51] For critical dynamical percolation on the hexagonal lattice, there
exist exceptional times of percolation and the Hausdorff dimension of the set of

such times is in [1/6,31/36].

As far as the noise sensitivity exponent for left to right crossing of an n x n
square, the following was shown.

Theorem 6.2. [51] Consider the sequence {f,} of indicator functions for a left to
right crossing of an nxn square in the hexagonal lattice. Then SENS({f,}) > 1/8.
For the square lattice, SENS({f,}) > 0.

This was the first result where one obtained a positive lower bound on
SENS({f.}) for crossing probabilities. One of the key steps in [51] is the fol-
lowing result which gives conditions under which one can obtain some bounds on
the Fourier coefficients. We will not give any indication of its proof here. We hope
that this result will be applicable in other contexts in order to bound the “level-k”
Fourier coefficients.

Theorem 6.3. [51] Let f : {0,1}™ — R. Let A be a randomized algorithm deter-
mining the value of f. This means that A examines the input bits of f one by one,
where the choice of the next bit examined may depend on the values of the bits ex-
amined so far and on some additional exterior randomness. The algorithm A may
of course stop once it knows the output. Let J C {1,2,...,n} be the (random) set of
bits examined by the algorithm. (Crucially, J need not be all the bits since based on
the bits examined at some point, the output might at that point be determined.) Set

04 :=sup{P(ie J):ie{l,2,...,n}}.
Then, for every k =1,2,..., the Fourier coefficients of f satisfy

> F(9)? <sak|fI?

|S|=k
where || f|| denotes the L? norm of f.

We first give an outline of the proof of Theorem 6.2.

Outline of proof. Step 1: Find a randomized algorithm to detect whether there
is a left to right crossing of whites such that a fixed hexagon is looked at with
probability at most (1/ n)l/ 4+o(1) If we place white hexagons on the right and top
sides of the box and black hexagons on the bottom and left sides of the box, we
can start at the bottom right and follow the path which always keeps white on
the right side and blacks on the left. This is called an interface. This interface
will end up either hitting the left side before the top, which implies there is a
left to right white crossing or it will end up either hitting the top side before
the left, which implies there is no left to right white crossing. If we “follow” this
interface, revealing hexagon colors as we need to know how the interface develops,
this will yield a randomized algorithm which will determine if there is a crossing.
In addition, hexagons near the center will be looked at with probability at most
O(1)(1/n)*/4+°() gince to be looked at, one must see the “2-arm” event emanating
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from that hexagon and one can apply Theorem 5.1(ii). This does not work however
for hexagons near the boundary. To get an algorithm which looks at every hexagon
with the above probability, one does some random modification of the above where
one runs two interfaces from a random point on the right side. The argument then
requires using the 1-arm half-plane exponent as well.

Step 2: Step 1 and Theorem 6.3 gives us a bound on the sum of the “level-k”
Fourier coefficients. We plug that into (4.3) and compute. The Z? case is similar
but there we do not have the explicit critical exponents at our disposal. [

Remarks. We might hope that one can bring the value 1/8 up to the suggested
value of 3/4 by finding better algorithms to which we can apply Theorem 6.3. How-
ever, this is not possible. As mentioned in [51], a general inequality of O’Donnell
and Servedio or Theorem 6.3 applied in the case kK = 1 allows us to conclude that
any algorithm will have a & of at least (1/n)'/2t°(1), The existence of such an
algorithm would (as above) bring the value of 1/8 up to 1/4 and hence the best
this method could yield is a noise sensitivity exponent of 1/4 (unless one improves
Theorem 6.3 itself). It is worth pointing out here that an algorithm which is con-
jecturally better than the one given in the proof of Theorem 6.2 is the one where
the hexagon chosen at a given time is the one with the largest influence at the
time. This is related to playing random-turn hex; see [48].

We now give an outline of the proof of Theorem 6.1.

Outline of proof. We first explain the existence of exceptional times. We let X :=
fol 1y, p dt where V; g is the event that at time ¢ there is an open path from the
origin to distance R away. The key step is to show that E[X%] < O(1)E[Xg]? (i.e.,
we use the second moment method) since from here the result is standard. Note
the first moment is just P(A}) from Section 5. The key to getting a good bound on
the second moment is to get a good bound on P(V;, g NVj, r). Using independence,
we see this is at most P(Vy - )P(Vir,r N Vo,r,r) Where V; , g is the event that at
time t there is an open path from distance r away to distance R away. We note
that looking at our process at times 0 and ¢ is exactly looking at a configuration
and its noisy version, which we studied earlier, with € being 1 —e~t. For the second
factor, we use (4.3), construct a randomized algorithm for this event with a good §
(which is somewhat harder than in Theorem 6.2) and apply Theorem 6.3 to bound
the relevant Fourier coefficients. The rest is algebra.

For the Hausdorff dimension, the lower bound is obtained using the calcula-
tion in the first paragraph together with Frostman’s Theorem. The upper bound
is easier; we use the method of proof of Theorem 2.5 together with Theorem
5.1(iv). O

In [51], other types of events are also looked at such as k-arm events in
wedges and cones and upper and lower bounds on the Hausdorf dimension of sets
of exceptional times are obtained. These upper and lower bounds are however
never matching.
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7. The exact Hausdorff dimension of exceptional times and the
exact noise sensitivity exponent for the hexagonal lattice

In [14], two of the main results (among many others) were computing the exact
noise sensitivity exponent for the crossing of an n x n box in the hexagonal lattice
and the exact Hausdorff dimension of the set of exceptional times for dynami-
cal percolation on the hexagonal lattice. The latter number is the upper bound
obtained in Theorem 6.1.

Theorem 7.1. [14] For critical dynamical percolation on the hexagonal lattice, the
Hausdorff dimension of the set of exceptional times is 31/36. In addition, for
critical dynamical percolation on the square lattice, there exist exceptional times
of percolation.

Theorem 7.2. [14] Consider the sequence {f,} of indicator functions for a left to
right crossing of an n X n square in the hexagonal lattice. Then

STAB({fn}) = SENS({fs}) = 3/4.

(While we will not spell these out in detail, for the square lattice, analogous results
are obtained which relate STAB({ f.}) and SENS({ f,,}) with the expected number
of pivotal edges in large boxes.)

The value 31/36 was the conjectured value in [51] and the suggested value of
3/4 was explained earlier. The improvements here over Theorems 6.1 and 6.2 are
due almost exclusively to providing much sharper results concerning the Fourier
spectrum, both for crossing probabilities and an annulus type event which is the
relevant event for studying exceptional times. These arguments do not for example
use Theorem 6.3 or any variant of this. This analysis is very long and intricate and
so I will only say a few words about it and even for that I will stick to Theorem 7.2.

(Very vague) Outline of proof. The much easier direction is to show that
STAB({f.}) < 3/4. For a hexagon to be pivotal, there have to be, starting from
that hexagon, “open paths” to the left and right sides of the box and “closed paths”
to the top and bottom sides of the box. It is known that this has the same exponent
as the 4-arm event. Looking at points far from the boundary and using Theorem
5.1(ii), we obtain that I(f,) > n3/4t°(M) 1In [14], it is shown that the boundary
contributions can be controlled so that we indeed have I(f,) = n?/*+°()  Now
Theorem 4.6 finishes the argument.

The proof that SENS({f,,}) > 3/4 is significantly more difficult. By Theorem
4.8, we need to prove (4.6) and so we need to obtain upper bounds on the lower
tail of the distribution of |S,|. Of course, we only care about the distribution of
|Sy| rather than the distribution of S,,. However, it turns out that in order to
study and analyze the former, it is crucial to study the latter, which has much
more structure and therefore more amenable to analysis. A first key step is for
general Boolean functions and gives upper bounds on

PENB#D=8nW), (7.1)
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where B and W are disjoint subsets of the domain variables 1, ..., n,,, in terms of
a more general notion of pivotality. While one needs such a result for all W, looking
at the two special cases where W is () or B¢ illustrates well this relationship. This
general result gives in the context of percolation that if B is a connected set of
hexagons, P(SN B # () is at most 4 times the probability of having 4 alternating
arms from the set B out to the boundary of our n x n box and P() # S C B) is at
most 4 times the previous probability squared. This starts to get the ball rolling as
it relates the difficult spectral measure to things that are a little bit more concrete.

Now let g, := 724 (r) which is close to the expected number of pivotals for
a left to right crossing in an r X r box or equivalently the expected size of the
spectral sample for this event. This grows to co with r. One shows that

P(ISa] < gr, Sn # 0) < (n/r)*(ca(n) /aa(r))*. (7.2)

It is not hard to show, using the fact that the 4 arm exponent is 5/4, that (4.6)
holds and that one can take & to be v3/2t¢ for any fixed € > 0. While we want the
upper bound, it is instructive to see how the lower bound is obtained which is as
follows. We break the n x n square into about (n/r)? r x r squares. It turns out
that in the percolation context and with B being an r x r square and W = B¢,
the upper bound on (7.1) is shown to also be a lower bound (up to constants) and
so for each r x r square B, the probability that the spectrum is nonempty and
sits inside B can been shown to be at least Q(1)(ay(n)/a4(r))?. Next it is shown
that, conditioned on the spectrum intersecting such a box and no others, there is
a uniform lower bound on the probability that the spectral size within that box
is at most O(1)g,. Since, as we vary the r x r square, we obtain (n/r)? disjoint
events, we obtain the (much easier) lower bound of (7.2).

For the upper bound (which is much harder), we again break the n x n
square as above and look at the number of r x r squares which intersect the
spectral sample. Call this number X, ,.. Using a very difficult geometric induction
argument, it is shown that

P(Xnr = k) < g(k)(n/r)*(ca(n)/au(r))®

where g(k) grows slower than exponentially (but faster than any polynomial). It
turns out that there is a “converse” of what we wrote in the previous paragraph
which is that conditioned on the spectrum touching a box, there is uniform lower
bound on the probability that the size of the spectrum is at least Q(1)g,. This
involves quite difficult percolation arguments. Given X, , = k, if it were the case
that the sizes of the spectrum in the k different r» x r boxes which the spectrum
hits were independent, then the probability that all of them have size less than
Q(1)g, would be at most c* for some ¢ < 1. Since Y, g(k)ck < oo, we would
be done. The problem is, under this conditioning, the spectrum in the different
boxes are not independent and have a very complicated dependency structure. It
is however shown that, while it is difficult to deal with the spectrum in one box
conditioned on its behavior elsewhere, it is possible to deal with the spectrum in
one box conditioned on it hitting that box and not intersecting some other fixed
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set. This together with a novel type of large deviations argument allows us to carry
out the upper bound in (7.2). O

In proving the above, other interesting results are obtained. For example,
it is shown for percolation on Z? that rerandomizing a small portion of only the
vertical edges is sufficient for the correlation to go to 0. This result suggests new
interesting directions concerning noise sensitivity for Boolean functions when only
some of the bits are rerandomized.

8. Sensitivity of the infinite cluster in critical percolation

Except in the second part of Theorem 2.4, all results in this paper so far dealt
with graphs which do not percolate at criticality. It turns out that if we deal with
graphs which do percolate at criticality and ask if there are exceptional times of
nonpercolation, the structure of the problem is quite different. In addition, it seems
to me that the set of exceptional times in this case might have similar structure
to the set of “fast points” for Brownian motion; see the discussion at the end of
Section 3.

In [47], among other things, a fairly detailed study of this question was made
for spherically symmetric trees. Special cases of the two main results of that paper
are the following. In this section (only), we are dropping the assumption of ho-
mogeneous edge probabilities but will assume all edge probabilities are bounded
away from 0 and 1. The definition of w,, from Section 3 should be modified in the
obvious way.

Theorem 8.1. Consider a spherically symmetric tree with spherically symmetric
edge probabilities (meaning all edges at a given level have the same retention
probability). Let wy, be as in Theorem 3.1.
(i) If

lim — Y _
n n(logn)®

for some o > 2, then there are no exceptional times of nonpercolation.
(ii) If

wy, < n(logn)®
for some 1 < a < 2, then there are exceptional times of nonpercolation.

Note that in both of these regimes, Theorem 3.1 tells us that there is percolation
at a fixed time.

Remarks.

(1) To see a concrete example, if we have a tree with |T,,| < 2"n(logn)® and
p = 1/2 for all edges, then if & > 2, we are in case (i) while if o < 2, we are
in case (ii). (Note Lyons’ theorem tells us that p. = 1/2 in these cases.)

(2) The theorem implies that if w, < n® with a > 1, then there are no excep-
tional times of nonpercolation, while note that if w,, < n, then Theorem 3.1
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implies that there is no percolation at a fixed time. Hence, if we only look at
the case where w,, < n® for some o > 1, we do not see the dichotomy (within
the regime where we percolate at criticality) that we are after but rather we
see the much more abrupt transition from not percolating at a fixed time to
percolating at all times. Rather, Theorem 8.1 tells us that we need to look
at a “finer logarithmic scale” to see this “phase transition” of changing from
percolating at a fixed time but having exceptional times (of nonpercolation)
to percolating at all times.

Interestingly, it turns out that even within the regime where there are no

exceptional times of nonpercolation, there are still two very distinct dynamical
behaviors of the process, yielding another phase transition.

Theorem 8.2. Consider a spherically symmetric tree T' of bounded degree and let
wy, be as in the previous result.

(i)

(i)

When Y07 nw, ' < oo, a.s. the set of times t € [0,1] at which the root
percolates has finitely many connected components. (This holds for example if
wy, =< n? with § > 2 as well as for supercritical percolation on a homogeneous
tree.)

Ifw, =< n?, where 1 < 0 < 2, then with positive probability the set of timest €
[0,1] at which the Toot percolates has infinitely many connected components.
The same occurs if wy, < n(logn)® for any a > 1.

Remarks.

(1)

(2)

If w,, < n?, we do not know the answer. A first moment calculation suggests
that there should be infinitely many connected components with positive
probability but the needed inequality for a successful second moment argu-
ment fails.

It is easy to show that for any graph, if there are exceptional times of non-
percolation, then the set of times ¢ € [0, 1] at which a fixed vertex percolates
is totally disconnected and hence has infinitely many connected components
with positive probability.

We will not indicate here any proofs but we will mention one word about
Theorem 8.2 since the critical exponent of 2 there derives from a difference
in the ordinary model in these two regimes. Namely, the expected number of
pivotal edges for the event that the root percolates is infinite for § < 2 but
finite for 6 > 2.

9. Dynamical percolation and the incipient infinite cluster

9.1. The incipient infinite cluster

We know that on Z? and on the hexagonal lattice, there is no infinite cluster at
pe. Nonetheless, physicists and others have tried to talk about the “infinite cluster
on Z? containing the origin at criticality”. This was made sense of by Kesten in
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[29] where the following result was obtained. A, is the box of size n centered at
the origin.

Theorem 9.1. [29] The limiting measures

lim P,(- |0« 00) and lim Py/(- |0« JA,)
pl1/2 n—00

both exist and are equal.

This limiting measure is referred to as the incipient infinite cluster. Properties
of this were also obtained and furthermore, in [30], Kesten showed that random
walk on the incipient infinite cluster is subdiffusive.

9.2. The incipient infinite cluster and dynamical percolation

It was asked quite early on whether the configuration for dynamical percolation
at a (properly chosen) exceptional time at which the origin percolates (assuming
there are such exceptional times) should have the same distribution as the incip-
ient infinite cluster of the previous subsection. See the discussion concerning this
question in [17]. This question was answered in a very satisfactory manner by
Hammond, Pete and Schramm in [20], a paper which is in the process of being
written up. We sketch here a part of what was done in this paper.

The first key step in being able to “find” the incipient infinite cluster inside
of dynamical percolation is to be able to define a local time for when the origin is
percolating. There are two different approaches used to define a local time.

The first approach is as follows. Let Ag; be the event that at time ¢ there is
an open path from the origin to distance R away and let 7 be the random set of
times at which Ag; occurs. Define a random measure gz on R by

1

= —L
KR Oél(R) Tr

where L refers to Lebesgue measure restricted to the set F' and o3 (R) = P(ARr,t).
Clearly, E[ur([a,b])] = b — a. We then let R tend to infinity.

The second approach (which turns out to be equivalent) is as follows and
is closer in spirit to Kesten’s original definition of the incipient infinite cluster.
Consider ordinary percolation and let S be a collection of hexagons and let w® be
the percolation realization restricted to S. We want to measure in some sense how
much w® “helps percolation to infinity”. This is made precise by the limit

1. P(AR | ws)
R P(Ap)

which is easily shown to exist using Theorem 9.1.
Calling this limit f(w®), let M, (w) := f(wP") where B, is the ball of radius
r around the origin. Finally let

b
vy ([a, b)) ::/ M, (ws)ds.
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Theorem 9.2. [20]

(i) For all a < b, ug([a,b]) converges a.s. and in L? to a limit as R goes to oo,

which we call o ([a,b])

(ii) For all a < b, vy([a,D])
which we call Voo ([a, b])

(iii) The two above limits are a.s. the same.

converges a.s. and in L? to a limit as r goes to oo,

Clearly the limiting measure p is supported on the set of exceptional times at
which the origin percolates (the latter known to be a nonempty closed set). It is
not known if the support of the measure is exactly the set of exceptional times.
It is explained that pg([a,b]) is a martingale which implies its a.s. convergence.
Using estimates from [51], one can see it is also L? bounded which gives the
L? convergence. The convergence in L? guarantees that the limiting measure is
nonzero. It is also shown that v,.([a, b]) is a martingale.

The final result links up the incipient infinite cluster with dynamical percolation.

Theorem 9.3. [20] Consider the random measure jio, on R above and let X be a
Poisson process on R with “intensity measure” poo. Then the distribution of wg
giwen 0 € X has the same distribution as the incipient infinite cluster.

It is not so hard to make sense of the conditioning 0 € X even if this event
has probability 0; see Chapter 11 of [27]. There are a number of other results in
this paper which we do not detail here.

10. The scaling limit of planar dynamical percolation

Before discussing the scaling limit of dynamical percolation, it is necessary to first
discuss the scaling limit of ordinary percolation. There is a lot to be said here
and this section will be somewhat less precise than the earlier sections. Since even
the formulations can be quite technical, I will be, unlike in the previous sections,
“cheating” in various places.

Even before we state the scaling limit of percolation, we need to first briefly
explain the concept of conformal invariance and Cardy’s formula. Let 2 be a
simply connected open domain in the plane and let A, B,C' and D be 4 points on
the boundary of  in clockwise order. Scale a 2-dimensional lattice, such as Z? or
the hexagonal lattice, by 1/n and perform critical percolation on this scaled lattice.
Let P(Q, A, B,C, D,n) denote the probability that, in the 1/n scaled hexagonal
lattice, there is a white path of hexagons inside 2 going from the boundary of €2
between A and B to the boundary of 2 between C' and D. The first half of the
following conjecture was stated in [36] and attributed to Michael Aizenman. The
second half of the conjecture is due to Cardy [11].

Conjecture 10.1.
(i) For all  and A, B,C and D as above,

P(Q, A, B,C,D,0) := lim P(Q, A4, B,C,D,n)

n—oo
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exists and is conformally invariant in the sense that if f is a conformal
mapping, then P(Q, A, B, C,D,00) = P(f(Q), f(A), f(B), f(C), f(D),0).

(ii) There is an explicit formula (not stated here) for P(Q, A, B,C, D, o), called
Cardy’s formula, when Q is a rectangle and A, B,C and D are the 4 corner
points. (Since every Q, A,B,C and D can be mapped to a unique such rec-
tangle (with A, B,C and D going to the 4 corner points), this would specify
the above limit in general assuming conformal invariance.)

Cardy’s formula is quite complicated involving hypergeometric functions but
Lennart Carleson realized that assuming conformal invariance, there is a nicer
set of “representing” domains with four specified points for which the limit has a
much simpler form. Namely, if 2 is an equilateral triangle (with side lengths 1),
A, B and C the three corner points and D (on the line between C and A) having
distance = from C, then the above probability would just be z. Using Carleson’s
reformulation of Cardy’s formula, Smirnov proved the above conjecture for the
hexagonal lattice.

Theorem 10.2. [52] For the hexzagonal lattice, both (i) and (ii) of the above conjec-
ture are true.

This conjecture is also believed to hold on Z?2 but is not (yet) proved in that
case. In [50], Schramm described what the interfaces between whites and blacks
should be as the lattice spacing goes to 0, assuming conformal invariance. In the
appropriate formulation, it should be an SLEg curve. Smirnov [52] proved this con-
vergence for one interface and Camia and Newman [9] proved a “full scaling limit”,
which is a description of the behavior of all the interfaces together. The critical
exponents described in Section 5 are proved by exploiting the SLE description of
the interfaces. All of the above is described well in [54].

It turns out, in order to obtain a scaling limit of dynamical percolation, a
different description, due to Schramm and Smirnov, of the scaling limit of ordinary
percolation is preferable. A quad @ is a subset of the plane homeomorphic to a disk
together with its boundary partitioned into 4 continuous pieces. A configuration
for the scaling limit is described by a family of 0-1 random variables X indexed
by the quads Q where Xg = 1 means there is a crossing from the first to the
third boundary piece of () using white hexagons. Equivalently, an element of the
state space is a collection of quads (satisfying a certain necessary monotonicity
condition and suitably measurable) where the collection of quads represents the
quads which are “crossed”. An important advantage of this state space, which we
denote by &, is that it is a compact metrizable space. This avoids the need for
tightness arguments. If we perform percolation on the 1/n scaled hexagonal lattice,
the X¢’s are well defined random variables and so we obtain a probability measure
n on S. It turns out that the sequence of probability measures ., have a limit
oo, Which we call the scaling limit. Note that for each n, there is essentially a
1-1 correspondence between percolation realizations on the 1/n scaled lattice and
elements in S. In the limit however, we can not talk anymore about percolation
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configurations but rather the only information left is which quads are “crossed”.
(The latter is sort of the “macroscopic” information.)

We now move to a scaling limit for dynamical percolation. Consider dynami-
cal percolation on the 1/n scaled hexagonal lattice. We can think of our dynamical
percolation on this scaled lattice as a process {n™(t)}:cr taking values in S. We
can try to let n go to infinity, in which case, the marginal for each t will certainly
2o to peo. However due to the noise sensitivity of percolation, for any fixed s < ¢
and any quad @, the crossing of @) at time s and at time ¢t will become asymptoti-
cally independent as n — oo which implies that the processes {n™(¢)}:+er converge
to something which is “independent copies of o, for all different times”. This is
clearly not what we want. In order to obtain a nontrivial limit, we should slow
down time by a factor of 1/(n?ay(n)) where ay(n) is explained in Section 7.

Theorem 10.3. [15] Let o} :=

a process {0 (t)}1er under the topology of local uniform convergence. Moreover,
the limiting process is Markovian (which is not a priori obvious at all).

n?nﬂa;l(n)' Then {o™(t)}+er converges in law to

We explain now why the time scaling is as above. Consider the quad cor-
responding to the unit square together with its four sides. The expected number
of pivotals for a left to right crossing of this quad on the 1/n scaled lattice is
= n2ay4(n). Next, the above time scaling updates each hexagon in unit time with
probability about 1/n2ay4(n) and therefore, by the above, updates on average order
1 pivotals. It follows from the main result in [14] that if we scale “faster” than this,
you get a limit which is independent at different times and if we scale “slower”
than this, you get a limit which is constant in time. This scaling is such that the
correlation between this event occurring at time 0 and occurring at time 1 stays
strictly between 0 and 1, which is something we of course want.

In the above paper, there is another model which is studied called near-critical
percolation for which a scaling limit is proved in a similar fashion. Near-critical
percolation can be thought of as a version of dynamical percolation, where sites
are flipping only in one direction and hence after time ¢, the density of open sites
is about 1/2 + t/(n2ay(n)).

To prove Theorem 10.3, there are two key steps. The first key step is a stability
type result. In very vague terms, it says that if we look at the configuration at
time 0, ignore the evolution of the hexagons which are initially pivotal only for
crossings which occur at macroscopic scale at most p (which should be thought of
as much larger than the lattice spacing) but observe the evolution of the hexagons
which are initially pivotal for crossings which occur at macroscopic scale larger
than p, then we can still predict quite well (i.e., with high probability if p is small)
how the crossings evolve on macroscopic scale 1.

Since we cannot see the individual hexagons which are initially pivotal for
crossings at scale at least p in the scaling limit, in order for this stability result to
be useful, we need at least that the number of such hexagons in a given region can
be read off from the scaling limit, so that we know the rate with which macroscopic
crossings are changing. This is obtained by the second key step. For every n, look
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at ordinary percolation on the 1/n scaled lattice and consider the set of hexagons
from which emanate 4 paths of alternating colors to macroscopic-distance p away.
(These are the hexagons which, if flipped, change the state of a crossing at scale
p.) Let v£ be counting measure on such points divided by n?ay(n). This scaling is
such that the expected measure of the unit square is of order 1 (as n — oo if p is
fixed).

Theorem 10.4. [15] For all p, (wn,v?) converges, as n — 00, to a limit (Weo, V2,)
and V8, is a measurable function of weo.

The argument of this result is very difficult. I say however a word on how
this gives a nice construction of the scaling limit of dynamical percolation. The
idea is that one constructs a dynamical percolation realization by first taking
a realization from the ¢ = 0 scaling limit (or equivalently ws, above), looks at
v?_ (which requires no further randomness because v£, has been proved to be a
function of we) and then builds an appropriate Poisson point process over the
random measure v2, x dt which will be used to dictate when the different crossings
of quads of scale at least p will change their state. This is done for all p and the
stability result is needed to ensure that the process described in this way is in fact
the scaling limit of dynamical percolation. The idea that dynamical percolation
(and near-critical percolation) could possibly be built up in this manner from
a Poisson process over a random measure was suggested by Camia, Fontes and
Newman in the paper [10].

It is also shown in [15] that a type of “conformal covariance” for the above
measures v5, holds but this will not be detailed here. The argument for Theorem
10.4 also proves the existence of natural time-parametrizations for the SLEg and
SLEg/3 curves, a question studied in [37] for general SLE,.

11. Dynamical percolation for interacting particle systems

In [7], certain interacting particle systems were studied and the question of whether
there are exceptional times at which the percolation structure looks different from
that at a fixed time was investigated. The two systems studied were the contact
process and the Glauber dynamics for the Ising model. Most of the results dealt
with noncritical cases but since the dynamics are not independent, a good deal
more work was needed compared to the easy proof of Proposition 2.1.

However, there was one very interesting case left open in this work which
was the following. Consider the Glauber dynamics for the critical 2-dimensional
Ising model. First note that 2 dimensions is special for the Ising model compared
to higher dimensions since it is known that for Z? the critical value for phase
transition is the same as the critical value for when percolation occurs. The Ising
model does not percolate in 2 dimensions at the critical value and in view of
Theorem 6.1, it is natural to ask if there are exceptional times of percolation
for the Glauber dynamics. During a visit to Microsoft, Gabor Pete suggested to
me that this might not be the case since the scaling limit of the Ising model
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was conjectured to be SLE3, which unlike SLE¢ (the scaling limit of percolation),
does not hit itself. This yields that there should not be so many pivotal sites which
suggests no exceptional times. A few months later in Park City, Christophe Garban
sketched out a “lst moment argument” for me which would give no exceptional
times under certain assumptions.

In any case, whether or not one can actually prove this, it now seems clear
that there are no exceptional times for the Glauber dynamics. This seems to be
a beautiful example of how the qualitative difference in the behavior of the two
respective SLE scaling limits (self-intersections versus not) yields a fundamental
difference between the natural dynamics on ordinary percolation and the natural
dynamics on the Ising model concerning whether there are exceptional times of
percolation or not.
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Measure-valued Processes, Self-similarity
and Flickering Random Measures

Jochen Blath

Abstract. In this article, we discuss two of the main prototypes of measure-
valued processes, namely the classical Fleming-Viot and Dawson-Watanabe
processes, and some of their recent generalizations. In particular, we show
how the so-called lookdown construction of Donnelly and Kurtz can be used
to reveal interesting structural- and path-properties of the (generalized) pro-
cesses in the case when the underlying motion and branching mechanisms
satisfy certain self-similarity properties. As applications of the method, we
first discuss the notion of a ‘flickering random measure’, and then conclude
with remarks about properties of the support of general, and in particular

Beta-, Fleming-Viot processes.
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Keywords. Generalized Fleming-Viot process, flickering random measures,
super-Brownian motion, Dawson-Watanabe process, measure-valued diffu-
sion, coalescent, lookdown construction, wandering random measure, Neveu

superprocess.

1. Introduction

Measure-valued processes are stochastic processes that typically arise as limits of
empirical measures of interacting stochastic particle systems. The main ingredients
of such systems are the underlying motion (resp. mutation) of particles and their

reproduction mechanism.

While such models have interesting applications, e.g., in mathematical ge-
netics and population biology, they also reveal a rich mathematical structure.
Sophisticated methods have been introduced to construct and explore these pro-
cesses, e.g., Bertoin and Le Gall’s flow of bridges [1], Le Gall’s Brownian Snake [25]
resp. Le Gall’s and Le Jan’s infinite variance snake [26], Donnelly and Kurtz’ (mod-
ified) lookdown construction [12], [13] and, very recently, Kurtz and Rodriguez’

Poisson-type construction [24].
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In this article, we focus on the interplay and the properties of two clas-
sical prototypes of measure-valued processes, namely the Fleming-Viot and the
Dawson-Watanabe process, and their (recent) generalizations. We will show how
the lookdown-construction of Donnelly and Kurtz can be used to clarify the rela-
tionship between both classes of processes and provides insight into some of their
path properties.

2. Two classical measure-valued processes as universal limits

2.1. The Dawson-Watanabe process

This process, also known as “super-Brownian motion” was introduced in 1968 by
Shinzo Watanabe [43] as a limit of branching Brownian motions.

Indeed, let N € N and consider a system of IV particles whose initial positions
(i.e., at time ¢ = 0) are i.i.d. distributed according to some probability measure
p on R4 We assume that the underlying motion is Brownian, i.e., during its life-
time, each particle moves around in R¢ according to a standard Brownian motion.
Moreover, we assume the following reproduction resp. branching mechanism: Each
particle has an exponentially distributed lifetime with parameter v > 0. When it
dies, either two or zero offspring (each with probability 1/2) are left behind at the
location where the particle died, which then again evolve independently according
to the same mechanism as their parent. Note that our special kind of branching
mechanism is sometimes called critical binary branching.

Then, denote by

1
Xt(N”Y) = N Z 5wt(i) € MF(Rd), t>0,

the empirical measure of the particle system, where the sum is over all particles
i alive at time ¢ and their spatial positions at time t are given by the x;(i) € R%.
Note that we denote by M r(R?) resp. M1 (R%) the space of finite resp. probability
measures on R%, equipped with the weak topology.

Definition 2.1. The measure-valued empirical process {Xt(N’W),t > 0} is called
branching Brownian motion starting with N € N particles and branching rate
v > 0.

It is well known that the corresponding total mass process {xEN’V),t > 0},
given by
mgN’W) = (1,)('t(]v’w>7 t>0

converges to a Feller diffusion if the branching rate is sped up by a factor of N,
NNV s £}, where {x;} solves the sde

da?t = \/’}/l‘tch t Z O,

e, {z
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with {B;} a Brownian motion. Further, Watanabe showed that under a similar
rescaling also the measure-valued branching Brownian motion converges, weakly
on the space of cadlag-paths D o)(Mp(R?)) to a non-trivial limit:

(XN = (X} weakly on Djg o) (Mp(RY)).

Definition 2.2. The measure-valued process {X;} is called classical Dawson-
Watanabe process resp. classical super-Brownian motion.

As limit of branching particle systems, it is not surprising that super-
Brownian motion retains the branching property and is therefore infinitely di-
visible. In particular, if Xo = i € Mp(R?), for the Laplace transform, we have

By [em@X0] = el di ¢ >, 2.1)

for bounded positive measurable test functions ¢, where (u;) = (u) solves the
Cauchy initial value problem

Ouy = Auy — %u%, t>0,
Upg = qj)

An important feature is the universality of this limit in the following sense:
Super-Brownian motion arises as limit of branching particle systems with un-
derlying Brownian motion for all critical branching mechanisms whose variance
converges to a finite limit. It is therefore a suitable model for large populations, if
the variance of the reproductive mechanism is known and finite. In this case the
total number of offspring generated by a single particle, for large populations, is
small when compared with the total population size. Certainly, this property is
shared with the universality of the Feller diffusion as the limit of finite-variance
Bienaymé-Galton-Watson processes. For more details and further information on
super-Brownian motion, see, e.g., [10] or [15].

(2.2)

2.2. The Fleming-Viot process

In 1979, Fleming and Viot [21] introduced their now well-known probability-
measure-valued stochastic process as a model for the distribution of allelic frequen-
cies in a selectively neutral genetic population with mutation. In their scenario, the
underlying motion is interpreted as mutation in some genetic type space. In this
subsection, however, we will consider only Brownian motion in R% as underlying
motion process.

Again, we identify the measure-valued process as limit of approximating par-
ticle systems. One of the most striking differences to super-Brownian motion is
that the total mass of the Fleming-Viot process (and the approximating empiri-
cal measures) always equals one. Again, consider a system of N particles, whose
initial positions are i.i.d. distributed in R according to some probability measure
p. As for branching Brownian motion, each particle is assumed to independently
undergo a standard Brownian motion and is equipped with an exponential clock
with rate . This time, however, when a clock rings, the corresponding particle
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chooses uniformly one of the current positions of the particles alive (including
himself) and then jumps there. One may interpret this as a reproduction event in
which the “destination particle” produces one offspring and the jumping original
particle dies. Certainly, with this mechanism, the total number of particles always
remains constant. Denote by

N
N, 1 d
YD ~ > 6y € Ma(RY), t>0,
i=1
the empirical measure of the above particle system, where the sum is over all
particles ¢ alive at time ¢ (this time, always N-many) and their spatial positions
at time t are given by the y; ().

Definition 2.3. The measure-valued empirical process {Yt(N’V),t > 0} will be called
continuous-time Moran model starting with N € N particles and branching rate
v > 0.

Similar to the super-Brownian motion case, it can be shown that the
measure-valued Moran model converges weakly on the space of cadlag-paths
Dig,00)(M1(R%)) to a non-trivial limit:

{Y't(NvN'Y)} = {th} Weakly on D[O,oo)(Ml(Rd))

Definition 2.4. The measure-valued process {Y;} is called classical Fleming-Viot
process.

This time, however, we have no simple Laplace-transform characterization of
the limiting process {Y;}, since this would imply the branching property which
is not fulfilled for the classical Fleming-Viot process — in particular, the total
population size is constant. Hence, one usually works with a generator-based char-
acterization:

Proposition 2.5. The (classical) Fleming-Viot process is the Markov process {Yz},
with values in My(RY), such that for functions F of the form
Flo) = [[(600) p€ Mi(RY), (23
i=1
where n € N and ¢; € C3(R?), the generator L°©? of {Y,t > 0} can be written

as
n

LAF(p) = > (g p) [[(65. 00+ > [<¢i¢j,p>f<¢i,p><¢j,p>} IT (@ 0).

i=1 J#i 1<i<j<n k#i,j
with A the Laplace operator.
Note that the role of the superscript “dg” will become clear once we identify

this process as a special case of a much larger class of (generalized) Fleming-Viot
processes below.
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Again, the Fleming-Viot process is a universal limit which arises from ap-
proximating particle systems of constant population size. Also in this case the
convergence of the variance of the reproduction events is crucial. It should be noted
that not only continuous-time particle systems converge, but also suitably rescaled
discrete-time systems, such as the famous Wright-Fisher model (see, e.g., [42]) and
many other Cannings’ models [8], [9]. For a classification of the possible limits of
population models, see [29].

3. Genealogies and exchangeable coalescent processes

For population models of fixed population size in the domain of attraction of
the classical Fleming-Viot process, such as the Moran model described above, the
family tree, or genealogy, of a finite sample taken from the population at time
t can be described by the now classical Kingman-coalescent, which we introduce
briefly, followed by the more recently discovered and much more general so-called
Lambda- and Xi-coalescents.

3.1. Kingman’s coalescent

Let Py, be the set of partitions of {1,...,n} and let P denote the set of partitions
of N. For each n € N, Kingman [23] introduced the so-called n-coalescent, which
is a P,-valued continuous time Markov process {II,(t),t > 0}, such that II,(0)
is the partition of {1,...,n} into singleton blocks, and then each pair of blocks
merges at rate one. Given there are b blocks at present, this means that the overall
rate to see a merger between blocks is (g) Note that only binary mergers are
allowed. Kingman [23] also showed that there exists a corresponding P-valued
Markov process:

Definition 3.1. The projective limit {II(¢)} on P of the n-coalescents {II,(¢)} is
called (standard) Kingman-coalescent.

To see that this definition makes sense, note that the restriction of any n-
coalescent to {1,...,m}, where 1 < m < n, is an m-coalescent. Hence the process
can be constructed by an application of the standard extension theorem.

It is well known (cf. [11]) that the classical Fleming-Viot process is dual to
Kingman’s coalescent, introduced in [23], in the following (informal) sense: For
t > 0, if one takes a uniform sample of n individuals from Y; and forgets about
the respective spatial positions of the n particles, then their genealogical tree
backwards in time can be viewed as a realization of Kingman’s n-coalescent. That
means, at each time t — s, where s € [0, t] (hence backwards in time), the ancestral
lineages of each particle merge at infinitesimal rate (g), where k € {2,...,n}
denotes the number of distinct lineages present at time ¢ — s(—). This can be made
rigorous, for example, using Donnelly and Kurtz’ lookdown construction [12], as
we shall explain later in the case of so-called Lambda-coalescents, and spatial
information may also be incorporated, see, e.g., [15], Section 1.12.
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3.2. Lambda-coalescents

Pitman [32] and Sagitov [38] introduced and discussed exchangeable coalescents
which allow multiple mergers, i.e., more than just two blocks may merge at a
time. Again, a coalescent with multiple mergers is a P-valued Markov-process
{IIA(t),t > 0}, such that for each n, its restriction to the first n positive integers is a
Pr-valued Markov process with the following transition rates: Whenever there are
b blocks in the partition at present, each k-tuple of blocks (where 2 < k < b < n)
is merging to form a single block at rate Ay, and no other transitions are possible.
The rates Ay do neither depend on n nor on the structure of the blocks. Pitman
showed that in order to be consistent when switching from a subsample of size
b+ 1 to a sub-subsample of size b, that is, for all b,k > 2,b > k,

Abk = Abt1,k + Aot1 k41,

such transition rates must necessarily satisfy

1
1
Mok — / (1 — 2)P = A(da), (3.1)
0 T

for some finite measure A on the unit interval. Note that (3.1) sets up a one-to-one
correspondence between coalescents with multiple collisions and finite measures A.
Indeed, it is easy to see that the A ; determine A since they satisfy the conditions
of Hausdorff’s moment problem, which has a unique solution.

Definition 3.2. For each A € M ([0, 1]), the associated coalescent process {II*(¢)}
is called Lambda-coalescent (resp. A-coalescent).

Note that the family of Lambda-coalescents is rather large, and in particular
cannot be parametrised by a few real variables. Important examples include A = dg
(Kingman’s coalescent) and A = §; (leading to star-shaped genealogies, i.e., one
huge merger into one single block). Later, we will be concerned with an impor-
tant parametric subclasses of A-coalescents, namely the so-called Beta-coalescents,
where A has a Beta(2 — 3, 3)-density for some S € (0, 2]. To avoid trivialities, we
will henceforth assume that A # 0.

Remark 3.3. An important difference between the classical Kingman-coalescent
and coalescents which allow for multiple mergers should be pointed out here.
Roughly speaking, a Kingman coalescent arises as limiting genealogy from a so-
called Cannings population model ([8], [9]), if the individuals produce a number
of offspring that is negligible when compared to the total population size (in par-
ticular, if the variance of the reproduction mechanism converges to a finite limit).
More general coalescents with multiple mergers arise, once the offspring distri-
bution is such that a non-negligible proportion, say « € (0, 1], of the population
alive in the next generation goes back to a single reproduction event from a single
ancestor. In this case, z72A(dx) can be interpreted as the intensity at which we
see such proportions z. Precise conditions on the underlying Cannings-models and
the classification of the corresponding limiting genealogies can be found in [29].
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Definition 3.4. We say that a Lambda-coalescent {IT*(¢)} “comes down from in-
finity”, if for any initial partition IT*(0) in 7, and for all € > 0, the partition IT*(¢)
a.s. consists of finitely many blocks only.

Lemma 3.5 (Schweinsberg [39]). Given A € Mpg([0,1]), the corresponding A-
coalescent comes down from infinity iff

o cither A has an atom at 0, or
o A has no atom at zero and

00 b —1
b
> [Z(k - 1)( ) / * 21— 2)FA(dz)| < . (3.2)
k
b=2 L k=2 [0,1]

Note that if a coalescent comes down from infinity, the time to come down
to only one block has finite expectation.

Examples for coalescents which satisfy (3.2) are Kingman’s coalescent and
the so-called Beta(2 — 3, 3)-coalescents with 5 € (1, 2], where

__ Te
r'2-pA)re)
An important example for a coalescent, which (only just) does not come down

from infinity is the so-called Bolthausen-Sznitman coalescent, where A(dx) = dx
on [0,1]. In the above terminology, it is the Beta-coalescent with 3 = 1.

A(dzx) 2P (1 - 2)P 1 da. (3.3)

3.3. Xi-coalescents

The largest class of exchangeable coalescents are given by the so-called Xi-
coalescents (resp. Z-coalescents), introduced in [40] and [29]. Extending the A-
coalescents, these coalescents do not only include situations in which several lin-
eages coalesce to one lineage at a time, but where even simultaneous multiple
collisions are allowed.

Formally, Schweinsberg [40] showed that any P-valued exchangeable coales-
cent {II¥} is characterized by a finite measure = on the infinite simplex

A= {(=(G,C0..) >G> >0,22,( <1} (3.4)
Throughout the paper, for ¢ € A, the notation |¢| := >°:2, ¢; and ((,¢) = > 1o, (7

will be used for convenience.

Coalescent processes with multiple collisions (A-coalescents) occur if the mea-
sure = is concentrated on the subset of all points ¢ € A satisfying ¢; = 0 for all
1 > 2. The Kingman-coalescent corresponds to the case Z = §g. It is convenient
to decompose the measure = into a ‘Kingman part’ and a ‘simultaneous multiple
collision part’, that is,

E=alo+Z) with a:=ZE({0}) and Z,({0})=0. (3.5)

The transition rates of the Z-coalescent IIZ are given as follows. Suppose there
are currently b blocks. Exactly 22:1 k; blocks collide into r new blocks, each con-
taining k1, ..., k, > 2 original blocks, and s single blocks remain unchanged, such
that the condition 2221 k; +s = b holds. The order of k1, ..., k, does not matter.
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The rate at which the above collision happens is then given as (Schweinsberg [40,
Theorem 2|):

Abiky . kps = lip—1 g, =23

= (1 — e b e Eold)
+/A§(l)(l D7 2 GGGl

i1 Al

(3.6)

Genealogies with simultaneous multiple mergers arise, for example, in populations
undergoing short, but severe bottlenecks: in this case, only “a few” particles (com-
pared to the original population size) survive during the bottleneck. See [6] for
details.

4. More general measure-valued processes

4.1. Generalized Fleming-Viot processes with self-similar motion

Since its introduction, the classical Fleming-Viot process received a great deal of
attention from both geneticists and probabilists. As already pointed out, one rea-
son is that it is the natural limit of a large class of exchangeable population models
with constant size and finite-variance reproduction mechanism, in particular the
so-called Moran-model.

More general limit population processes describing situations where a single
individual may produce a non-negligible fraction of the total population have been
introduced in [13] (see also [1] for a different approach). We call these processes
Lambda-Fleming- Viot processes (resp. A-Fleming-Viot processes). The limits of the
corresponding dual genealogical processes have been classified in [38] and [29] —
see [3] for an overview.

Definition 4.1. Let A € Mp([0,1]). The corresponding Lambda-Fleming-Viot
process is a probability measure-valued Markov process {YtA’A‘”} with paths in
Dio,00)(M1(R?)), whose generator L%« acts on functions F' of the form (2.3) as

n

LM F(p) = (Aati p) [[ (5 0)

i=1 j#i
v i[5 = L6500, a2
Jc{1,...,n} jeJ jeJ k&J
|J]>2
where
An ke = / 2721 —2)"FA(dz), n>k>2, (4.2)
(0,1]
with A a finite measure on [0,1], and where A, = —(—A)®/2 is the fractional

Laplacian of index a € (0, 2].
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Note that in this definition, we also allow more general underlying motion
processes. In fact, for « € (0, 2], the fractional Laplacian of index « is the generator
of a standard symmetric a-stable process in R?, see, e.g., [44], Chapter IX.11, or
[18], Chapter IX.6.

Proposition 4.2. For o € (0,2] the standard symmetric a-stable process {Bt(a)} is
statistically self-similar, that is, for k > 0, its law satisfies the scaling property

(cv)
L(ka;a > 0) — L(B{* t>0). (4.3)

For given A € Mg([0,1]), note that the rates A, from Definition 4.1 pre-
cisely describe the transitions of {II*,¢ > 0}, the A-coalescent from Definition 3.2.
Hence, a A-Fleming-Viot process is dual to a A-coalescent (as shown in [13], pp. 195
and [1]), similar to the duality between the classical Fleming-Viot process and
Kingman’s coalescent established in [11]. Note that Kingman’s coalescent corre-
sponds to the choice A = dy, and we recover (up to the underlying motion) the
generator given in Proposition 2.5. In the notation of Definition 4.1, our classical
Fleming-Viot process is denoted by {¥;} = {¥;*'%}.

4.2. The Beta-Fleming-Viot process

A particularly important subclass of Fleming-Viot processes is given by the so-
called Beta(2 — 3, 3)-Fleming-Viot processes:

Definition 4.3. Assume A is a probability measure on [0, 1] with density

r'(2) _ _

Adz) = ——— 217P1 —2)lde

= re-prp” Y

for some (3 € (0,2]. The corresponding coalescent process is called Beta(2 — 3, 3)-
coalescent, the corresponding dual measure-valued process is called Beta(2— 3, 3)-
Fleming-Viot process or just Beta-Fleming-Viot process if § is known.

4.3. Xi-Fleming-Viot processes

In much the same way as Lambda-coalescents are dual to Lambda-Fleming-Viot
processes, Xi-coalescents are dual to Xi-Fleming-Viot processes. The latter have
been constructed explicitly in [6] and may be described by their generator as
follows:

Definition 4.4. Let Z = ady+ = be a finite measure on the simplex defined in (3.4)
and (3.5). The corresponding Xi-Fleming-Viot process is a probability measure-
valued Markov processes {Y;~2>} with paths in Di,00)(M1(R?)), whose generator
L= A« acts on functions F of the form (2.3) as

L®%F(p) := L*F(p)+ L¥F(p) + L**F(p),
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where
LaéOF(p> = Z |:<¢l¢]a >_ <¢i7 ><¢]a >:| H <¢k7 >7
1<i<j<n
LEOF(p) = (1- 0 ®N (g Eo(dC)
0= [ [ I Ko+ 2 G = F@) a0 2
and finally
LAQF(p> Z A ¢l7 H ¢]ap>a
i=1 i
where, again, A, = —(—A)®/? is the fractional Laplacian of index o € (0,2].

4.4. Infinitely-divisible superprocesses

Let us come back to superprocesses, i.e., measure-valued processes which have the
branching property. So far, we have only dealt with super-Brownian motion, where
the underlying motion is Brownian and the branching mechanism, recalling (2.1)
and (2.2), has Laplace exponent “72 (a so-called stable branching mechanism of
index 2). As for the Fleming-Viot processes, we wish to extend this to a more
general framework, in particular allowing stable underlying motions and more
general branching mechanisms of infinite variance.

Definition 4.5. For Xéj’A“ = [ € Mp(RY) and 8 € (1,2] denote by {X/?} the
so-called (o, d, 3)-superprocess characterized by the Laplace transform

E, [e*<¢’Xf”A“>} — o Jeaui i (4.4)
[

for bounded positive measurable test functions ¢, where (u;) = (uy) solves the
Cauchy initial value problem

{aut A alt — ﬁ(ut)*@ t Z O, (45)

UO:gf).

For a construction of such superprocesses and particle approximations, see,
e.g., [10]. In particular, the (o, d, §)-superprocess can be obtained from a branching
particle system in a similar way as in Section 2.1, under suitable rescaling, where
the branching mechanism has offspring generating function

B(s) = %(1 —s)P+s, s5>0, fe(1,2].

See, e.g., [15] for details. In particular, for 5 € (1, 2), the offspring distribution has
infinite variance.

Fleischmann and Wachtel [20] used super-critical («, d, 3)-superprocesses to
obtain by approximation, letting 0 | 1, a superprocesses with Neveu’s branching
mechanism:
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Definition 4.6 (Neveu superprocess). For Xé’A“ = 1 € Mp(RY), the Neveu
Superprocess { X} } has Laplace transform

E, [efw,xé’%q — ¢~ Jraul dit.

for bounded positive measurable test functions ¢, where (u;) = (u) solves the
Cauchy initial value problem

Our = Aqur — uglogug, t >0,
Uug = (;5

The (o, d, B)-superprocesses for o € (0,2], 5 € [1,2] will be the most general
class of superprocesses that we will be concerned with in this article, since it has
interesting relations with the Beta-Fleming-Viot processes, as we will see below.
For superprocesses with general branching mechanisms (usually denoted by ¥),
see, e.g., [10].

4.5. The relation between the two classes of measure-valued process

The close relation between the approximating particle systems presented in Sec-
tion 2 suggests a close connection of the limiting processes. This is not entirely
obvious from the generator resp. Laplace transform characterizations. However, for
the classical measure-valued processes, this connection has already been clarified
in the early nineties. To simplify the exposition, we will for a moment suppress
the underlying motion processes of our superprocesses.

Let {Y;} = {¥ "} be the classical Fleming-Viot process, where the under-
lying motion of the particles is constant, i.e., the measure-valued process with
generator

L2F(p) = Y [(6ids.0) = (60 0)(05.0)] [T (0n.0),

1<i<j<n ki,j
and similarly, let {X;} = {X?*} be the classical Dawson-Watanabe process with
constant underlying motion.
Consider the ratio process
Define a time change by

Xt

i,y Which is well defined as long as (1,X:) > 0.

t 9 » .
T; ./0 X0 ds, T '(t):=inf{s:Ts > t}.
Generalizing a result of [16], Perkins [31] proved that, conditioned on the total
population size process {(1, X;),¢ > 0}, the time-changed ratio process agrees in
law with the classical Fleming-Viot process, i.e.,

ﬂ d
{<1,XT1(t)>’t 2 0} < {vi,t>0}.

If we would consider underlying motions, then this result would give equality in
law with a Fleming-Viot process with time-inhomogeneous underlying Brownian
motion.
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It is a natural question to ask whether such a close relationship also holds for
more general Fleming-Viot and superprocesses. It has been treated in the works
[13], [22] and [5]. In [5], a complete answer is given:

Theorem 4.1. The ratio process of a general superprocess can be time-changed with
an additive functional of its total mass process to obtain a Markov process, iff the
branching mechanism is continuous [3-stable.

In particular, for 5 € [1, 2], zf{XtB*} is the superprocess with (3-stable branch-
ing (with constant underlying motion) and {Yt’a*} is the Beta(2 — 3, 3)-Fleming-
Viot process (with constant underlying motion), then, defining

t
T, ;:/ (1, X8 P ds,  T7Y(t) :=inf{s: Ty > t}, (4.6)
0

we have

X?i(t) d 8
{ﬁ*,t > 0} ={y/",t>0}.
(1, X775(2))

When there are underlying motions involved, the result yields equality in
law with a Fleming-Viot process with time-inhomogeneous underlying motions.
However, note that for 8 = 1, the time-change becomes trivial. Hence, we obtain

Proposition 4.7. The normalized Neveu superprocess is a Beta(1,1)-Fleming-Viot
process, i.e., for a € (0,2],

x 1A J
{tmat Z 0} < v 8 e >0
<17 Xt ’ a)
Note that this implies the well-known fact that the critical Neveu branching
process does not die out in finite time.

5. Donnelly and Kurtz’ lookdown construction

5.1. A countable representation for the A-Fleming-Viot process

Donnelly and Kurtz’ lookdown construction exploits the exchangeability of the
approximating particle systems of our measure-valued processes in order to con-
struct the limiting object a.s. via de Finetti’s theorem. To this end, one needs to
construct the approximating empirical measure on the same probability space.

We consider a countably infinite system of individuals, each particle being
identified by a level j € N. We equip the levels with types ¢ in R?, j € N. Initially,
we require the types £y = (&))jen to be an i.i.d. vector (in particular exchangeable),
so that

1 N
NN Z} Ogy =
=
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for some finite measure g € M;(R?), which will be the initial condition of the
generalized Fleming-Viot process constructed below via (5.6). The point is that
the construction will preserve exchangeability.

There are two “sets of ingredients” for the reproduction mechanism of these
particles, one corresponding to the “finite variance” part A({0}), and the other
to the “extreme reproductive events” described by Ag = A — A({0})do. Restricted
to the first N levels, the dynamics is that of a very particular permutation of a
generalized Moran model with the property that the particle with the highest level
is always the next to die.

For the first part, let {L;;(¢),t > 0}, 1 <i < j < 00, be independent Poisson
processes with rate A({0}). Intuitively, at jump times of L;;, the particle at level
7 “looks down” to level ¢ and copies the type from there, corresponding to a single
birth event in a(n approximating) Moran model. Let AL;;(t) = L;;(t) — L;;(t—).
At jump times, types on levels above j are shifted accordingly, in formulas

¢, if k<,
=1 &, ifk=j (5.1)
k>,

if AL;;(t) = 1. This mechanism is well defined because for each k, there are only
finitely many processes L;;, ¢ < j < k at whose jump times £* has to be modified.
For the second part, which corresponds to multiple birth events, let n be a
Poisson point process on R* x (0, 1] x [0, 1]N with intensity measure dt®@r~2Aq(dr)®
(du)®N. Note that for almost all realizations { (£, i, (ui5))} of n, we have

> yl<oo forallt>0. (5.2)
1:t; <t
The jump times ¢; in our point configuration n correspond to reproduction events.
Define for J C {L...J} with |J| > 2,

Ll Z H 1{u1]<y1 H l{uij>yz‘}' (5.3)

it <t jeJ Je{l,..,1}—J

L'.(t) counts how many times, among the levels in {1,...,1}, exactly those in J
were involved in a birth event up to time t. Note that for any configuration n
satisfying (5.2), since |J| > 2, we have

]E[L ‘n|0t]><(01><[01 Z yIJI .)l*|J| < Z yi2<oo7

it <t it <t

so that L} (t) is a.s. finite.

Intuitively, at a jump ¢;, each level performs a “uniform coin toss”, and all
the levels j with u;; < y; participate in this birth event. Each participating level
adopts the type of the smallest level involved. All the other individuals are shifted
upwards accordingly, keeping their original order with respect to their levels (see
Figure 1). More formally, if ¢ = ¢, is a jump time and j is the smallest level
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new particle

atlevel 6 =~ e
post=birth types post—birth labels
g - 9
pre—birth labels pre—birth types 7 : 3
7 g 7 ’ R 7 € ' 7
6 £ 7 b 6
5 ’ = d 5
4 d - = c 4
3 c 7 b 3
Y
2 b ----= b = 2
1 a ~~--> a 1

new particle
at level 3

FIGURE 1. Relabeling after a birth event involving levels 2, 3 and 6.

involved, i.e., u;; < y; and ug, > y; for k < j, we put

¢k, fork<j,

eh={ &, fork>jwithuy <y (5.4)
k—Jk :
. ', otherwise,

where JF = #{m < k : wi < y;} — 1. Let us define G = (Gu.v)u<v, Where for
u< v

gu,v :U{Llj(t) - Lij(s)au <s S t S U7i7j S N}
Vo{n([s,t) x Ax B),u<s<t<v,AC(0,1],Bc [0,1]"} (5.5)

is the g-algebra describing all “genealogical events” between times w and v.

So far, we have only treated the reproductive mechanism of the particle sys-
tem. In between reproduction events, all the levels follow independent a-stable
motions. For a rigorous formulation, all three mechanisms together can be cast into
a suitable countable system of stochastic differential equations driven by Poisson
processes and a-stable processes, see [13], Section 6.

Then, for each t > 0, (&},£2,...) is an exchangeable random vector and

N
1
Z; = lim Nz%j, t>0 (5.6)
j=1

N—o0

exists almost surely on Dy oo)(M1(R?)), and {Z;, ¢ > 0} is the Markov process
with generator (4.1) and initial condition Zy = pu, see [13], Theorem 3.2.
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5.2. Pathwise embedding of A-coalescents in A-Fleming-Viot processes

Note that for each ¢t > 0 and s < t, the modified lookdown construction encodes
the ancestral partition of the levels at time ¢ with respect to the ancestors at time
s before t via

N(s) = level of level i’s ancestor at time t — s.

For fixed ¢, the vector-valued process {N/(s) : i € N}o<s<¢ satisfies an “obvious”
system of Poisson-process driven stochastic differential equations, see [13], p. 195,
(note that we have indulged in a time re-parametrisation), and the partition-valued
process defined by

{{i:Nit(s):j},j:1,2,...}ogsgt (5.7)
is a standard A-coalescent with time interval [0,¢]. This implies in particular by
Kingman’s theory of exchangeable partitions (see [23], or, e.g., [34] for an intro-
duction), that the empirical family sizes

Ly
Aj(s) = lim = Lovi=) (5-8)
i=1

exist a.s. in [0, 1] for each j and s < ¢, describing the relative frequency at time ¢
of descendants of the particle at level j at time t — s.

5.3. Lookdown-constructions for the classical- and the =-Fleming-Viot process

In the preceding section, we provided a brief description of the (modified) look-
down construction for Lambda-Fleming-Viot processes. In an earlier paper [12],
Donnelly and Kurtz already provided an (unmodified) lookdown construction for
the classical Fleming-Viot process. The above construction can be extended to far
more general measure-valued processes, even including interaction between parti-
cles. See [15] for an introduction. Finally, a recent detailed extension of this method
to Xi-Fleming-Viot processes has been given in [6]

6. Application: Measure-valued processes as wandering and
flickering random measures

6.1. Dawson and Hochberg’s wandering random measures

Dawson and Hochberg [11] demonstrated that the classical Fleming-Viot process
performs a “wandering”, but “coherent” motion that, appropriately rescaled, ap-
proaches Brownian motion.

Definition 6.1 (Coherent wandering random measure). Let {Z;} be a measure-
valued process on Djg o)(M1(R?)). The process is called a coherent wandering
random measure, if there is a “centering process” {z(t),t > 0} with values in R¢
and for each € > 0 a real-valued stationary “radius process” {R.(t),t > 0} and an
a.s. finite Ty, such that

Zi(Boy(Re(t))) =1 —¢ fort>Ty as., (6.1)
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where B,(r) is the closed ball of radius 7 around = € R?. Moreover, if one may
choose £ = 0 in (6.1), the process is called compactly coherent. If the process is not
coherent, it is called dissipative.

One natural choice for {z(¢),¢ > 0} is the “center of mass process” z(t) =
[z Zi(dz). With this process, one obtains easily the following proposition as an
obvious extension of the proof of Theorem 7.2 in [11]:

Proposition 6.2. The “semi-classical” Fleming-Viot process {Ytéo’A“} s a coherent

wandering random measure. Further, for a = 2, the classical Fleming-Viot process
00,7 :

{Y 7} is a compactly coherent wandering random measure.

In the context of the lookdown construction, often a more convenient choice
for the centering process is z(t) = £}, the location of the so-called “level-1 particle”
(see Section 5). The following simple result can be found in [4].

Proposition 6.3. Let {YtA’A‘”} be realized with the help of the lookdown construc-
tion. Then, if one chooses the position of the “level-1” particle as centering process,
{YtA’A‘”} 15 a coherent wandering random measure.

If the process {YtA’A“} has the compact support property, this will also yield
compact coherence, i.e., one can choose € = 0 in (6.1), see [11, Theorem 7.1]. We
will turn to the support properties of the generalized Fleming-Viot properties in
the next section.

6.2. Longterm-scaling for self-similar motion mechanisms

The long-time behaviour of a generalized Fleming-Viot process is governed by the
interplay between motion and resampling mechanism. If the underlying motion is
statistically self-similar, as in the case of a stable Lévy-process of index «, then
one may attempt to capture this via a suitable space-time rescaling.

Definition 6.4. Let A € Mp([0,1]) and define the time-space rescaled process
(VM2 [k], > 0} via

(0. Y5 [K]) o= (0 /KY*), Yy &), (6.2)
for ¢ € bB(RY) and t > 0.

Recall that for a € (0,2] we let B(®) = {Bt(a)} be the standard symmetric
stable process of index «, starting from Béa) = 0.

Proposition 6.5 (Scaling). Fiz ;1 € M;(R?) as the initial condition of the un-scaled
process {YtA’A“}. Then due to the statistical self-similarity (4.3) of the underlying
motion process, for each k, the process {Yt(k),t > 0}, defined by

v =yt ez, (6.3)

starting from the image measure of u under x — at/k:l/”‘, has the same distribution
as {Y/M22[k], t > 0} defined in (6.2).
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It will be convenient to work in the following with a version of Y %) which
is obtained from a lookdown construction with “parameter” kA, in particular, we
have

N
®) — Jim L ,

n— oo £
=1

Note that the family ¢%, i € N, used to construct Y*), depends (implicitly) on k&,
but for the sake of readability, we suppress this in our notation.

With these definitions, one readily expects the following convergence of finite-
dimensional distributions (f.d.d.) to hold, which is shown in [4].

Proposition 6.6 (Longterm-scaling). For each finite collection of time-points 0 <
t1 < - < tn, we have

(V2o K] Y2 k) = (O Op@)  as koo (6.4)

B

Note that for the classical {Y°®,¢ > 0}, this is essentially Theorem 8.1
n [11]. Combining Proposition 4.7 and Proposition 6.5, we recover Part (a) of
Theorem 1 in [20].

In addition to f.d.d.-convergence, Part (b) of of Theorem 1 in [20] provides
weak convergence on Dig, o) (M (R9)) if the underlying motion of the spatial Neveu
process is Brownian. However, the question whether this holds in general seems to
be inaccessible to the Laplace-transform and moment-based methods of [20], and
therefore had been left open. Rather surprisingly, in [4] it is shown that pathwise
convergence does not hold if @ < 2, and that, with the help of Donnelly and Kurtz’
modified lookdown construction ([13]), it is possible to understand explicitly “what
goes wrong” in terms of “sparks” and of a family of “flickering random measures”.

To complete the picture, we cite again [4] to provide the full classification of
the scaling behaviour of generalized a-stable Fleming-Viot processes.

Theorem 6.1 (Convergence on path space). Under the above conditions, (6.4) holds
weakly on Dy ooy (M1(R)) if and only if o = 2.

6.3. Sparks and flickering random measures

The following terminology is taken from [4].

Definition 6.7 (Sparks). Consider a path w = {w¢,t > 0} in Djg o0)(M1(R%)). We
say that w exhibits an e-§-spark (on the interval [0,T]) if there exist time points
0<t1<t2<t3§Tsuchthatt37t1§5

dpty (wiy,wey) <&, dagy (Wi, wt,) > 26 and  dpg, (wey, wiy) > 2€, (6.5)

where d, denotes some suitable metric inducing weak convergence on M (R?).
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Definition 6.8 (Flickering random measures). Let {Z[k],k € N} be a family of
measure-valued processes on Dig o) (M1(R?)). If there exists an ¢ > 0 and a
sequence 0 | 0, such that

lim inf P{ Z[k] exhibits an e-6;-spark in [0, T]} > 0,

k—oo

then we say that {Z[k], k € N} is a family of “flickering random measures”.

The space-time scaling family of many generalized Fleming-Viot processes
satisfies this definition, as is shown in [4]:

Lemma 6.9 (Generalized Fleming-Viot processes as flickering random measures).
If o < 2 and A((0,1]) > 0, there exists € > 0 such that

likrn inf P{Y2< k] exhibits an e-(1/k)-spark in (0,77} > 0.
Hence, the scaling family {Y2e[k],k > 1} is a family of “flickering random
measures” with d = 1/k,k € N.

Intuitive picture: The behaviour of {Y 2« [k]}, leading to an e—(1/k)-spark
described by condition (6.5) arises in the lookdown-framework as follows: At time
t1, suppose that YA2«[k] is (almost) concentrated in a small ball with (random)
center x, say. At time t9, suddenly a fraction € of the total mass appears in a
remote ball with center y, and vanishes almost instantaneously, i.e., by time t3.
This happens precisely when, due to the stable motion, a particle with a level
higher than 1 jumps to the remote position y and almost instantaneously gives
birth to a positive fraction of the population (which happens if it is the lowest
particle involved in a birth event). At this time, the spark appears. However, it
typically fades away almost instantaneously, since the following birth events are
more likely to involve lower levels, which typically are still based inside in the small
ball with center x, say at time t3.

This behaviour leads to the fact that the modulus of continuity w’(-,d,T") of
the processes Y42« [k], does not become small as § — 0, contradicting relative
compactness of distributions on D[om)(/\/ll(]Rd)). Intuitively, at each infinitesimal
“spark”, a limiting process is neither left- nor right-continuous. One should also
note that such “sparks” typically appear at a dense set of time-points. For details,
see [4].

The situation is different if A = ¢dg for some ¢ > 0 and « < 2. Here, each
y¢do-Ba[k] a.s. has continuous paths, so that any limit in Skorohod’s .J;-topology
would necessarily have continuous paths. However, the f.d.d. limit {¢ 4 ,t > 0}
has no continuous modification. Intuitively, there is no “flickering”, but 'an “after-
glow” effect: From time to time, the very fertile level-1 particle jumps some long
distance, and then founds a large family, so that the population quickly becomes
essentially a Dirac measure at this point, while at the same time the rest of the
population (continuously) “fades away”.
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7. Remarks on the properties of the support
of Beta-Fleming-Viot processes

Although much is known about the support of the (2, d, 3)-superprocess, and in
particular the classical Dawson-Watanabe process (which is an interesting fractal
in dimensions d > 2, see, e.g., [30], [10], [14], [33], [7], and the references therein),
this does not seem to be the case for the closely related Beta(2 — 3, 3)-Fleming-
Viot process with underlying Brownian motion, and certainly not for even more
general Fleming-Viot processes.

One of the reasons is that Fleming-Viot processes (other than the exceptional
case of the normalized Neveu superprocess, cf. Proposition 4.7) are not infinitely
divisible and therefore do not allow a simple decomposition into independent clus-
ters.

In [11], Dawson and Hochberg show that that for fixed times the support
of the Fleming-Viot process in dimension d has Hausdorff dimension not greater
than two. More than a decade later, Reimers [36] proves that the Fleming-Viot
process is supported for all times on a random set of Hausdorff dimension at most
two, using non-standard techniques.

To overcome the technical obstacles preventing stronger results, we suggest
to use the results developed in Section 4 and Section 5, and in particular Theo-
rem 4.1, to gain information about the support of the Beta-Fleming-Viot process
from known results about the corresponding (2, d, 5)-superprocesses. In particular,
bounds on the behaviour of the time change (4.6) will be required. Note that also
Snake techniques, developed, e.g., in [25] and [26], may be applied, where now
the underlying motion needs to be assumed to be time-inhomogeneous, i.e., time-
changed according to (4.6).

We conclude with a quick result on the non-compactness of the support of
the Beta(1, 1)-Fleming-Viot process:

Proposition 7.1. The support of the Beta(1,1)-Fleming-Viot process (with under-
lying Brownian motion) propagates instantaneously throughout R, i.e., for each
time t > 0

supp (Ytl’A) =R?  as.

This follows immediately from Proposition 4.7 and the fact that the Neveu
superprocess propagates instantaneously in R? even if the underlying motion is
Brownian, see [19, Proposition 14]. Further details may be found in [37].

The lookdown-construction and the duality to the Bolthausen-Sznitman coa-
lescent provide an intuitive explanation for this. In fact, a large class of generalized
Fleming-Viot processes does not have the compact support property even if the
underlying motion is Brownian and the initial state has compact support. Recall
Definition 3.4. The following observation can be found in [4].

Proposition 7.2. Let A € Mp([0,1]) and let {12} be the corresponding A-
coalescent. If {TI}} does not come down from infinity, then, for each t >0,

supp (YtA’A) =R? a.s.
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This can be understood easily: If A-coalescent does not come down from in-
finity (a necessary and sufficient condition for this can be found in [39]), it either
has a positive fraction of singleton classes (so-called “dust”), or countably many
families with strictly positive asymptotic mass adding up to one (so-called “proper
frequencies”), cf. [32], Lemma 25. Using the pathwise embedding of the standard
A-coalescent in the Fleming-Viot process provided by the modified lookdown con-
struction (see (5.7) above) we see that in the first case, the positive fraction of
singletons contributes an a-heat flow component to YtA’A‘”7 whereas in the lat-
ter case there are infinitely many independent families of strictly positive mass,
so that by the Borel-Cantelli Lemma any given open ball in R? will be charged
almost surely.
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Random Maps and Their Scaling Limits

Grégory Miermont

Abstract. We review some aspects of scaling limits of random planar maps,
which can be considered as a model of a continuous random surface, and
have driven much interest in the recent years. As a start, we will treat in a
relatively detailed fashion the well-known convergence of uniform plane trees
to the Brownian Continuum Random Tree. We will put a special emphasis
on the fractal properties of the random metric spaces that are involved, by
giving a detailed proof of the calculation of the Hausdorff dimension of the
scaling limits.
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Keywords. Random maps, random trees, scaling limits, Brownian CRT, ran-
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1. Introduction

A planar map is an embedding of a finite, connected graph (loops and multi-
ple edges are allowed) into the 2-dimensional sphere. A planar map determines
faces, which are the connected components of the complementary of the union
of edges. The set of edges, vertices, and faces of the map m are denoted by
E(m),V(m), F(m). The Euler Formula asserts that

#V(m) — #E(m) + #F(m) = 2. (1.1)

A map is said to be rooted if one of its oriented edges, called the root edge, is
distinguished. The origin of the root edge is called the root vertex. Two (rooted)
maps are systematically identified if there exists an orientation-preserving home-
omorphism of the sphere that corresponds the two embedded graphs (and the
roots). With these identifications, maps are combinatorial objects, which can be
understood as the non-equivalent ways of gluing by pairs the edges of a finite set
of polygons, so that the resulting surface is the sphere. See [50, Chapter 3] for
a detailed discussion. The number of edges of a polygon is called the degree of
the corresponding face in the map: it is the number of edges incident to the face,
where edges incident to only one face are counted twice (once for each orientation).
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FIGURE 1. A rooted planar map with faces of degrees 1,3,4,7

Familiar examples of maps are triangulations, where all faces have degree 3, and
quadrangulations, where faces have degree 4.

The theory of (planar) maps takes its roots in graph theory, with the 4-color
theorem, and has developed considerably in other branches of mathematics. Tutte
[54] founded the combinatorial study of planar maps by developing methods to
solve the equations satisfied by the associated generating functions. It was then
noticed by theoretical physicists, starting from ’t Hooft [32] and Brézin, Parisi,
Ttzykson and Zuber [16], that the generating functions of maps can be interpreted
as certain matrix integrals. This initiated an extremely abundant literature on
(colored) graph enumeration, and has deep connections with statistical physics,
representation theory and algebraic geometry, see the book by Lando and Zvonkin
[35] and the recent article [30].

In the last few years, there has been also a growing interest in understanding
the geometric structure of a randomly chosen map. This was partly motivated by
the so-called 2-dimensional quantum gravity theory arising in theoretical physics,
in which ill-defined measures over spaces of surfaces are considered. There are
several attempts to make such theories mathematically rigorous. One of them,
called Liouville theory, is to extend the language of Riemannian geometry to (very
irregular) random fields, see for instance [24] for motivation. It is however not
understood at present how to obtain well-defined random metric spaces with this
approach.

Another approach [5, 4] is to consider discrete versions of surfaces, a role
that is naturally performed by maps, and to take scaling limits. Scaling limits are
relatively common when dealing with combinatorial aspects of probability theory:
one chooses an object at random inside a class of discrete objects, and as the size
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of the object grows, the latter approaches, once suitably normalized, a continuous
structure. The most familiar situation is to consider the Wiener measure, i.e., the
law of Brownian motion, as the scaling limit of the law of the simple random
walk. This legitimates viewing the Wiener measure as the “uniform measure over
continuous paths”. The latter has a universal character, in the sense that any
centered random walk whose i.i.d. steps have a finite variance also admit Brownian
motion as a scaling limit, according to the Donsker invariance principle. Another
well-known study of scaling limits of discrete structures is that of random trees,
for instance uniform random plane trees, which are known to converge to Aldous’
Brownian Continuum Random Tree (CRT) [1, 2, 3]. In turn, this is a universal
limit for many models of trees, e.g., arising from branching processes.

One can attempt to follow the same approach for maps: consider a large ran-
dom planar map, say with uniform distribution among the set of quadrangulations
of the sphere with n faces, and endow the set of its vertices with the graph dis-
tance. This means that the distance between two vertices is the minimal number
of edges needed to link them. This yields a random, finite metric space. As the
number of faces grows larger, the typical distances in the map are expected to
grow like a power of n, which turns out to be n'/* as we will see below (Theorem
4.1). Therefore, one tries to understand the limiting behavior of the map where
graph distances are all multiplied by n~'/%. In some sense, it is expected that
these random metric spaces converge to a limiting random surface, the so-called
Brownian map.

This last approach turns out to be mathematically tractable thanks to power-
ful bijective encodings of maps, initiated by Schaeffer [52], and taking their roots in
the work of Cori and Vauquelin [22] and Arques [8]. With this method, the (hard)
study of maps is amenable to the (simpler) study of certain decorated trees, in
such a way that crucial geometric information of the maps, like graph distances
between vertices, are encoded in a convenient way in the underlying tree struc-
ture. The extensive study of random trees in the probabilistic literature allows to
understand in a detailed way the structure of large random planar maps.

This line of reasoning was first explored by Chassaing and Schaeffer [21].
This was pursued by Marckert and Mokkadem [43], who introduced a natural
scaling limit for random quadrangulations, while Marckert, Miermont and Weill
[42, 55, 46, 49] studied the universal aspects of these results, building on the
powerful generalization of Schaeffer’s bijection due to Bouttier, Di Francesco and
Guitter [13]. In two important papers, Le Gall [38] and Le Gall and Paulin [39]
studied in detail the fractal and topological structure of the scaling limits of ran-
dom quadrangulations (and more generally 2x-angulations). Further properties on
the geodesics in the limit are known [45, 40]. Hence, at present, there is a relatively
good understanding of the problem of scaling limits of planar (and non-planar)
maps, even though many open questions remain, the most important (Conjecture
4.5) being a problem of identification of the limiting space. More precisely, the
best that can be shown at present is, using a relative compactness argument, that
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scaling limits exist up to taking extractions, and the properties that are known up
to now are valid for any scaling limit. The question of uniqueness for the scaling
limit appears in Schramm [53].

In the present survey, we will introduce some of the basic and more elaborate
results in this vein, focusing essentially on the particular case of random uniform
quadrangulations of the sphere with n faces. It turns out to be the simplest model
that can be shown to converge, up to extraction, to a limiting continuous struc-
ture. Like Brownian motion, these “Brownian map” limits have a singular, fractal
structure, and we will put a special emphasis on the derivation of the Hausdorff
dimension.

We also mention that a related, but different approach of random maps exists
in the literature. One can also consider local limits, in which the convergence of
arbitrary large but finite neighborhoods of the root of a large random planar
map is studied. Here, the lengths are not normalized, and neighboring vertices
remain at distance 1, so that the objects arising in the limit are still discrete
(but infinite) structures. These infinite limiting random graphs have driven much
interest [7, 6, 20, 34]. However, we will not cover this approach here.

The rest of the paper is organized as follows. Section 2 gathers the combi-
natorial tools that are required in the study of quadrangulations, and we give a
detailed construction of the Schaeffer bijection. In Section 3, we will focus on the
scaling limits of labeled trees, which are the key tools to understand scaling limits
of quadrangulations. In Section 4, we discuss the construction of the scaling limits
of random quadrangulations, discuss some of its most important properties and
give a detailed computation of the Hausdorff dimension. Finally, Section 5 gathers
developments on more general situations (more general families of maps, higher
genera), some recent results, and open questions.

2. Coding quadrangulations with trees

2.1. Notations
Let

u=|JnN,
n>0

where N = {1,2,...} and N° = {&} by convention. We denote by u = u; ...u, a
word in N™ and call |u| = n the height of u. The concatenation of the words u, v is
denoted by uv = uq ... upv1 ... v)y. We say that u is a prefix of v, if there exists
w such that v = uw. For u # &, the maximal strict prefix of u is called the parent
of u. For w,v € U, the common prefix of u,v with maximal length is denoted by
u A v, and called the most recent common ancestor to u, v.

A rooted plane tree is a finite subset t of U such that

e Uct
e if u € t and u # @, then the parent of u isin t
e if yu € t and i > 1 is such that ui € t, then uj € t for every 1 < j <.
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FIGURE 2. The rooted plane tree {@,1,11,2,21,211, 22,23}

The elements of t are called vertices. The maximal ¢ > 1 such that ui € t is called
the number of children of u, and denoted by ¢, (t) > 0. The word & is called the
root vertex of t. We let T, be the set of rooted plane trees with n + 1 vertices.

If a rooted plane tree t € T,,,n > 1 is given, one can turn it into a planar
map by drawing edges between each u € t and its children, so that the edges
between u and ul, ..., uc,(t) appear in this order when turning clockwise around
u, and are followed by the edge between u and its parent whenever v # &. This
embedding is naturally rooted at the oriented edge pointing from & to 1, and
yields a rooted planar map with one face by the Jordan Curve Theorem, since the
underlying graph is connected and has no loops. These two points of view turn out
to be equivalent, so that we will also refer to T, as the set of trees with n edges.
This is summed up in Figure 2.

A labeled plane tree (with n edges) is a pair of the form (t,¢), where t € T,
and / is a labeling function defined on the set of vertices of t, with values in Z,
and such that £(@) = 0 and |[¢(u) — £(ui)| < 1 whenever u € t and 1 < i < ¢,(t).
Let T,, be the set of labeled plane trees with n edges. The cardinality of this set
equals

" n 1 2n
|Tn|_3|Tn|_3n+1<n>. (2.1)

Indeed, since ¢(@) = 0 is fixed, choosing a labeling for the tree t is equivalent to
choosing the increments of £ along the n edges of t, i.e., the quantities £(ui)—£(u) €
{—1,0,1}, where u € t is a vertex of t and 1 < i < ¢, (t).

2.2. The Schaeffer bijection

With every labeled tree (t, ), we want to associate a planar quadrangulation. To
this end, we introduce the so-called contour exploration of t. Let ©(0) = & be the
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root vertex of t, and given ¢(0),...,¢(7) have been constructed, let ¢(i + 1) be
the first child of ¢(¢) that does not belong to {¢(0),...,¢(7)}, if any, otherwise,
(i + 1) is the parent of (7). At step ¢ = 2n, all vertices have been visited and
©(2n) = @. To see this, note that the oriented edges e; pointing from (i) to
o(i+1), for 0 < i < 2n—1, are an enumeration of the 2n oriented edges of t. They
form a path that “wraps around” t in clockwise order, starting from the root. It
is convenient to extend the sequence (¢(i),0 < i < 2n) by periodicity, by letting
(i) = (i — 2n) whenever i > 2n.

Take a particular planar representation of the tree t, as in Figure 3, and add
an extra vertex v,, not belonging to the union of edges of t. This extra vertex is
assigned label £(v,) = mingeg £(u) — 1.

Now, for every ¢ such that 0 <7 < 2n — 1, we let

s(i) = inf{j = i : £(p(j)) = €(p(i)) — 1} € Zy U {oo},

and call it the successor of i. Similarly, ¢(s(7)) is called a successor of the vertex
©(i). For every 0 < i < 2n — 1, we then draw an arch, i.e., an edge between ¢(7)
and the successor ¢(s(4)), where by convention, ¢(co) = v,. Note that the number
of arches drawn from a particular vertex equals the number of times when this
vertex is visited in the contour exploration, which equals its degree.

We claim that it is possible to draw the arches in such a way that they do not
cross other arches nor edges of t, i.e., such that the resulting graph is a map. When
we delete the interior of the edges of t, it holds that the resulting embedded graph
q is still a map, and in fact, a quadrangulation. We adopt a rooting convention for
this map, as follows. Choose € € {—1,1}, and consider the arch between @ = (0)
and ¢(s(0)). If € = 1, the root is chosen to be this arch, oriented from ¢(0) to
©(s(0)), and if € = —1, we choose the reverse orientation. See Figure 3 for a
summary of the construction.

We are now able to state the key combinatorial result. Let Q,, be the set of
rooted planar quadrangulations with n faces. Let Q be the set of pairs (q,vs),
where q € Q,, and v, € V(q) is a distinguished vertex.

Theorem 2.1. The previous construction yields a bijection between the set QJ, and
the set T,, x {—1,1}. This construction identifies vertices of t with vertices of q
different from vy, in such a way that for every v € t,

dq(v,v) =£(v) — L(vs) = £(v) — meiglf(u) -1, (2.2)
where dq is the graph distance on V(q).

See Figure 3 for an example. The identification of vertices of q distinct from
v, and the vertices of the labeled tree associated with q is crucial, and will be
systematic in the sequel. Note that the previous theorem admits as a simple corol-
lary the computations of the cardinality of Q,,. First note that for every rooted
quadrangulation q € Q,, it holds that #V(q) = n + 2, by applying the Euler
Formula. Now, each choice of one vertex v, among the n + 2 possible yields a
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FIGURE 3. A labeled plane tree with the five first steps of the contour
exploration and the associated planar quadrangulation with a distin-
guished vertex v, (and with the two possible rooting choices)

different element of Q7 , so combining with (2.1) yields

2 3" [(2n
#Qn = n+2n+l(n>'

Note that the factor 2 appearing in the first term of this formula is due to the
choice of € in the construction. This kind of simple enumeration formula is what
initially led Cori and Vauquelin [22] on the path of finding bijection between maps
and labeled trees.

3. The scaling limit of labeled trees

The Schaeffer bijection leads us to consider the behavior of a uniform element of
T,, as n gets large. We will study this problem with some detail, both because it
will be crucial for the sequel, but also because it is a simple example of a derivation
of a scaling limit for a random combinatorial structure, which can be seen as a
sort of warm-up for the study of maps.

3.1. The Brownian CRT

To begin with, we study random trees without the labels. Let T;, be a random
variable with uniform distribution in T,,. It is a well-known fact that the typical
distances between vertices of this tree are of order n'/2. We want to rescale these
distances by this factor and let n go to co.
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3.1.1. Convergence of the contour process. Introduce the contour process (C¢ (%),
0 <i<2n)ofteT,, defined by

Ce(i) = lp()],

the height of ¢(i), where as before ©(i),i > 0 is the contour exploration of t (so
that ©(0) = ¢(2n) = @ is the root vertex). The contour process Ct is extended to a
continuous function on the segment [0, 2n] by linear interpolation between integer
times. This yields a piecewise linear function, also known as Harris encoding of
the tree t. Conversely, any non-negative walk (C(4),0 < ¢ < 2n) of duration 2n,
taking only +1 steps, and satisfying C(0) = C'(2n) = 0, is the contour process of
a uniquely defined element of t.

Consequently, when T, is a random variable uniformly distributed in T,,, its
contour process is a simple random walk with duration 2n, conditioned to remain
non-negative and to end at 0. A generalization of the Donsker invariance principle,
due to Kaigh [33] shows that

1
<—C’Tn(2ns)70§5§1> D, (e, 0<s<1), (3.1)

V2n n—co

in distribution for the uniform topology on the space C([0, 1]) of real-valued con-
tinuous functions defined on [0, 1], and where the limit is the so-called normalized
Brownian excursion, which can be understood as an excursion away from 0 of
the standard Brownian motion, conditioned to have duration 1. It can be easily
defined, by scaling properties of Brownian motion, as a rescaled version of the
excursion of a Brownian motion straddling 1 [51]. If (Bs,s > 0) is a standard
one-dimensional Brownian motion, and

g=sup{s <1:B, =0}, d=1inf{s >1: B; =0},
then the process @ has same distribution as

Bu—gsral ooy (3.2)
d—g

In terms of trees, the interpretation of (3.1) is that the process of heights in
the tree, for a particle wrapping around 7, and starting from the root, converges
once rescaled properly (the distances being divided by v/2n) towards the contour
process of a limiting structure, called the Brownian CRT [3]. The correct way to
view & as the contour process of a tree structure is to view trees as metric spaces.
Let us step back to the discrete contour process once again. Fix 0 < 7,57 < 2n,
let u = ¢(i),v = ¢(j). It is then a simple exercise to check that the height of the
most recent common ancestor u A v is equal to min; s j<k<iv; Ct(k), moreover, any
k € [iNj,1Vj] attaining this minimum is such that p(k) = uAv. As a consequence,
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we have a simple formula for the graph distance dy between vertices of t:

di(u,v) = u|+ |v] = 2luAv]
= G +G() -2 min  Ci(k)
= dy(i,]).

In the latter formula, the function df is not a distance, because it is possible to
find i # j such that df(i,j) = 0. However, it is a semi-metric, i.e., it is non-
negative, symmetric, null on the diagonal, and satisfies the triangular inequality.
The quotient space obtained by identifying points at distance 0 is isometric to
(t,dy).

The advantage of this point of view is that it translates verbatim to a contin-
uous setting. In view of (3.1) and the previous discussion, it is natural to define a
“distance function” d2 on [0,1] by letting

dg(s,t) =e;+e,—2 inf  e,.
sAt<u<sVt
This function is the limit of the distance function d%n in the following sense. First,
we extend the distance dY to [0,2n] by the formula

di(s,t) = ([s]—s)([t] = O)d(s], [t]) + ([s] — s)(t — [t])dg(Ls], [t]) (3.3)
+(s = [s)([t] = O)d([s], [t]) + (s — [s])(t — [t])de([s1, []),
where by definition |z] = sup{k € Z, : k < z}, and [z] = |z| + 1. It is easy

to check that dY defines a semi-metric on [0,2n]%. Moreover, as a consequence of
(3.1),

d9. (2ns,2nt
(BEEED) O wenossisy, G4
n 0<s,t<1 T

in distribution for the uniform topology on C([0, 1]?). Again, the function d does
not define a distance since, for instance, d2(0,1) = 0 with this definition. However,
it is a semi-metric. Hence, letting s ~g t if d2(s,t) = 0, we can define a quotient
metric space T, = [0,1]/ ~e, endowed with the quotient distance d,. This is a
compact space, as it is the image of [0,1] by the canonical projection, and the
latter is continuous (even Holder-continuous as we will see in Sect. 3.1.3).

Definition 3.1. The random metric space (Tg,de) is called the Brownian Contin-
uum Random Tree.

From the geometric point of view, this metric space indeed has a tree structure
[25]. Namely, a.s. for any a, b € T, there is a unique injective continuous path from
a to b, so that T;, has ‘no loops’, moreover, this path is isometric to the real segment
[0, de(a,b)] (it is a ‘geodesic’). Such spaces are usually called R-trees [29].
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3.1.2. Convergence in the Gromov-Hausdorff topology. It would be more satisfac-
tory to view the convergence of the distance functions (3.4) as a convergence in
a space of trees, rather than using the artifact of encoding spaces as quotients of
[0,1]. This can be done by reasoning entirely in terms of metric spaces, using a
topology developed around the ideas of Gromov starting in the late 1970’s [31, 28].

Let (X, d), (X’,d") be two compact metric spaces. We let dan ((X, d), (X', d")),
the Gromov-Hausdorff distance between these spaces, be the infimum of all quanti-
ties o (d(X), ¢’ (X)), taken over the set of all metric spaces (Z,0) and isometries
¢0: X — Z,¢ : X' — Z, where g denotes the Hausdorff distance between closed
subsets of Z:

(A, B) = supd(a,B) Vsupd(b, A).
acA beB

Of course, two isometric spaces will be at ‘distance’ 0. In fact, dgy is a class
function, where two spaces are identified whenever they are isometric.

Proposition 3.2. The function dgu is a complete, separable distance on the set of
isometry classes of compact metric spaces.

This statement is shown in [29]. We also refer to [17] for important properties
of this distance. It is a simple exercise to show that the convergence (3.4) implies
the following fact:

Proposition 3.3. As n — oo, the isometry class of the random metric space
(T, (2n)~Y2dy,) converges in distribution to the isometry class of the Brown-
ian CRT (T4, ds), for the topology induced by the Gromov-Hausdorff metric on the
set of isometry classes of compact metric spaces.

3.1.3. Hausdorff dimension. As a warm-up for the later case of scaling limits of
random planar maps, let us perform a Hausdorff dimension computation.

Proposition 3.4. The Hausdorff dimension of the metric space (Tw,ds) is 2 a.s.

This fact is well known, although complete proofs are relatively recent. Ex-
tensions to computations of exact Hausdorff measures for the Brownian CRT and
other kinds of continuum trees, appear in [25, 26]. We provide a short, elementary
proof, that will be useful in the analogous derivation of the dimension of scaling
limits of random maps.

Proof. First of all, we use the fact that the process e is a.s. Holder continuous with
exponent «, for any o € (0,1/2). This comes as a consequence of (3.2) and the
well-known analog fact for Brownian motion. Therefore, the canonical projection
p : [0,1] — Tg is a.s. Holder-continuous of exponent a € (0,1/2). Indeed, for
s,t € [0,1], choose u € [s A t, sV t] such that e, = infsni<r<svi @, and note

d@(p(s),p(t)) =Ry — @y +® — By < 2”@”& |S — t|a s

where
||(B||oc — sup |(Bs - (Bt|
0<sAt<1 s —t*
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is a random, a.s. finite quantity. The upper-bound dimpy (Tp,d,) < o=, for any
a € (0,1/2) is a direct and well-known consequence of this last fact, and letting
a — 1/2 yields the wanted upper-bound.

Let us prove the lower bound. Let A be the image measure of the Lebesgue
measure on [0, 1] by the projection p. We want to estimate the probability distri-
bution of the distance in T, between two A-distributed random points. We will
use the well-known fact [27, Proposition 3.4] that if U is a random variable with
the uniform distribution in [0,1], independent of e, then 2ey has the so-called
Rayleigh distribution:

P(ey >r) = exp(—2r?), r>0. (3.5)

Lemma 3.5. Let U,V be independent uniform random variables in [0, 1], indepen-
dent of ©. Then dQ(U,V) has the same distribution as ey .

Proof. This lemma is a special case of a more general invariance of T by change of
root, since ey = d2(0, U) measures the distance to the special point 0, sometimes
called the root of T,,. The idea of its proof is simple. Let &, € {0,1,...,2n — 1}.
The mapping from T, to itself, consisting in re-rooting t at the edge e pointing
from the vertex (k) to p(k + 1), is a bijection. Therefore, it leaves the uniform
law on T',, unchanged. Now,
dY(k,1) = di(p(k), (1)) = Cy(k) + Ce(l) =2 min Cy.
[kALEVI]

In the new contour exploration of the tree t re-rooted at the edge ey, the vertex
(1) is now visited at step | — k if k <, or 2n + [ — k otherwise. By applying this
to the uniform random variable T},, we thus obtain that dr, (¢(k), (1)) must have
the same distribution as Cr, (I — k) V (2n 41— k)). Letting k = [2ns],l = |2nt],

letting n — oo and applying (3.1), this yields
Efs,t) =5+ —2 inf e De((t—s)V(IL+ris)),
[sAt,sVt]

for every fixed s, t. By independence, we may apply this to s = U,t = V, and using
the fact that (V —U) V (1 +V —U) has the same law as U, we get the result. [

We are now ready to end the proof of Proposition 3.4. First of all, with the
above notations, we have, for r > 0,

P(do(U,V) <1) = Pley < 1) =1~ exp(~2r?) < 21%,

by using Lemma 3.5 and (3.5). On the other hand, the left-hand side in the above
displayed expression also equals

a [ v [ N Vs anen] =B | [ aonz @)

e e

where B,.(a) denotes the ball with radius r centered at a in (Te,de). This yields,
for e > 0,

E |:/ )\(da)]l{A(Br(a))>r2z}:| < 27"2/7"27E =27,
Te
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Applying this to » = 27, we obtain that the above quantities have a finite sum
as k varies in N. The Borel-Cantelli Lemma shows that P-a.s., for A-almost every
a € T, there exists a (random) K such that A(By—«(a)) < 2-C=9)* for k > K, so
that P-a.s.,

, A(By-+(a))

hIIcILSolip 27?27%% <1, A(da) — a.e.
We conclude that dimg (Ty, d) > 2—¢, by standard density theorems for Hausdorff
measures [44, Theorem 6.9]. O

3.2. Scaling limit of the tree with labels

Let us now turn to the limit of a uniform random element (7}, L,,) in the set T,,.
Such a random variable is obtained by assigning uniformly at random one of the
3" possible label functions to a uniform random variable in T,,, so the notation is
consistent and T;, has the same distribution as in the previous section.

To understand how the labels behave, let us condition on 7,, = t and choose
u = (i),v = p(j) € t. Let u(0),...,u(|u]), resp. v(0),...,v(Jv|) be the two
paths of vertices starting from the root of t and respectively ending at u, v, going
upwards in the tree. These two sequences are equal up to the step |u A v| =
ming,j;v4 Ct when the most recent common ancestor to u, v is reached. Now, the
two sequences (£(u(k)),0 < k < |u|) and (¢(v(k)),0 < k < |v|) both start from
0, share common values up to step |u A v|, and then evolve independently from
£(u|ypv|), moreover, their individual distributions are those of a random walk with
uniform step distribution in {—1,0,1}, which has variance 2/3. By the central
limit theorem, it is to be expected that ¢(u(k)) approximates a standard Gaussian
distribution in the scale \/2k/3. More precisely, we expect (£(u(l)),0 <1 < k)
to approximate a Brownian motion in this scale. Since by (3.1) the height |u| is
typically of order v2ne;,s,, we expect the labels to be Gaussian with variance
®;/2,, in the scale (8n/9)'/4,

It is now easy to be convinced that the following statement, taken from
Chassaing and Schaeffer [21], holds. By abuse of notation we let Ly, (i) := L, (¢(7)),
for every ¢ > 0. As for contour processes, we extend L, to a continuous function
on [0,2n] by linear interpolation between integers.

Proposition 3.6. We have the joint convergence in distribution for the uniform
topology on C([0,1])2:

0<s<1

where conditionally on @, the process (Zs,0 < s < 1) is a centered Gaussian process
with covariance Cov (Zs, Zt) = inf(sas sve) @

The process (€, Z) is sometimes referred to as the head of the Brownian snake.
The Brownian snake [36] is a Markov process from which (e, Z) (which is by no
means a Markov process) is obtained as a simple functional. It has an important
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role in the resolution of certain non-linear PDEs, a fact which we are going to need
later. For now, we state two elementary, useful lemmas.

Lemma 3.7. The process Z is a.s. Holder continuous with any exponent o €
(0,1/4).

Lemma 3.8. Let U be a uniform random variable in [0,1], independent of (e, Z).
Then (Zy+s — Zu,0 < s < 1) has the same distribution as Z, where Zy4s should
be understood as Zy4+s—1 whenever U + s > 1.

The proof of the first lemma is an easy application of the Kolmogorov crite-
rion, checking that for p > 0,

p/2
E\|Zs — Z,|P |e] = Cp (@S +e;—2 inf @) < 2P/20 ||ell2als — t|P,
[sAt,sVt]
where C), is the pth moment of a standard Gaussian random variable, and using the
fact that ||e[/2q < 0o a.s. for a € (0,1/4). The second lemma is a re-rooting result
whose proof is analogous to that of Lemma 3.5. Details are left to the interested
reader.

4. Scaling limits of random planar quadrangulations
Let us now draw consequences of Sections 2 and 3 in the context of random maps.

4.1. Limit laws for the radius and the profile

Let q € Q,, be a rooted planar quadrangulation, and v be a vertex of q. As before,
let dy denote the graph distance on the set of vertices of q. We define the radius
of q seen from v as

R(q,v) = max dq(u,v),
(@0) = max dalu,v)

and the profile of q seen from v as the sequence
Iy (k) = Card{u € V(q) : dq(u,v) = k}, k>0

which measures the ‘volumes’ of the spheres centered at v in the graph metric.
The latter can be seen as a measure on Z, with total volume n + 2.

Theorem 4.1. Let Q, be a random variable with uniform distribution in Q,, and
conditionally on Q, let v, be uniformly chosen among the n + 2 vertices of Q.
Let also (e,Z) denote the head of the Brownian snake, as in the previous section.

(i) We have
9 1/4 (d)
<—) R(Qn,vx) —> supZ —inf Z .
8n n—00
(ii) If vix 1s another uniform vertex of Q, chosen independently of v.,

9\ /4 W
< ) dq, (Ui, Vsx) —> sup Z.

&n n— oo
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(iii) Finally, the following convergence in distribution holds for the weak topology
on probability measures on R :

g, . (80/9)/) @
n+2 n—oo

A

)

where I is the occupation measure of Z above its infimum, defined as follows:
for every non-negative, measurable g : Ry — Ry,

(I,g):/o dsg(Zs —inf 7).

The points (i) and (iii) are due to Chassaing and Schaeffer [21], and (ii) is
due to Le Gall [37], although these references state these properties in a slightly
different context, namely, in the case where v, is the root vertex rather than a
uniformly chosen vertex. This indicates that as n — oo, the root vertex plays no
particular role.

Proof. We give the proof of (i) and (ii), as they are going to be the most useful.
Let (T}, Ly, €) be the labeled tree associated with (@, v«) by Schaeffer’s bijection
(Theorem 2.1), so that (T, Ly,) is uniform in T,,. By (2.2), the radius of Q,, viewed
from v, then equals as max L,, — min L,, + 1. The result (i) follows immediately
from this and Proposition 3.6. As for (ii), it is clear that we may in fact assume
that v, is uniform among the n vertices of @, that are distinct from v, and
the root vertex. These are identified with the set T, \ {@}. Now, letting U be
a uniform random variable in [0, 1], independent of the contour process Cr,, we
let (U)p, = [2nU] if Cr, has slope +1 at U, and (U)r, = |2nU] otherwise.
One can check as an exercise that ¢((U)r,) is uniform among the n vertices of
T,, distinct from the root vertex, while |U — (U)r, /2n| < 1/2n. Together with
Proposition 3.6, this entails that (9/8n)Y*(L,(vs) — min L,, + 1), which equals
dg, (s, V4x), converges in distribution to Zy — inf Z. By Lemma 3.8, this has the
same distribution as —inf Z, or as sup Z, by an obvious symmetry property. O

4.2. Convergence as a metric space

We would like to be able to understand the full scaling limit picture for random
maps, in a similar fashion as it was done for trees, where we showed, relying on
the basic result (3.1), that the distances in discrete trees, once rescaled by v/2n,
converge to the distances in the continuum random tree (7%, de). We thus ask if
there is an analog of the CRT, that arises as the limit of the properly rescaled
metric spaces (Qn,dg,, ). In view of Theorem 4.1, the correct normalization for the
distance should be n'/4.

Assume that (T,,, Ly,) is uniform in T,,, let € be uniform in {—1,1}, indepen-
dent of (T},, Ly,), and let @,, be the random uniform quadrangulation with n faces
and with a uniformly chosen vertex v,, obtained from (7}, Ly, €) by Schaeffer’s bi-
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jection. Here we follow Le Gall [38]1. By the usual identification, the set {¢(i),4 >
0} of vertices of T}, explored in contour order, is understood as the set V(Qy)\{vs}.
Define a semi-metric on {0, ..., 2n} by letting d, (¢, j) = dg,, (¢(3), ¢(5)). The quo-
tient of this metric space obtained by identifying i,j whenever d,(i,5) = 0 is
isometric to (V(Qn) \ {v+},dq, ). A major problem is that d, (4, j) is not a simple
functional of (Cr,, Ly,). Indeed, the distances that we are able to handle in an easy
way are distances to v, through the formula

dg, (vx,v) = L, (3) —min L, + 1, (4.1)

whenever v is a vertex visited at time ¢ in the contour exploration of T,,. A key
observation is the following.

Lemma 4.2. Let
d)(i,§) = Ln(i) + Ln(j) —2 inf L, +2.
[inF,iV3]
Then it holds that d,, < d%.

Proof. Assume ¢ < j without loss of generality. It is convenient to extend L, (i) =
L. ((2)) to all i € Z, by continuing the contour exploration as in Section 2.2. In
the construction of the quadrangulation @,, from (T, L, ) via Schaeffer’s bijection,
successive arches are drawn between (i), p(s(4)), (s%(4)), . . . until they end at v,,
and similarly for the arches drawn successively from the ¢(j).

Let k € Z; U {oo} be the first step after ¢, or equivalently after j, such that
Ly(k) = miny; jj L, — 1. Then by construction, the vertex (k) is the Ly (i) —
L,,(k)th successor of (i), and the L, (j) — L, (k)th successor of ¢(j). The arches
between (i), ¢(j) and their respective successors, until they arrive at ¢(k), form
a path in @, of length L, (¢) + L,(j) — 2L, (k), which must be larger than the
distance d, (7, j). O

We extend the functions d,,,d" to [0,2n])? by adapting the formula (3.3). It

ny Yn

is easy to check that d,, thus extended defines a semi-metric on [0,2n] (which is
not the case for d” as it does not satisfy the triangular inequality), and that it still
holds that d,, < d%. We let

9 \1/4
D, (s,t) = (S_n) dn(2ns, 2nt) 0<s,t<1,

so that the subspace ({i/2n,0 < i < 2n}, D,,), quotiented by points at zero D,,-
distance, is isometric to (V(Qy) \ {vs}, (9/8n)'/4dg, ). We define similarly the
functions D2 on [0, 1]%. Then, as a consequence of (3.6), it holds that

(DY(5,4),0 < 5,6 < 1) <% (DO(s,4),0 < 5,¢ < 1), (4.2)

n—oo

LAt this point, it should be noted that [38, 39, 40] consider another version of Schaeffer’s bijection,
where no distinguished vertex v has to be considered. This results in considering pairs (T}, Ln)
in which L, is conditioned to be positive. The scaling limits of such random variables are still
tractable, and in fact, are simple functionals of (e, Z), as shown in [41, 37]. So there will be some
differences with our exposition, but these turn out to be non-important.
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for the uniform topology on C([0,1]?), where by definition
Ds,t)=Z,+ 7y —2 inf Z.

[sAt,sVt]
We can now state

Proposition 4.3. The family of laws of (Dy(s,t),0 < s,t < 1), as n varies, is
relatively compact for the weak topology on the probability measures on C([0,1]?).

Proof. Let s,t,s',t' € [0,1]. Then by a simple use of the triangular inequality, and
Lemma 4.2,

|Dy(s,t) — Dp(s',t)| < Dy(s,8") + Dy(t,t') < D%(s,s") + DO (¢, 1),

which allows to estimate the modulus of continuity at a fixed § > 0:

sup |Dn(s,t) — Dn(s',t")| <2 sup DY(s,s). (4.3)
|s—s'|<6 |s—s'|<é
it/ <5

However, the convergence in distribution (4.2) entails that for every € > 0,

limsupP [ sup D%s,s')>e| <P| sup D%s,s)>e],
n—oo |s—s’|<8 |s—s'|<é

and the latter goes to 0 when 6 — 0, with a fixed ¢, by continuity of D° and the
fact that D°(s,s) = 0. Hence, taking > 0 and letting ¢ = ¢, = 27F, we can
choose § = §;, (tacitly depending also on 1) such that

n>1 |s—s"|<d

sup P ( sup  Dp(s,s') > 2"“) <m27h, k>1,
entailing

Pl ()4 sup Di(s,s) <274 | >1—n,
k>1 Us—s'[<0k
for all n > 1. Together with (4.3), this shows that with probability at least 1 — 7,
the function D,, is in the set of functions f : [0, 1] — R such that for every k > 1,
sup | f(s,t) = f(s',¢)] <27,

|s—s'| <ok

[t—t"|<ok
the latter set being compact by the Arzela-Ascoli Theorem. The conclusion follows
from Prokhorov’s tightness Theorem [11]. O

At this point, we are allowed to say that the random distance functions D,

admit a limit in distribution, up to taking n — co along a subsequence:
(Dn(5,1),0 < 5,6 < 1) D (D(s,),0 < 5,8 < 1) (4.4)

for the uniform topology on C([0, 1]?). In fact, we are going to need a little more
than the convergence of D,,. From the relative compactness of its components,
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we see that the family of laws of ((2n)~'Cr, (2n-), (9/8n)Y/*L,(2n-), D,),n > 1
is relatively compact in the set of probability measures on C([0,1])% x C([0,1]?).
Therefore, it is possible to choose an extraction (ng,k > 1) so that this triple
converges in distribution to a limit, which we call (e, Z, D) with a slight abuse of
notation. The joint convergence to the triple (e, Z, D) gives a coupling of D, D°
such that D < D°, since D,, < Dg for every n.

Define a random equivalence relation on [0, 1] by letting s ~ t if D(s,t) = 0.
We let M = [0,1]/ = be the quotient space, endowed with the quotient distance,
which we denote by dps. Let also s, € [0,1] be such that Z,, = inf Z (such a s,
turns out to be unique [41]). The =-equivalence class of s, is denoted by p., it
is intuitively the point of M that corresponds to v.. The following statement is a
relatively elementary corollary of (4.4).

Proposition 4.4. The isometry class of (M, dur) is the limit in distribution of the
isometry class of (Qn, (9/8n)1/4dQn), for the Gromouv-Hausdorff topology, along
the subsequence (ng,k > 1). Moreover, it holds that a.s. for every x € M and
s € x a ~=-representative

dpr(pu,x) = D(84,8) = Zs —inf Z.

The last equation is of course the continuous analog of (2.2) and (4.1), and
is proved by combining this with the convergence of L,. It is tempting to call
(M,dpr) the “Brownian map”, although the choice of the subsequence poses a
problem of uniqueness. As we see in the previous statement, only the distances to
p« are a priori defined as simple functionals of the process Z. Distances between
other points in M seem to be harder to handle, and it is not known whether they
are indeed uniquely defined. In the sequel, the words “Brownian map” will refer to
any limit in distribution of the form (M, dy;), along some subsequence. Of course,
it is natural make the following

Conjecture 4.5. The isometry class of (Qn,n_1/4dQn) converges in distribution
for the Gromov-Hausdorff topology.

Marckert and Mokkadem [43] and Le Gall [38] give a natural candidate for the
limit (called the Brownian map in [43]) but at present, it has not been identified
as the correct limit. The rest of the section is devoted to some properties that are
nevertheless satisfied by any limit of the form (M, dps) as appearing in Proposition
4.4, along some subsequence.

4.3. Hausdorff dimension of the limit space
The goal of this section is to prove the following result, due to Le Gall [38].

Theorem 4.6. Almost-surely, the Hausdorff dimension of the space (M,dys) is
equal to 4.

This fact takes its historic roots in the Physics literature [4]. We are going to
present a proof that is slightly simpler than that of [38], in the sense that it does
not rely on the precise estimates on the behavior of the Brownian snake near its
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minimum that are developed in [41]. Rather, it relies on more classical properties
of the Brownian snake and its connection to PDEs. We are going to need the
following formula, of a Laplace transform kind, due to Delmas [23].

Proposition 4.7. It holds that

/0OO 2\/(;;? <1 —e MP(supZ < T_1/4)) = \/é (3 coth?((20)Y/4) — 2) )

Proving this formula would fall way beyond the scope of the present paper,
so we take this for granted. It is interesting to note that this formula for the
law of sup Z, which according to Theorem 4.1 (ii) measures the distance between
two uniformly chosen points in a large random quadrangulation, is intimately
connected to formulas appearing in the Physics literature back in the 1990’s, see
[5], or [4, Chapter 4.7], under the name of two-point function. These were derived
using direct counting arguments on maps, without mentioning labeled trees or the
random variable sup Z itself. See also [12] for derivations of this formula using
the language of labeled trees, relying on discrete computations and scaling limit
arguments.

Corollary 4.8. There exists a finite constant K > 0 such that P(sup Z < r) < Kr#
for every r > 0.

Proof. In this proof, the numbers K;, Ko denote positive, finite, universal con-
stants. By differentiating twice the formula of Proposition 4.7, and by an elemen-
tary (but tedious) computation, we find, as A — 0,

/ Vre N P(sup Z < r V4 dr = K Y2 4 oAV,
0

Note that the differentiation under the integral sign is licit in this situation. Chang-
ing variables s = r—1/4 yields

/ 57767)‘/S4P(supZ < s)ds < KoA™Y?2, (4.5)
0

for A > 0. Introducing the function F(z) = f;o uTe" V" qu for z > 0, note that
this function is positive, decreasing to 0 as  — 00, so that 1jgj(z) < F(1)"'F(z)
for every x > 0. This yields, using (4.5) in the last step,

P(supZ <r) < FQ) 'E[F(supZ/r)]
= F(l)fl/ u77671/"4P(supZ < ru)du
0

= F(l)_ITG/ s Te "/ P(sup Z < s)ds
0

< F) TStV = Kot

as wanted. O
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Lemma 4.9. Let U,V be independent uniform random variables on [0, 1], indepen-
dent of D. Then D(U,V) has the same distribution as sup Z.

Proof. This statement is of course reminiscent of (ii) in Theorem 4.1, and is in
some sense a continuum analog. It is similar to Lemma 3.5 as well, and is also
proved using a re-rooting argument. Let U,V be as in the statement. Define U,
as follows: with probability n/(n + 2), we let U, = (U)r,, as in the proof of
Theorem 4.1, and with equal probability 1/(n + 2), we let U,, = * or U, = 0.
Define V,, similarly. By convention, let ¢(*) = v,. Then the vertex ¢(U,) of Q,, is
uniformly chosen in @,,. Obviously, dqg, (¢(Un), ¢(V,)) has the same distribution
as dq, (v, p(Uy)). The first random variable equals D, ((U) 1, /2n, (V) 1, /2n) with
probability going to 1 as n — oo, and by (4.4) this converges to D(U,V) in
distribution. On the other hand, dg,, (v«, ¢(U,)) converges in distribution to sup Z
by (ii) in Theorem 4.1. O

We are now able to prove Theorem 4.6. The scheme of the proof is very
similar to that of Proposition 3.4. First of all, the canonical projection 7 : [0, 1] —
M =10,1]/ = is a.s. Holder-continuous of index « € (0,1/4), since

dar(m(s), () < D°(s,t) < 2] Z]als — 1|,

by definition of D° and where || Z||, < oo a.s. by Lemma 3.7. This implies that
(M, dyps) has Hausdorff dimension at most 4.

For the lower-bound, we introduce the image measure p of Lebesgue measure
on [0,1] by 7, and note that if B, (a) denotes the ball of radius r centered at a in
the space (M, dy), and with the same notation as in Lemma 4.9,

E [/M u(da)u(BT(a))} =P(D(U,V)<r)=PupZ <r) < Krt,

using Lemma 4.9 and Corollary 4.8, for any r > 0. From there, the conclusion
follows by taking the exact same steps as in the proof of the lower-bound in
Proposition 3.4.

4.4. Topology of the limit space

In the previous section, we showed that, even though the scaling limit of uniform
random quadrangulations is not yet proved to be uniquely defined, forcing us to
consider appropriate extractions, any limit along such an extraction has Hausdorff
dimension 4, a.s. Several other features of the limiting map can be studied in a
similar way. In particular, Le Gall [38] identifies the topology of (M, dys):

Theorem 4.10. The metric dy; a.s. induces the quotient topology of [0, 1]

/=~
In a subsequent work, Le Gall and Paulin identify the topology of (M, dys)
by establishing the following result [39].

Theorem 4.11. The space (M,dpy) is a.s. homeomorphic to the 2-dimensional
sphere.
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This shows that the limiting space of uniform random quadrangulation is a
topological surface, as was expected by physicists. To prove this, one first uses a
description of M as a quotient of the CRT T, rather than [0, 1]. More precisely, it
is easy to see that the function D is a class function of T, meaning that D(s,t) =
D(s',t') for every s ~g 8',t ~¢ t'. Hence, one can see D as a function on Tg, and
take the alternative definition M = T,/ =~ (instead of M = [0, 1]/ ~) where, with
the obvious abuse of notations, we write a & b if and only if D(a,b) = 0. The space
M is endowed with the image of the semi-metric D under the canonical projection.
Theorem 4.10 depends on a careful description of identified points of T¢, in a way
that mimics, in a continuous framework, the addition of arches to the tree T;, in
the Schaeffer bijection. In turn, the tree T, and the identifications induced by the
relation ~ are viewed as a pair of geodesic laminations of the hyperbolic disk.
The proof of Theorem 4.11 then rests on a theorem by Moore on quotients of the
sphere, and is developed in an entirely “continuum” framework.

In Miermont [48], an alternative proof of Theorem 4.11 is provided, relying on
a strengthening of the Gromov-Hausdorff convergence [9] that allows to conserve
topological properties of approximating spaces in the limit. It relies on proving the
non-existence of small bottlenecks, i.e., of cycles with diameter o(n'/ 4) separating
Q. into two parts that are of diameters Q(n'/4).

5. Developments

5.1. Universal aspects of the scaling limit

It is a natural question to ask whether the results discussed above are robust, and
in particular, to see if similar results hold when quadrangulations are replaced by
more general maps. In fact, all the results of [38, 39] are stated and proved in the
more general setting of uniform planar 2x-angulations, meaning that all faces have
the same degree equal to 2k, where k is an integer larger than or equal to 2.

It has been shown in a series of papers by Marckert, Miermont and Weill
[42, 46, 55, 49] with increasing generality, that results similar to Theorem 4.1 are
in fact true for much more general models of maps, namely, maps with a so-called
Boltzmann distribution. This study is allowed by the bijective encodings of general
planar maps, that were studied by Bouttier, Di Francesco and Guitter [13], which
generalizes the Schaeffer bijection of Sect. 2. This is at the cost of considering
labeled trees with a more complicated structure than elements of T,,, but whose
enumeration and probabilistic study is still tractable, using some technology on
spatial multitype branching processes, developed in [42, 47].

Let us focus on the simplest case [42] of bipartite planar maps, i.e., maps
whose faces all have even degrees. We let M be the set of rooted bipartite planar
maps. Let w = (w,ws,...) be a non-negative sequence of weights, such that
w; > 0 for at least one index i > 2. Then one can define a non-negative measure
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Ww on M by letting

Wy (m) = H Weg(f)/2 -
fEF(m)

To motivate this definition, suppose that w; = wlf—.y for some £ > 2 and
w > 0. In this case, Wy, charges only 2k-angulations, and assigns same weight w™
to all 2x-angulations with m faces. By the Euler Formula (1.1), these have also
n = (k — 1)m + 2 vertices. Therefore, the probability distribution

W (- N My,)

W = Wy, (IM,,) = WM

where M,, C M is constituted of those m that have n vertices (assuming the latter
set has positive Wy,-mass), is the uniform distribution on planar 2x-angulations
with n vertices.

We say that w is admissible if Wy (M) < o0, in which case we an define
the Boltzmann probability distribution Py = Wy /Wi (M). We have the following
simple criterion for admissibility. For > 0, let

Fwl@) =3 (%]j 1>wk+11’k € [0,00],

k>0

hence defining a completely positive power series. Let Ry denote its radius of
convergence.

Proposition 5.1. The sequence w is admissible if and only if the equation
fwl@)=1-1/x, x>1 (5.1)

admits a solution. We say that w is critical if furthermore it holds that the solution
Zw 1S unique and

Z\?vf\liv(Zw) =1,

i.e., if the graphs of the functions fw and x — 1—1/x are tangent at Zy,. Finally,
we say that w is regular critical if Ry > Zw, in which case we define

9

TSGR o

Now recall the definitions of the radius and the profile of a quadrangulation
seen from a particular vertex as in Section 4.1, and extend them wverbatim to any
planar map. Of course, we let dy, be the graph distance associated with a map m.

Theorem 5.2. Assume w is a reqular critical sequence. Let M, have distribution

") where it is assumed that n varies in the set {k >1: Wx(M,) > 0}
Conditionally on M, let vy, v.s be two vertices of M,, chosen uniformly at random.
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Then,
(d)
—

n—oo

(Cwn)71/4dMn (U*a U**) ﬂ’

Ingy 0. ((Cwm)*) @)

n n— oo

where the constant Cy is defined in (5.2).

(Cwn) YAR(M,,, v, supZ —inf Z,

sup 2 ,

7,

This result is implicit in [42], although it is not stated in the exact form
above. In the previous reference, the Boltzmann measures are defined on the set
M* of pointed, rooted maps, i.e., of pairs (m,v,) with v, a distinguished vertex
of m. One then defines the measure

We(m,v,) = H Waeg(f)/2 » (m,v,) € M*
fEF(m)

instead of using W4, and choosing a vertex v, at random. However, it is immediate
that

Wo{(m,v,) :m e Mp}) = nWe(My),

so that a random variable with law W, conditioned on {(m, v,) : m € M, } is the
same as a random variable with law WV(V"), together with a distinguished vertex
chosen uniformly at random among the n possible choices. Another small difference
is that in [42], it is assumed that the root edge of m points from a vertex u to a
vertex v such that dm (u, vs) = dm (v, v.) — 1. However, this restriction can be lifted
by considering the involution of M* that consists in inverting the orientation of
the root, since the latter has no fixed points.

The idea of the proof is as follows. Using the bijections of [13], and under the
hypothesis that w is critical, one can show that the tree encoding a random map
with Boltzmann distribution P is the genealogy of a two-type critical branch-
ing process with spatial labels. This allows to understand their limiting behavior
thanks to invariance principles for spatial multitype branching processes developed
in [42]. These results are generalized in Miermont [47] to allow to treat the case of
maps without restriction on the degree.

The condition of being regular critical is not easily read directly on the se-
quence of weights w, so it is not clear to see a priori which are the sequences that
are covered by Theorem 5.2. So let us discuss some examples.

5.1.1. Uniform 2x-angulations. Fix x > 2. As discussed at the beginning of Section
5.1, in the case where w; = wl;—y, for any w > 0, the measure W‘Svn) is the
uniform measure over uniform 2x-angulations with n vertices. We have

fw(z) —w (2:_11> IK71 ,
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and it is easy to see that w is (regular) critical if and only if

B (FL _ 1)&—1
- Kk (2c—1Y
K ( k—1 )
in which case 9
Cw = —.
4K

In particular, when x = 2, we recover the case of quadrangulations of Theorem
4.1.

5.1.2. A more general example. Let us assume that
e the sequence w decreases fast enough so that the radius of convergence of fy,
is infinite. This includes in particular the case where w has finite support.
e wy = 0, so that W, does not charge maps with faces of degree 2 (note that
such faces are non-important from the point of view of the graph distance).
e wy < 1/12 and there exists ¢ > 2 such that w; > 0, so that Wy is not
supported only by the set of quadrangulations, this last case having been
studied before.
We can freely change w into the sequence a e w := (a*~!w;,i > 1), for some a > 0,
without changing the distribution Wv(vn). Indeed, a simple use of the Euler Formula
shows that
Waew(m) = aZfemm)(dcg(f)/?*l)Ww(m) — a#v(m)*QWw(m),

since 3 ¢ p(m) deg(f)/2 is the number of edges of m. This has the effect of chang-
ing the function fy to

fw(az)

faew(x) = P 3wax + 10awsz? + 35a’wax® + - - -,

and the latter converges to 3wqz < x/4 as a | 0. Since the graphs of the functions
x+— x/4 and x — 1 — 1/x are tangent, it easily follows that there exists a unique
value a. > 0 such that a. e w is critical, and it is necessarily regular critical
since Ryw = Ryew = o0 for every a > 0. Therefore, Theorem 5.2 applies to the

conditioned measure W{" = Wé?.)w, with the scaling constant C,_ew-

5.2. Beyond the radius and the profile

It is of course tempting, using Theorem 5.2 as a basis, to try and generalize the
convergence theorems obtained from Section 4.2 onwards. This turns out to be
possible for most of them, without much more effort.

It is indeed an easy exercise to check, along the lines explained above, that
Propositions 4.3 and 4.4, and Theorem 4.6 remain true in the more general setting
of Theorem 5.2, i.e., that maps with distribution Wv(vn) with regular critical w,
and with graph distances rescaled by n'/4, admit scaling limits for the Gromov-
Hausdorff topology, the latter having Hausdorff dimension 4. It is also to be ex-
pected that the result identifying the topology (Theorem 4.10) holds in this setting
as well.
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On a more speculative basis, the natural conjecture is of course that the
limiting space is “always the same”, i.e., does not depend on w up to scaling
constants.

5.3. Geodesics

There has been also a recent interest in the study of the geodesic paths in dis-
crete maps and in the Brownian map, and the bijective methods are again good
enough to give a lot of information on these aspects. In Bouttier and Guitter [14],
the authors discuss the existence of “truly distinct” geodesics between two typical
vertices in a large random quadrangulation, by extending the Schaeffer bijection
to a family of quadrangulations with a distinguished geodesic path. In a different
direction, Miermont [45] shows the uniqueness of the geodesic between two typical
points chosen in the scaling limit of a critical Boltzmann-distributed quadrangula-
tion, i.e., with distribution Py where w; = 12_11{i:2} with the notations of Sect.
5.1. The latter uses a new family of bijections inspired by the Schaeffer bijection,
called k-pointed bijections, in which an arbitrary number k of vertices of the quad-
rangulation are distinguished instead of only one (the vertex that we called v.).
This bijection allows to study certain geometric loci of multi-pointed maps, which
are variants of the Voronoi tessellation with sources at the distinguished vertices.
A recent, deep result of Le Gall [40] shows that it is in fact possible to
identify all the geodesics from the point p, in the Brownian map?, as defined
around Proposition 4.4. Among other results, it shows that any point in M is
linked to ps by 1,2 or 3 distinct geodesics, and identifies the cut-locus of py, i.e.,
the set of points linked to p, by more than one geodesic. More precisely, recall that
the Brownian map is a quotient of the Brownian CRT, M = T,/ & as mentioned in
Sect. 4.4. Let 7 : T, — T/ ~ be the canonical projection. We let Sk(T) be the set
of points that disconnect Tg. Then the cut-locus of p. is exactly the set w(Sk(75)),
and moreover the restriction of m to Sk(7s) is a homeomorphic embedding. This
nicely identifies T, not only as a convenient tool to build the Brownian map, but
also as a natural geometric object associated with it. It also entails a confluence
property of the geodesics, namely, any two geodesic paths emanating from p, will
share a common initial segment. This shows that there is essentially a unique way
to leave the point p, along a geodesic, suggesting that the space (M, dy) is very
rough from a metric point of view, and very far from being a smooth surface.

5.4. Multi-point functions

Theorems 4.1 and 5.2 identify the so-called two-point function in the Brownian
map, i.e., the distribution of the distance between two uniformly chosen points. It
is natural to wonder about the distribution of mutual distances

2 Again, there is a difference with [40] as the latter reference considers rooted, non-pointed maps,
see however Remark (i) after Theorem 1.4 therein.
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between k independent uniformly chosen points Uy, . .., Uy in [0, 1], independent of
the distance function D of (4.4). It turns out that knowing these distributions (in
fact, just knowing that these distributions are uniquely defined and do not depend
on the choice of the subsequence of Section 4.2) would be sufficient in addressing
the uniqueness problem of the Brownian map, and getting rid of subsequences in
Proposition 4.4.

In a recent paper [15], Bouttier and Guitter made an important step in this
direction, by identifying the k¥ = 3-point function. One of the ingredients is a
careful use of the 3-pointed bijection of [45]. Unfortunately, the method does not
seem to generalize to more points.

5.5. Higher genera

It is also natural to consider maps on an orientable, compact surface with genus g,
i.e., a cellular embedding of a graph in the torus with g handles. The (asymptotic)
enumeration of such maps has been studied, starting from work of Bender and
Canfield [10], along the lines of Tutte’s enumeration methods. It is also covered by
the matrix integral methods we alluded to in Section 1.

It turns out that the Schaeffer bijection generalizes nicely to this setting as
well, replacing labeled trees with labeled maps with one face (of same genus), as
shown by Chapuy, Marcus and Schaeffer [19]. This naturally paves the way to
the probabilistic exploration of these classes of maps. In particular, the essential
uniqueness of geodesics can be also obtained in this setting [45], while Chapuy [18]
provides a very nice closed representation for the 2-point function and the profile
of these more general maps.
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Transformations Between Fractals

Michael F. Barnsley

Abstract. We observe that there exists a natural homeomorphism between the
attractors of any two iterated function systems, with coding maps, that have
equivalent address structures. Then we show that a generalized Minkowski
metric may be used to establish conditions under which an affine iterated
function system is hyperbolic. We use these results to construct families of
fractal homeomorphisms on a triangular subset of R%. We also give conditions
under which certain bilinear iterated function systems are hyperbolic and
use them to generate families of homeomorphisms on the unit square. These
families are associated with “tilings” of the unit square by fractal curves, some
of whose box-counting dimensions can be given explicitly.
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1. Introduction

In this introduction we refer to various terms, some more or less commonplace to
fractal geometers, such as “iterated function system” and “attractor”, and others
more specialized, such as “top of an attractor” and “address structures”. These
terms are explained in subsequent sections of the paper.

A fractal transformation is a special kind of transformation between the at-
tractors of pairs of iterated function systems. Its graph is the top of the attractor of
an iterated function system that is defined by coupling the original pair of iterated
function systems. Approximations to fractal transformations can be calculated in
low-dimensional cases by means of a modified chaos game algorithm. They have
applications in digital imaging, see [7] for example.

This paper concerns several topics related to the construction of fractal trans-
formations and conditions under which they are homeomorphisms. The first main
topic is fractal tops, introduced in [5] and [6]. We generalize the theory to encom-
pass what Kigami [18] and Kameyama [14] call “topological self-similar systems”.
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Theorem 3.1 shows that a fractal top is a certain bijection between a shift invari-
ant subspace of code space, called the tops code space, and the attractor of an
iterated function system. It is associated with a natural dynamical system, on the
attractor, that can provide information about the tops code space.

We use fractal tops to define fractal transformations and to provide condi-
tions, related to address structures, under which they are homeomorphisms; this
provides fractal homeomorphisms between the attractors of suitably matched pairs
of iterated function systems. See Theorem 3.2.

In order to apply fractal homeomorphisms to digital imaging, for example, we
find that we need families of iterated function systems that satisfy two conditions.
First, assuming that each member of the family has a well-defined coding map
and attractor, we require that the address structure of each member of the family
is the same, so that Theorem 3.2 can be applied. Second, we require that each
member of the family indeed possesses a well-defined coding map and attractor.
In particular, under what conditions does an affine iterated function system possess
a unique attractor?

Consider for example the linear transformations fi, fo : R2 — R? defined
by fi(z1,z2) = (x2,21/2) and fo(x1,22) = (x2/2,21). The eigenvalues of each
transformation are all real and of magnitude less than one. Each transformation
possesses a unique fixed point, the origin. But there are many different closed
bounded sets A C R? such that A = f1(A) U f2(A). Consequently the affine
iterated function system (R2, f1, f2) does not possess a unique attractor. There
exists no metric, compatible with the natural topology of R2?, such that both f;
and fo are contractions. In this case there does not exist a well-defined coding map.

Thus, our second main topic concerns this question: Under what conditions
does there exist a metric, compatible with the natural topology of RM, such that
a given affine iterated function system on R is contractive? We answer with
the aid of the antipodal metric, introduced in Theorem 4.1. This leads us to the
following construction. Let X C RM be a convex body. We will say that two distinct
points [, m, both belonging to the boundary of K, are antipodal when there are
two disjoint parallel support hyperplanes of K, one that contains ! and one that
contains m. We will also say that two distinct points p, ¢, both belonging to the
boundary of I, are diametric when their distance apart maximizes the distance
between pairs of distinct points p’, ¢’ in K such that ¢’ — p’ is parallel to ¢ — p. The
key observation, Theorem 4.2, is that the set of antipodal pairs of points is the
same as the set of diametric pairs of points of K. We say that a transformation
f: RM — RM is non-antipodal with respect to I when f(K) C K and f maps
each antipodal pair into a pair of points that are not antipodal. Then a corollary
of Theorem 4.4 implies that, for any iterated function system (R, f1, fa, ..., fn)
of affine transformations, each of which is non-antipodal with respect to K, there
exists a metric, Lipshitz equivalent to the Euclidean metric, such that all of the f,,s
are contractions. Such systems possess a well-defined coding map and attractor.
The converse statement is provided by Theorem 4.6 and is the subject of a separate

paper, [1].



Transformations Between Fractals 229

In Section 5 we present families of affine iterated function systems that both
illustrate and apply the theory developed in Sections 2, 3, and 4. We use Theo-
rem 4.4 to prove that all the functions in the families are contractive with respect
to the antipodal metric and that, for each family, the address structure is con-
stant, so that Theorem 3.2 can be applied. We describe the resulting families of
homeomorphisms, from a triangular region to itself, and relate them to Kameyama
metrics, [14]. In particular, Theorem 5.3 states that there exists a metric, compat-
ible with the Euclidean metric, with respect to which certain affine IFSs are IFSs
of similitudes.

In Theorem 6.1 in Section 6 we give sufficient conditions under which certain
bilinear iterated function systems are hyperbolic. Then we use such IFSs to con-
struct a family of homeomorphisms on the unit square in R2. This example involves
a “tiling” of the unit square by 1-variable fractal interpolation functions. A closed
form expression for some related box-counting dimensions is provided. In this way
we obtain some information about the smoothness of fractal homeomorphisms.

2. Some kinds of iterated function systems and attractors

2.1. Iterated function system with a coding map

Let N > 1 be a fixed integer. Let (X, dx) be a nonempty complete metric space.
Let H denote the set of nonempty compact subsets of X and let dy denote the
Hausdorff metric; then (H, dy) is a complete metric space.

Let €2 denote the set of all infinite sequences of symbols {o%}3>, belonging
to the alphabet {1,..., N}. We write 0 = 010203 -+ € Q to denote an element of
Q, and we write wy, to denote the kth component of w € 2. We define a metric dq
on by dg(o,w) = 0 when 0 = w and dg(0,w) = 27% when k is the least index
for which oy # wg. Then (2,dq) is a compact metric space that we refer to as
code space. The natural topology on €2, induced by the metric dg, is the same as
the product topology that is obtained by treating €2 as the infinite product space

{1,...,N}°.

Let fn : X — X, n = 1,2,..., N be mappings. We refer to (X, {f,})_,) as
an iterated function system. Let f,, : X — X, n = 1,2,..., N be continuous and
let 7w : 2 — X be a continuous mapping such that

m(0) = fo, (7(5(0))) (2.1)
for all o € Q where S : Q —  is the shift operator, defined by S(c) = w where
wk = 041 for k=1,2,.... Then we define

F = (Xa {fn}g:hﬂ')

to be an iterated function system with coding map w. Throughout we use the
abbreviation IFS to mean an iterated function system with coding map.

If 7(2) = X then F is also called a topological self-similar system, as intro-
duced by Kigami [18] and by Kameyama [15], see [14].
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2.2. Point-fibred, contractive, and hyperbolic IFSs
We say that the IFS F is point-fibred when it possesses a coding map given by

(o) = klirrgo Jor0 foy 0 0 fo () (2.2)

where we assume that the limit exists for all ¢ € 2, is independent of z € X,
depends continuously on o, and the convergence to the limit is uniform in z, for
(o,2) € Q x B, for any fixed B € H. It is straightforward to prove that if F is
point-fibred then its coding map is unique.

The notion of a point-fibred iterated function system was introduced by
Kieninger [17], p. 97, Definition 4.3.6; however we work in a complete metric space
whereas Kieninger frames his definition in a compact Hausdorff space.

We say that the IFS F is contractive when each f, is a contraction, namely
there is a number ,, € [0, 1) such that dx(f.(z), fn(y)) < lndx(z,y) forallz,y € X,
for all n. Then L = max {l,,} is called a contractivity factor for F. We say that a
metric dx on X is compatible with dx when both metrics induce the same topology
on X. We say that a metric dx on X is Lipshitz equivalent to dx when there exists
a constant C' > 1 such that dx(z,y)/C < dx(z,y) < Cdx(z,y) for all 2,y € X. We
say that F is hyperbolic if there exists a metric, Lipshitz equivalent to dx, with
respect to which F is contractive.

When F is hyperbolic, its coding map is given by equation (2.2). It is straight-
forward to prove that any hyperbolic iterated function system is point-fibred, see
for example [2] (Theorem 3), but the converse is not true: Kameyama [14] has
shown that there exists an abstract point-fibred IFS, wherein X = ), that is not
hyperbolic. If the IFS F is such that 7 (2) = X then it is point-fibred and its
coding map is given by {7(0)} = limg_co fo; © fo, © -+ 0 f5, (X); this is proved
in section 2.4. It follows that the restriction F|4 = (A4, {f.})_,,7) of the IFS F
to its attractor A, see below, is point-fibred. Since it is possible to construct two
distinet IFSs, each with the same set of functions {f,}2_,, but different coding
maps, there exists an IFS that is not point-fibred. Thus, the set of IFSs strictly
contains the set of point-fibred IFSs which, in turn, strictly contains the set of
hyperbolic IFSs.

2.3. Attractors
Let F = (X, {f.})_,,7) be an IFS. We define the attractor of F to be
A={n(0):0€Q} CX

Clearly A € H, because €2 is compact and nonempty, and 7 : 2 — X is continuous.
Kameyama [14] refers to A as a topological self-similar set. It follows from the
commutation condition (2.1) that A obeys

A= f1(A) U fQ(A) U---u fN(A) with A € H. (23)
When F is point-fibred, we have
A= lim F°*(B), (2.4)

k—o0
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with respect to the Hausdorff metric, for all B € H, where F°°(B) = B, F°(B) =
F(B), F°%(B) = F o F(B), and so on. Consequently, if F is point-fibred then
its attractor A can be characterized as the unique solution of (2.3). An elegant
proof of this, in the hyperbolic case, is given by Hutchinson [13], Section 3.2. He
observes that a contractive IFS F induces a contraction F : H — H (we use the
same symbol F both for the IFS and the mapping) defined by F(S) = Uf,(B) for
all B € H. See also [12] and [26]. To prove that equation (2.4) holds when F is
point-fibred, we show that the convergence in (2.2) is uniform in (o,z) € (9, B),
for any fixed B € H. Suppose the contrary. Then for some ¢ > 0, for some B € H,
for each k, we can find o) € Q, and b, € B so that dx(foo g (br), ™ (O’(k))) >
for all k, where f,x) 5 = fo_gk) ) fo_ék) 0---0 fﬂim' Using compactness of both B and

Q, we can find subsequences {o*)} and {by,} that converge to o € Q and b € B
respectively. Since the convergence in equation (2.2) is uniform in (o, z) € Q x B,
it follows that f, ) y, (bx,) converges to m(c). Using the continuity of 7 and of d
in both its arguments, we obtain dx (7 (o), 7 (¢)) > € which is a contradiction.

Note that if A is the attractor of the IFS F then the following diagram
commutes, forn =1,2,..., N,

) Sn Q
Tl I (2.5)
A f—> A

where s, : @ — Q is the inverse shift defined by s,(0) = w where w; = n and
w1 = oy for k =1,2,.... This set of assertions is equivalent to “Equation (2.1)
holds for all o € Q7.

2.4. When is an IFS point-fibred?
Let F = (X, {fn}N_;,7) be an IFS such that 7 (Q) = X. Then F is point-fibred.

n=1"

This fact was pointed out to me by Jun Kigami after my lecture at the conference,
and is contained in a remark in [19]. To prove it here, we simply note that

thH;o for 0 fo 00 ka(X):kILH;O for 0 fop 00 fﬂk(ﬂ'(Q))
= klim T(Sgy 085y 0+ 054,(2)) (by (2.5))
=7(o) for all o € Q.

The last equality follows from the observation that the IFS (,s1, s2,...,8,) is
point-fibred with attractor 2 and coding map g : Q — Q given by mq(c)= o for
all o € Q.

2.5. When is a point-fibred IFS hyperbolic?

Kameyama [14] has shown that there exists an IFS, wherein X = Q, for which
there is no metric, compatible with the original topology, with respect to which it
is contractive. Inspection of this abstract IFS shows that it is point-fibred.
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3. Fractal transformations

3.1. The top of a topological self-similar system

The notion of fractal tops, for hyperbolic IFSs, was introduced in [4] and developed
in [5] and [6].

Let F = (X, {fu})_;,77) denote an IFS, and let Ar denote its attractor.

Then we define
7 ({z}) = {0 € Q:mx(0) = 2}
to be the set of addresses of the point x € Ar.

The following definitions and observations, which are implied by the continu-
ity of mx : Q — Az and the commutative diagrams (2.5), generalize corresponding
statements for hyperbolic IFSs. See [5], Chapter 4, and [6] for examples and dis-
cussion, in the hyperbolic case, of tops functions, top addresses, and tops code
spaces.

We order the elements of {2 according to o < w iff o > wy,where k is the
least index for which o # wg. Let 77(x) = sup{oc € Q : nx(0) = z} for all
x € Ar. Then Qr = {7x(x) : x € Ar} C Q is called the tops code space and
7 Ar 2 Qr is called the tops function, for the IFS F. The value 77(z) is
called the top address of © € Ax. The tops function 7: Ax — Qx is well defined,
injective and onto, [6]. It provides a right inverse to the coding map; that is, mro7x
is the identity on Ax. The inverse function, T]__—l : Qr — Ar is injective, onto, and
continuous. However, 77 may not be continuous, [6]. Let T}fl : Qr — Ar denote
the restriction of mz to Q# (the closure of Q) or, equivalently, the continuous

extension of T}fl to Q. Then 7';-1 is continuous and onto. The ranges of both 7';-1
and T}fl are equal to Ar because Ar is closed.
Notice that (2.5) implies

fu(z) =7mFos, ore(x) for all z € Ag. (3.1)

3.2. Symbolic dynamics
The structure of the tops code space is related to symbolic dynamics as the fol-
lowing theorem shows.

Theorem 3.1. Let F = (X, {fu}N_,,77) be an IFS with attractor Az, and let QF
be the associated tops code space. Then (1) S(Qr) C Qr, and (ii) if f1 is injective
on Ax then S(Qr) = Qr.

Proof. Suppose that o € Qz. (i) To see that S(o) € Qx, suppose that there is
some w > S(o) such that 7x(w) = 7 o S(o). Then

mr(o1w) = fo, oTF(w) = fo, omr 0 S(0) =7x 0 (015(0)) = 7£(0).

But 0w > o, so this contradicts the fact that o € Q. Therefore S(o) is the largest
address of mx(S(0)), so S(o) € Qx. (ii) We show that, when f; is invertible on
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Ax, we have 1o € Qz. Suppose that 1o ¢ Qr. Then there is some w > 1o such
that 7z (w) = m£(10), and w = 16 where & > ¢. Then

fiomr(o) =7x(10) = 7r(w) = 7x(lo) = f1omx(0),

so since fi is injective, mx(0) = mx(0), which leads to a contradiction. Hence
lo € QF. [l

3.3. The tops dynamical system

Theorem 3.1 tells us that we can define what we call the tops dynamical system
Tr : Ar — Ar (associated with the IFS F) by

T]::T]__—IOSOT]:.

When 77 is continuous, the topological entropy of Tx : Ax — Ax is the same
as that of the shift operator acting on the tops code space 2x. This follows from
the invariance of topological entropy under topological conjugation, see Corollary
3.1.4 on p. 109 of [16].

We can use the orbits of a tops dynamical system to calculate the tops code
space: for each x € Ax the value of 77(x) = 0102 ... is given by

or =min{n € {1,2,...,N}: T2" V(z) € f.(Ax)}.

This formula is useful when, as in the examples illustrated in Figure 3, the sets
fn(Azx) have straight edges and a simple formula for T'=(x) is available.

3.4. Transformations between attractors

Let F = (X, {fu}Y_;,7#) be an IFS with attractor Ar = 7#(X). Similarly let
G = (Y, {gn}2_,,7mg) be an IFS with attractor Ag. Then the corresponding fractal
transformation Trg : Ax — Ag is defined to be

Trg =mgoTr.

The transformation T'xg depends upon the ordering of the functions in F
and G. For example, if F = (X, f1, f2), G = (X, fa, f1), then in general Tx¢ is not
the identity map on Ar.

The transformation Trg may be characterized with the aid of the IFS with
coding map

H=(Ar x Ag x O, {k}0_ | 7n0)

where k, (x,y,0) = (fn(2), gn(y), sn(0)) and the coding map is defined by 7y (o) =
(rx(0),mg(0),0). The graph of Txg is the same as
{(z,9) : (z,y,0) € A, 0 > w for all (z,7,w) € Ay}

This characterization may be used to facilitate the computation of values of Txg
when Ar and Ag are subsets of R?, both F and G are hyperbolic, and a chaos
game type algorithm is used, see [6].
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3.5. Continuity

Let F = (X, {fu}N_,, 77) denote an IFS with attractor Ax = 7#(X). The address
structure of the F is defined to be

Cr={r7"({z}) N Qr:z € A} C 2%
It is readily seen that Cr is a partition of the closure of the tops code space. Let
G = (Y, {gn}X_;,m7) denote an IFS with attractor Ag = 7g(Y). Let Cg denote

the address structure of G. We write Cx < Cg to mean that for each U € Cx there
is V € Cg such that U C V. Note that if Cx = Cg then Qr = Qg.

Theorem 3.2. If Cxr < Cg then the fractal transformation Trg : Ar — Ag is
continuous. If Cx = Cg then Trg(Ax) = Ag and Trg is a homeomorphism.

Proof. This is essentially the same as the proof in the case of hyperbolic IFSs,
see [6], because the latter relies only on the definition of 7+ and the continuity
of G- (]

We note that if the address structures of F and G are the same then T'rg is
a homeomorphism and the dynamical systems Tx : Ax — Ar and Tg : Ag — Ag
are topologically conjugate, with

Tg = TrgoTr o Trs

Remark 3.3. Suppose that Cx < Cg and that n : Qr — Qg is continuous. Suppose
too that n respects the relationship Cr < Cg; that is, whenever U € Cr there is
V € Cg such that n(U) C V. Then F,, := ngonorr : Ax — Ag is continuous. This
can be proved by means of a straightforward modification to the proof of Theo-
rem 3.2. It enables us to compute additional continuous transformations between
attractors, without a lot of extra work, in applications in R? where we compute
fractal homeomorphisms between attractors.

Remark 3.4. If the shift map S : Qr — Qg respects the relationship Cr < Cx
then the tops dynamical system T : Ax — Ax is continuous. This follows from
the choices n = S and F = G in Remark 3.3. Examples are mentioned in Section
5, see Figure 3.

4. An affine iterated function system on a convex body is
point-fibred when it is non-antipodal

Let F be an iterated function system of affine maps acting on RM. Under what
conditions is F hyperbolic? We show that there exists a metric, compatible with
the Euclidean metric, such that F is contractive when there exists a compact
convex nonempty set K such that all of the maps of F are non-antipodal with
respect to IC.

We treat RM as a vector space, an affine space, and a metric space. We
identify a point x = (z1, 22, ...,7y) € RM with the vector whose coordinates are
x1,T2,...,20. We write 0 € RM for the point in RM whose coordinates are all
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zero. We write xy to denote the closed line segment with endpoints  and y. The
inner product of x,y € RM is denoted by (x,y). The 2-norm of a point x € RM
is [|z]| = v/(z,z). We define SM~1 = {ueRM : ||u|| = 1}. The Euclidean metric
dg : RM x RM — [0, 00) is defined by

d(z,y) = ||z —y|| for all z,y € RM.

Let K be a convex body (that is, a compact convex subset of RM with
nonempty interior) and let 9K be the boundary of K. Let ucS™~1. We define
Ly, = L, (K) to be the unique support hyperplane of  with outer normal in the
direction of u. See [20], p. 14. Then {L,, £_,} denotes the unique pair of distinct
hyperplanes, perpendicular to u, that intersect J/C but contain no points of the
interior of K. [11] refers to {L,,L_,} as “the two supporting hyperplanes of K
orthogonal to u.” For ucRM\{0} we define

Au = {(1,m) € (LaNIK) X (L_uNOK)} and A = UA,.

We say that (I, m) € A, is an antipodal pair of points corresponding to the direc-
tion of u, and that A = A(K) is the set of antipodal pairs of points of K.

4.1. The antipodal metric
We define the width of K in the direction of u to be
ro(u) = inf{||l —m| : 1€ L, (K),m e L_, (K)}, forall uc S¥71
and
|K| = sup{ro(u) : ueSM~1};

see for example [20], p. 15, and [11]. Note that o :SM~! — R is continuous, see [27],
p. 368. Since SM~1 is compact it follows that |K| = to(u*) for some u* € SM~1.

The following metric was discovered by Ross Atkins, a student at the Aus-
tralian National University. It is related to a Minkowski metric, see Corollary 4.3
below, [9], p. 21, Ex. 5, and [10], p. 100; for instance, the two metrics are the same
when K is symmetric about 0, that is, when z € K < —x € K. We define the
antipodal metric di : RM x RM — [0, 00) by

((y — ), u) M-1
dic(z,y) =s {7 T ueS }
elog) = sup{ oy
The maximum here is achieved at some u*€S™~1! because ((y — z),u) /to(u) is a
continuous mapping from S™~! into R.
Let 7 > 0 be such that there is a ball of radius r and center at x € K, that
is contained in K.

Theorem 4.1.
(i) dx is a metric on RM.
(ii) The metrics dc and dg on RM are Lipshitz equivalent, with
ds(e,)/IK] < de (@) < di(z,y)/r for all 2,y € RM.
(iii) For all x,y € K
dic(z,y) < 1 with equality iff (z,y) € AK).
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Proof. First we prove that dx is a metric on RM. (a) di is clearly symmetric. (b)
If x = y then dx(z,y) = 0. If x # y then

di(x,y) = sup{% : UGSMl}
(y—=),(y—x)) _ lly—=|
w(y —z)|ly -zl w(y—=)
We have shown that di(z,y) > 0, with equality if and only if © = y. (c) For all
z,y, 2 € RM we have

R

> > 0.

dx(z,y) = sup {

< sup{% : uESM—l} —&—sup{% : ueSM_l}

=di(z,2) + di(z,y).

This establishes the triangle inequality and completes the proof that di is a metric
on RM. To prove (ii) we simply note that

[l —yll [l —yll

<d <
K S K(,y) <

To prove (iii) we suppose first that (z,y) € A. Then zy C conv (L, UL_,),
the convex hull of £, U £L_,, for all v€SM~1 Tt follows that ((y — z),v) < w(v)
for all veSM~1. Hence ((y — ),v) /ro(v) < 1 for all veSM~1. Also (z,y) € A
implies there is u€S™~! such that (z,y) € (L,NK) x (£L_,NK). It follows that
((y — x),u) = w(u). So

drc(a,y) = sup{“y‘if)’“> ; vGSM‘l} _ % _1

Now suppose z,y € K but (z,y) ¢ A. Then, for each veS™~1 zy C conv(L, U
L_,), but 2y does not intersect both £, and £_,,.

It follows that ((y —x),v) /ro(v) < 1 for all veSM~1. Since di(z,y) =
{(y — z),v) /ro(v) for some v€SM~1 we must have di(z,y) < 1. O

4.2. The set A equals the set D, the diametric pairs of points of
Let ueSM~1, We define the diameter of IC in the direction of u to be
o(u) =sup{||lz —y|| : z,yel,z — y = au,a € R}.

The maximum is achieved at some pair of points belonging to 9K because IC x K
is convex and compact. For u€RM\{0} we define

Dy ={(p,q) € 0K x 0K : d(u) = |lg — p} and D = UD,,.

We say that (p,q) € D, is a diametric pair of points in the direction of u, and
that D is the set of diametric pairs of points of K.
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Theorem 4.2 is probably present in the convex geometry literature, but it is
not well known. For example, it is not mentioned in [20] or [23]. See also [24]. It
is crucial to this work because it provides the heart of Theorem 4.4.

Theorem 4.2. The set of antipodal pairs of points of IKC is the same as the set of
diametric pairs of points of IC. That is,

A="D.

Proof. See [1]. The tools used are (a) that a convex body is the intersection of
all strictly convex bodies that contain it and (b) that, when K is strictly convex,
the function f : SM=1 — SM=1 defined by f(u) = (24 — —4)/ |Tu — z_u| is
continuous and has the property that < f(u),u >> 0 for all u € SM~1 where
Ty € L,NOK, and z_,, € L_,NOK. Hence f does not map u to —u for any
x € SM~1 from which it follows by an elementary exercise in topology (see, for
example, [21], problem 10, page 367) that f has degree 1 and, in particular, is
surjective. (I

Let d be a metric with the properties d(x + z,y + z) = d(z, y) and d(z, (1 —
Nz + \y) = Md(z,y) for all 2,5,z € RM and all A € [0,1]. Then there exists a
convex body C, symmetric about the origin, such that d = d¢. The set C is given
by
C={zcRM:d(x,0) <1}
See [22] pp. 31-32. In this case d is called a Minkowski metric.

Corollary 4.3. Let x,y € K with x # y. Then there exists (I,m) € A(K) such that
Im and xy are parallel and

vl _ dsey)
I =1 ~ oy — )

d}c(l’, y)

In particular, di is a Minkowski metric; it is associated with the symmetric convex
body C = {x € RM : di(z,0) < 1}.

Proof. We can find (I,m) € D such that Im and zy are parallel. By Theorem 4.2
A = D, so there is a nonzero vector v with (I,m) € A,. Now, by definition,

et = sup { L= o)

We claim that the maximum occurs when u = v, because if u© = v then

(=20 _ (w-2)0 _ ly—al
w(v) <(m-=1),v> |m-=1’

and if u # v then ((y —z),u) /w(u) < |ly—z|/llm —1||. Hence, di(z,y) =

ly =l /llm =1 = lly — «| /o(m = 1) = dg(z,y)/0(y — ). O

For example, if K is triangle then dx = d¢ where C is hexagon, symmetric
about the origin.
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4.3. IFSs of non-antipodal affine transformations
We say that f : RM — RM is non-antipodal with respect to K if f(K) C K and
(z,y) € A(K) implies (f(z), f(y)) & A(K).

Theorem 4.4. Let f : RM — RM be affine and non-antipodal with respect to a
convez body IC. Then f is a contraction with respect to dx.

Proof. Let (z,y) € K x K be given with « # y. Then by Corollary 4.3 we can find
(I,m) € A(K) such that im is parallel to zy, and

lly — ||
[lm = 11"
Now consider (f(x), f(y)) € Kx K. If f(x) = f(y) then d(f(z), f(y) =0 < d(z,y).

If f(z) # f(y) then f(I) # f(m) and the line segments f(x)f(y) and f(I)f(m) are
parallel, because f is affine. Also(f(l), f(m)) € K x K is not an antipodal pair so,

by Theorem 4.1 (iii),

d)c(l’,]J) =

dic(f(1), f(m)) < 1.
In fact, let (E,M) € A(K) be such that LM is parallel to both f(I)f(m) and
f(@)f(y), again using Corollary 4.3; then we must have

de(FO), f(my) = 1Em) = FOI
|1 -1
It follows that
ddﬂ@j@»:lﬁ%:%f_

_ ) — ( ) Lf(m) = FODI]
1f(m) — F@) HM LH
@) =@l lly — 2|
Sy — 7O~ m— 1]

=di(y, z).

In the penultimate line we have used the facts that f is affine and zy is parallel
to Im. Hence

d —_
9(u) =TTy o g e YT ghi
Gl 2) ly =l
But SM~1 is compact, and g(u) is continuous, so there exists v € SM~1 for which
g(u) <L:=g(v) <1, for all u € SM-1, b

We say that the affine iterated function system F = (RM, fi, fas o ey fN) is
non-antipodal with respect to a convex body K when f, is non-antipodal with
respect to K forn=1,2,..., N.
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Corollary 4.5. Let F = (RM, fi, fa, oo, fN) be an iterated function system of affine
transformations. If there exists a convex body IC C RM | with respect to which F is
non-antipodal, then F is hyperbolic.

How sharp is this result? First, observe that both of the transformations
of the IFS {R? : fi(z1,22) = (w2,21/2), fa(w1,72) = (22/2,21)}, mentioned
in the introduction, are antipodal with respect to the triangle with vertices at
(0,0), (1,0), (0,1). Also, this IF'S is not point-fibred because it has more than one
nonempty compact invariant set: two compact nonempty invariant sets are {(0,0)},
and {(0,0)}U{(1/2™,0) : n =10,1,2,...} U{(0,1/2") : n = 0,1,2,...}. Second,
observe that the IFS {R? : f(x1,72) = (w2,71/2)} is non-antipodal with respect
to the triangle 7 with vertices at (0,0), (1.5,0), (0, 1), and so it is contractive with
respect to the metric dr. This leads to the question: Given a point-fibred affine IFS
F, does there exist a convex closed bounded set I with nonempty interior, such
that all of the maps of the IFS are non-antipodal with respect to 7 The answer is
provided by the following theorem, which was developed with collaborators after
this paper was substantially completed.

Theorem 4.6. [1] If F = (RM, f1, fo,..., fn) is an affine iterated function system
then the following statements are equivalent.

(1) The system F is hyperbolic.
(2) The system F is point-fibred.
(3) There exists a convex body K C RM with respect to which F is non-antipodal.

Note that (1) is a metric statement, (2) is a topological statement, and (3) is
a geometrical statement. See [1] for proofs of this and more, including an answer to
a fundamental question of Kameyama concerning topological self-similar systems.

5. Affine IFSs associated with a triangle

We use the terminology affine IFS to mean an IFS of affine maps. We illustrate
the theory of the preceding sections with an application in R2.

5.1. Non-antipodal subtriangles

We choose IC = 7, a filled triangle in R?, with strictly positive area and vertices at
the points A, B, and C. Let 7'denote a triangle with vertices at the points P, Q,
and R. Suppose that 7’ C 7. Suppose also that the statement “both 7/ N {P} # ()
and 7' N QR # (" is not true, for all cyclic permutations PQR of ABC. Then we
say that 7' is a non-antipodal subtriangle of T.

Corollary 5.1. Let the affine IFS F = {T; f1, f2,..., fn} be such that f,(T) is
a non-antipodal subtriangle of T for each n. Then F is contractive with respect
to dr.

This result is useful for applications because it provides a convenient geomet-
rical condition under which an affine IFS is point-fibred. We use it next to yield
families of affine IF'Ss, such that each family has a constant address structure.
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A

C

FIGURE 1. The triangles used to define the affine transformations of
the IFS fa = {R27 f17 f27 f37 f4}

5.2. Families of homeomorphisms

Let 7 be a triangle with vertices A, B,C as above. Let ¢ denote a point on the
line segment AB, let a denote a point on the line segment BC', and let b denote
a point on the line segment C'A, such that {a,b,c} N {A, B,C} = 0. Then each
of the triangles caB, Cab, cAb, and cab is a non-antipodal subtriangle of 7, see
Figure 1.

Let fi : R? — R? denote the unique affine transformation such that

f1(ABC) = caB,

by which we mean that f; maps A to ¢, B to a, and C to B. Using the same
notation, let affine transformations fs, f3, and f4 be the ones uniquely defined by

f2(ABC) = Cab, f3(ABC) = cAb, and [f4(ABC) = cab.
Let us write F,, = {R?; f1, f2, f3, f4}, where
a = (|Bc|/|AB|,|Cal/|BC|,|Ab|/|CA]).

Then, for all @ € (0,1)%, F, is contractive with respect to the metric dr, has
constant attractor 7, and has constant address structure C := Cz,. The latter
assertion is proved in [6], Example 1. Consequently Theorem 3.2 provides a fractal
homeomorphism T3 : 7 — 7 defined by Tos = mg o 7o where 75 := mr, and
To 1= 7mF,, for all a, 3 € (0,1)3. Note that T, 0 Tng = Tu for all o, 8,7 € (0,1)3
and that T,g preserves area when o = (¢,¢,c¢) and = (1 —¢,1 —¢,1 —¢) for any
ce(0,1).

Since F,, is contractive with respect to the antipodal metric di, we can find
a contractivity factor L, € (0,1) such that dr(f2(x), f¥(y)) < Lodr(z,y) for all
n,x,y. Clearly, L, is not a constant function of o. However, we will use the next
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lemma to prove that there is a metric, compatible with the Euclidean metric, with
respect to which all of the fSs are similitudes.

Lemma 5.2.

Top(fi(x)) = fﬁ(Tag(:L')) forallx € T, for all o, B, n
Proof. Equation (3.1) implies f2(z) = 74 © 8, 0 To(2) for all € 7. Hence, since
the tops code space Qr, is independent of «, we have
Top(f(x)) = Tup 0 Ta © 8p 0 Ta(T) = T3 0 T 0 Ta © Sy © T (T)

=T 08y 0Ta(x) = T3 08, 0T730m30T,(x)

=7p 0 50 075 0 Tag(z) = [ (Tap(2)),
for all x € T, for all o, 3, n. a

We define a family of metrics dog on 7 by

daﬂ (I’, y) = dE (T&ﬁ(z)’ Taﬂ (y))

For each o, 3 € (0,1)37 this is indeed a metric, compatible with the Euclidean
metric, because T3 : 7 — 7T is a homeomorphism.

Theorem 5.3. The maps fS of the IFS F,, restricted to T, are similitudes with
scaling factor 0.5 with respect to the metric daév where 8 :=(0.5,0.5,0.5).

Proof. Using Lemma 5.2 and the definition d op We have
Aoz (5 (@), [ () = de(T,5(f7 (), T,5(f3 ()

= dp(fI(T,5(x)), F2(T,5()))
= (0.5)dp(T, 5(2), To5())

= (0.5)d,5(z,y),
for all z,y € 7, n =1,2,3,4, and a €(0,1)3. O

An example of T, applied to a picture is illustrated in Figure 2, for a =
(0.65,0.65,0.65) and 8 = 3 where 3 = (0.5,0.5,0.5). The meaning of “a picture of
transformation on the Euclidean plane applied to a picture” is intuitively obvious;
it is discussed objectively in Section 2.2 of [5]. The picture on the left in Figure
2, a Cartesian grid masked by the triangle 7, is the “before” image, 3, while
the picture on the right is the “after” image, T, (). Notice how straight line
segments on the left are transformed into fractal paths on the right. These paths
represent geodesics of d 5 In fact, using the nomenclature of Kameyama [14], it
can be demonstrated that d, 3 = D5(Fa|7), the standard pseudodistance D5 with
metric polyratio 3, for the topological self-similar system Fo |7 := (7, {f2},7a).

We notice that the shift map S : O — Q. respects the relationship C < C, as
discussed in Remark 3.4. It follows that the dynamical system T, : 7 — 7, defined
by T, = mq 08507, is continuous. It is readily seen that T, maps 7 onto itself, with
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\ -
4 Ldidde _oddbdn e =

FIGURE 2. Euclidean geodesics within a triangle, on the left, are trans-
formed by Téa into nondifferentiable paths, on the right, that are
geodesics for the Kameyama metric Dz(Fa).

most points having four distinct preimages. The entropy of T, is In 4, the same as
that of the shift map acting on the code space of four symbols. Note however, that
T, () goes continuously clockwise three times round 97 when x goes clockwise
once round 07 . The two dynamical systems T,,T3 are topologically conjugate,
with Ty, = T go 0 Tg 0 Top for all a, 8. The action of T, on some of the points of
T is illustrated in the top left panel of Figure 3. The other panels illustrate the
dynamics of the five other possible families of affine IF'Ss, that can be constructed
similarly to F,. Each family has a constant address structure. Thus we obtain six
families of homeomorphisms on 7. Of these, only three families are distinct in the
sense that no pair is conjugate via a Euclidean transformation.

6. Fractal transformations generated by bilinear functions

Let R = [0,1]2 C R? denote the unit square, with vertices A = (0,0),B =
(1,0),C = (1,1),D = (0,1). Let P,@, R, S denote, in cyclic order, the succes-
sive vertices of a possibly degenerate quadrilateral, as illustrated for example in
Figure 4.

Then we uniquely define a bilinear function B : R — R such that

B(ABCD) = PQRS
by
B(z,y)=P+xz(Q—-P)+y(S—P)+azy(R+P—-Q—S9).
This transformation acts affinely on any straight line that is parallel to either
the z-axis or the y-axis. For example, if Blap : AB — PQ is the restriction

to AB of B and if Q : R? — R? is the affine function defined by Q(z,y) =
P+ 2(Q — P) + y(S — P), then Qlap = Blap. As we illustrate, this property
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FI1GURE 3. Three distinct families of fractal homeomorphisms, which
are not conjugate under any affine transformation, are generated by
orienting the four subtriangles f,,(ABC) = abe, in one of six ways. In
each case the corresponding tops dynamical system is four-to-one, at
almost all points, and continuous: its action on the points A, B, ..., F
is illustrated.

S R

R r

Q Q
R
Q P
S

P

RS N R

FIGURE 4. Possibly degenerate quadrilaterals with vertices P, Q, R, S
in cyclic order.
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B

Al

F1GURE 5. The four quadrilaterals IFAH, IEBF, IGCF, IGDH, de-
fine four bilinear transformations that are contractive with respect to an
appropriately chosen metric that is Lipshitz equivalent to the Euclidean
metric.

makes it easy to construct elaborate parameterized families of bilinear IFSs with
constant address structures. But first we need conditions under which bilinear IFSs
are point-fibred.

6.1. Contractivity of bilinear transformations
The following theorem provides practical sufficient conditions for a bilinear IF'S to
be hyperbolic.

Theorem 6.1. The bilinear transformation B : R — R defined by B(x,y) = P +
(Q—P)z+(S—P)y+(P—Q+ R—S)xy where P,Q, R, S € R, is contractive with
respect to the metric d ¢ defined by d~ o((x1,31), (T2,¥2)) = Y|z1 — 2| +0|y1 — Y2
for some choice of v,0 > 0 if

for all x,y € [0,1] where

a(z,y) =[(R1— S)y+ (Q1— P)(1 —y)| + [(R2 — Q2)z + (52 — P2)(1 - $)|2
and (02
Blx,y) =l[(R- Sy +(Q—-P)1—-y)) x (R-Q)z+(S—P)(1-=x)). (6.3)
The condition (6.1) is satisfied if
1 + 2 min {area (AQRS) , area (ARSP) , area (ASPQ) , area (APQR)}  (6.4)
> max {|Ry — 51],]Q1 — Pi|} + max {|Ry — Q2 , |S2 — P2[}.

Note that d. ¢ is a metric on R? Lipshitz equivalent to the Euclidean metric
provided that v > 0,60 > 0.
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Proof. We can write
B(z,y) = (P1 + a1(y)x + c1(0)y, P2 + a2(0)x + c2(2)y)

R — Qi)x + (Si —

where a;(y) = (Ri — Si)y + (Qi — P;)(1 — y), and ¢;i(x) = (
d 0 < X <1 so that for all

P)(1 —x), for i = 1,2. Thus, we seek v > 0,0 > 0, an
(21,91), (x2,y2) € R we have

dy,o(B(z1,y1), B(z2,y2))

=7la1(y1)r1 + c1yr — a1(y2)xe — cryz| + laszs + c2 (21) y1 — agxa — c2 (22) 2|
=vla1(y1) (z1 — 22) + 1 (22) (Y1 — y2) | + Olaz(yr) (21 — 22) + c2 (22) (Y1 — y2) |
< (lax (y1) |y + laz (y1) [0) 21 — 22| + (ler (z2) |7 + [e2 (22) 10)[y1 — v2|

< vlwr — 2| + 0lyr — yo| = dyo((21, 91), (22,92)).

Hence we require that, for all =,y € [0, 1],
a2 (y)[0 < (A= a1 (y)]) v and [e1 (2)[7 < (A = ez (2)]) 6.
This is equivalent to
0 <A = Xa(z,y)+ B(x,y) for all z,y € [0,1]

where «, 8 are given by (6.2) and (6.3). Hence, we can find A < 1 provided
(6.1) holds. Now note that G(z,y) is the area of a parallelogram, two sides of
which meet at (0,0) and are defined by the pair of vectors (R — S)y + (Q —
P)(1 —y) and (R — Q)z + (S — P)(1 — x). These vectors, in turn, are con-
vex combinations of the two pairs of opposite sides of PQRS. It follows that
B(x,y) > 2min{area (AQRS),area (ARSP) ,area (ASPQ),area (APQR)}. We
also find

a(z,y) < max {|Ry — S1],|Q1 — Pi[} + max {|Ry — Q2 ,[S2 — P2}

Equation 6.4 follows at once. (I

If P,Q,R,S are the vertices of a trapezium with sides PS and QR parallel
to the y-axis, then 1 —a (z,y)+ B(z,y) = (1—|Q1— P1|)(1— |QR|z —|PS|(1—2))
is strictly positive for all o,y € [0,1], provided that |Q; — P1| < 1,|QR| < 1, and
|PS| < 1. From this it follows that the parameterized family of IFSs F, defined in
equation (6.6) is hyperbolic. In a similar manner it is straightforward to construct
other families of hyperbolic bilinear IFSs whose attractors are R, as suggested for
example by Figure 5.

An example for which Theorem 6.1 does not imply contractivity is obtained
by choosing @ = (0.2,0.9), R = (0.9,0.1), S = (0.1,0.9). Then, regardless of the
location of P in R, we have a(1,1) =1.6 > 1+ 3(1,1) = 1.08.
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6.2. Box-counting dimensions

Let N be a positive integer. Let
O=zxg <21 < ---<zy=1

Let L, : [0,1] — [2n—1,%,] be the unique affine transformation, of the form
L, (x) = apx + by, such that L,(0) = z,_1 and L,(1) = z,, for n =1,2,..., N.
Let 0 < [; <wu; <1 and s; = u; —1I; for j =0,1,...,N. Let ,, denote the
trapezium with vertices (zn—1,ln—1), (Tn,ln), (Tn,u,), and (xn—1,un—1). Then

we define f,, : R — @, by
fo(@,y) = (Ln(2), cn® + [sn—1 + (Sn — Spn—1)2] Y + ln—1),

where ¢, = I, — l,—1. It is readily verified that each f,, is bilinear and, using
Theorem 6.1, that the IFS F := (R, f1, fo, ..., fn) is hyperbolic. Using standard
methods, [3], it is readily verified that the attractor Az of F is the graph I'(g) of
a continuous function g : [0,1] — [0, 1].

For present purposes we define the box-counting dimension of Az to be
1 A
dim Az := lim log N2 (47) (6.5)
e—0+ loge~!

where N:(Ax) is the minimum number of square boxes, with sides parallel to the
axes, whose union contains Ax. By the statement “dim Ar = D” we mean that
the limit in equation (6.5) exists and equals D.

Theorem 6.2. [8] Let F denote the bilinear IFS defined above, and let Ax denote
its attractor. Let a, = 1/N forn=1,2,...,N and let ZTJLI w > 1. If Ar
is not a straight line segment then

N  sp_1+sn
loanZI%
log N

Information about dimAr = dimI'(g) provides information about the
smoothness of g because dimI'(g) is related to Holder exponents associated with
g, see [25], Section 12.5, for example.

6.3. A family of fractal homeomorphisms generated by bilinear transformations

The following example is considered in [8], which provides more details and the
proofs of results stated here.

Let I = (0,p), J =(0,q), F = (1,q), G = (1,p), E = (0.5,0), K = (0.5,7),
L =(05,s) where 0 < ¢ < p <land 0< s < r <1, as illustrated in Figure 6.
Define bilinear functions B,, : R — R forn=1,...,6 by

B1 (ABCD) = AELJ, B2 (ABCD) = EBFL,B3 (ABCD) = JLKI,
By (ABCD) = LFGK,Bs (ABCD)=I1IKHD,Bs (ABCD) = KGCH.
Define a family of iterated function systems, dependent on the vector of parameters

v =(p,q,7,5), by
Fy= (R ABu}nor,my)- (6.6)
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D H C

d c|d c

AL B

FIGURE 6. The arrangement of quadrilaterals used in in Section 6.3.
The letters a, b, c,and d in the corners of a quadrilateral indicate the im-
ages of the points A, B, C, and D, respectively, under the corresponding
bilinear transformation.

Then Theorem 6.1 provides that, for all admissible v, F, is hyperbolic, with
attractor A = m () = R. It is also straightforward to show, using the affinity
of each B, when restricted to any side of R, that the address structure C, = C is
independent of . It follows that we can define a family of fractal homeomorphisms
Tys : R — R by Ty = w5 o7y for all admissible v,d. We remark, however,
that the shift operator S : 0, — ), does not respect the address structure C,
and consequently the tops dynamical system T := 7, 0So7, : R — R is not
continuous, in contrast to the examples in Section 5.

Similarly to the transformations in Section 5.2, we have

Te’y °© Tegl eld
for all admissible v, d, €. In particular, we can obtain information about the struc-
ture and smoothness of T',5 by studying Tz, : R — R, for all admissible v, in the
case where € denotes the parameter set p =r =2/3, g =s=1/3.

We observe that T.s(L,) = L for all = € [0,1] where L, is the line segment
{(z,y) : 0 <y < 1}. Consequently, if I'(f) C R denotes the graph of a continuous
function f : [0, 1] — [0, 1], then T',5(I'(f)) is also the graph of a continuous function
from [0,1] to itself. So let C[0,1] denote the set of continuous functions from
[0, 1] into itself, with metric dcjo,1)(f,9) = max{|f(z) — g(x)| : z € [0,1]}. Then
T,s : R — R induces a continuous transformation 7,4 : C[0,1] — C[0, 1], defined
by Ts (f) = g where g € C[0, 1] is uniquely defined by T,5(T(f)) = I'(g).

Let f. € C[0,1] be defined by f.(x) = ¢ for ¢ € [0, 1]. Information about the
smoothness of 1%, is obtained by looking at the functions g. := Tg,y (fc) for various
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values of ¢. In [8] it is proved that
Jey () < geo(x) whenever 0 < ¢; < ¢ <1,

for all x € [0, 1] and all admissible . Since R = U{Ts(T'(f;)) : ¢ € [0, 1]}, for each
admissible 7, §, it now follows that the graphs of the set of functions {g. : ¢ € [0, 1]}
tile R, for each admissible . For example, when v = €, we have g. = f. and the
graphs of the set of functions {f. : ¢ € [0, 1]} tile R.
In [8] it is proved that
fo=90<g12 <91 = fu,
where I'(go) is the attractor of the IFS }1(,1) := (R, B1,B2), ' (g1/2) is the attractor
of the IFS ]—1(,2) = (R,Bs,By), and T'(g2) is the attractor of the IFS .7-'§3) =
(R, Bs, Bg) . Furthermore, by Theorem 6.2, if T’ (91/2) is not a line segment and
(p—q+r—s)>1then
log (p—q+7—5)
log 2
So for example if p =5/8, ¢ =1/8, 7 = 7/8, s = 2/8 then dimT (gq,2) = (log9 —
2log2)/log2 = 1.1699.... So the image under Tz, of the three line segments
I'(fo), T (f1/2) , T'(f1) is a sandwich of three curves, the upper and lower having
dimension one and the middle curve having box-counting dimension greater than
one and less than two. This sandwich is repeated at finer and finer scales, as can
be seen by applying compositions of finite sequences of operators from the set
{]-‘S), F?, f§3)} to the sandwich. This notion is implicit in Figure 7.

dimT (go) = 1,dimT (g1,2) =1+ ,dimT (g1) = 1.
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1. Introduction

1.1. Substitution dynamical systems

First we introduce some notations on substitutions. Let A = {1,...,d} be an
alphabet, d > 2. Let A* = Up,>0A" be the set of finite words. A substitution is
a function ¢ : A +— A*. The incidence matrix of o is M, = M = (mij)1<i,j<ds
where m;; is the number of occurrences of ¢ in o(j). A matrix A is primitive if
there exists a positive integer N such that AV is a positive matrix. We will always
assume that the incidence matrix M is primitive.

An infinite word s € A% is a fized point of o if o(s) = s; it is a periodic
point if o (s) = s for some integer £ > 1. A primitive substitution has at least one
periodic point.

Let T be the (left)-shift operator on the symbolic space A, let

Q={T"(s); n >0}
be the orbit closure of the fixed point s of o. If the substitution is primitive,
it is well known that {Q, T} is uniquely ergodic [25, 29]. We denote the unique

ergodic probability measure by v, and the dynamical system {Q, T, v} is called the
substitution dynamical system of o.

The third author is supported by CNSF no. 10631040.
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Substitution dynamical systems form an important class of symbolic dynam-
ics. Spectral analysis and geometrical realizations of substitution dynamics are
two interesting problems. (We are particularly interested in when the spectrum is
discrete.) These two problems are closely related to each other by the famous rep-
resentation theorem: An ergodic measure-preserving transformation has discrete
spectrum if and only if it is conjugate to an ergodic Totation on some compact
abelian group (cf. [35] pp. 73).

Substitutions of constant length. A substitution o is said to be of constant length
if |o(1)| = |o(2)] = --- = |o(d)]. Dekking [9] introduced a notion of coincidence for
constant length substitution and proved that ¢ has discrete spectrum if and only
if o admits a coincidence.

Substitutions of Pisot type. Another interesting class of substitutions are Pisot
substitutions. A substitution o is said to be a Pisot substitution if the Perron-
Frobenius eigenvalue of M, is a Pisot number (an algebraic integer whose algebraic
conjugates have modulus strictly less than 1). The following conjecture plays a
central role.

Pisot spectral conjecture: Any Pisot substitution has discrete spectrum.

This problem is also related to a geometrical realization introduced by Rauzy
[30], which is called Rauzy fractals or atomic surfaces. For example, let T denote
the Fibonacci substitution: 1 +— 12,2 +— 1. Then the Rauzy fractals of 7 are
intervals, and the substitution dynamical systems of 7 is metrically conjugate to
a two-interval-exchange, which can be regarded as a rotation of one-dimensional
torus. Hence 7 has discrete spectrum by the representation theorem.

Let n denote the Rauzy substitution

1—12, 2+— 13, 3— 1.

Its Rauzy fractal consists of three piece X7, Xo, X3 and a domain-exchange trans-
formation D can be defined on X = X; U X3U X35. (See Figure 1.) Since X admits
a lattice tiling of R?, D can be regarded as a rotation of two-dimensional torus.
Rauzy showed that the substitution dynamical system of 7 is metrically conjugate
to D and hence has discrete spectrum.

The Pisot spectral conjecture is confirmed for two-letter substitutions in [6]
and it is widely open for many-letter substitutions.

Rauzy fractals of Pisot substitutions have received extensive studies in the
past 25 years ([23, 1, 33, 8, 32, 2, 3, 6, 28, 7] etc). It is an interesting object in
number theory, tiling theory, spectral theory and dynamical systems.

Hyperbolic substitutions. It is natural to generalize Rauzy’s construction to non-
Pisot substitutions. Early work in this direction was done by Holton and Zamboni
[15]. They constructed complex geometric realizations of a large class of substi-
tutions. However, as we shall see, the dynamical property of this realization is
not satisfactory and it does not give us a conjugacy of the substitution dynamical
system.
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FIGURE 1. Rauzy fractals | J,_; 5 5 Xi of Rauzy substitution.

The goal of the present paper is to construct a geometrical realization of
unimodular hyperbolic substitutions in the irreducible case. Precisely, we construct
a fractal domain-exchange transformation which is isomorphic to the substitution
dynamical system.

1.2. Rauzy fractals of hyperbolic substitutions

A substitution o is unimodular if det M = =1; it is of irreducible type if the
characteristic polynomial of M is irreducible over QQ. A substitution is hyperbolic
if there are no eigenvalues of the incidence matrix on the unit circle.

In this paper, we only consider unimodular hyperbolic substitutions of irre-
ducible type. Let o be such a substitution. Then the eigenvalues A1, ..., Ay of the
incidence matrix M satisfy

|>‘1|aa|>‘m| <1< |)‘m+1|7--'7|/\d|7

and the linear map of R? defined by M has a stable space P of dimension m and
an unstable space V of dimension d —m. According to the direct sum R? = V& P,
we define two natural projections

7 R'— P 1 RV

Since the Perron-Frobenius eigenvector is non-rational, the projections of the
lattice Z? is dense in P as well as V; it is also one-to-one on Z¢ from Z¢ to P as

)

well as V : for any x,y € Z%, 7(x) = n(y) (or 7'(z) = 7'(y)) if and only if z = y.
Denote by €1, .., €y the canonical basis of R%. Define a map f: A* — Z? by
(i) f(e) =0, where € denotes the empty word;
(ii) fi)=¢€;for1 <i<dand f(UV)= f(U)+ f(V) for U,V € A*.

The following construction is an analogue of that of Rauzy fractals. Let s =
$182 ... be a periodic point of 0. Set Y = {yr = f(s1...8k-1): k> 1}. Then Y
is a subset of Z%. If we connect every two consecutive points by a line segment,
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we obtain a broken line from the origin to infinity. The Rauzy fractal of o is the
closure X = m(Y) of the projection of Y on the stable space P. Furthermore, let

Yi={f(s1...86-1): sk =1, k>1} and X; = n(Y;)

for 1 <i < d. We call the family {X,;}1<i<q the partial Rauzy fractals of o. Clearly
X =ul, X,

Ezample. Consider the substitution:

1—-14, 2 — 3, 3 — 423, 4 — 142.

1 0 0 1
o . 0 011 . .
The incidence matrix is M = 01 1 0| the characteristic polynomial of
1 0 1 1

M is @y (7) = 2* — 323 + 22 + z + 1, and the eigenvalues are {2.28879, 1.38939,
—0.339093 + 0.44663:}. Since the eigenvalues inside the unit circle are complex
conjugates, the contraction matrix of the Rauzy fractals is a similitude. (See Fig-
ure 2.)

ne2
0.
F@l\
-0.5 0.5
e3 X
ed
-0.5

FIGURE 2. X; and X| = X, + 7e;.

1.3. Self-similarity and open set condition

First we show that the partial Rauzy fractals X; have a self-similar structure,
namely, M X; is a union of translation copies of X;,..., X4. We also show that
the unions are not overlapping; in terminology of IFS theory, the graph IFS of the
partial Rauzy fractals satisfy an open set condition. (For Graph-IFS and open set
condition, we refer to [27] and [12].)
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Let us denote o (i) = a1 ... a;, and set
'Dij = {M717T ] f((ljl ce aj(k,l)); Qi = ’L}

Theorem 1.1. Let o be an unimodular hyperbolic substitution of irreducible type.
Then the partial atomic surfaces {Xi}f’:l are compact and satisfy the set equations

d
M_lXi = U (X] +Dij). (1.1)

Jj=1

Since the compact sets satisfying (1.1) are unique [27, 12], the atomic surfaces
do not depend on the choice of the periodic point s.

If o is a Pisot substitution, X; have non-empty interior and usually have
fractal boundary. (See Figure 1.) In case that the substitution is not Pisot, the
Rauzy fractals have empty interiors and they are indeed fractal sets. (See Figure 2.)

Theorem 1.2. Let o be a unimodular hyperbolic substitution of irreducible type.
Then the graph-IFS (1.1) satisfies the open set condition.

We note that the construction of [15] usually does not satisfy the open set
condition.

The validity of the open set condition in the hyperbolic case is not as obvious
as in the Pisot case, because the contraction matrix of the system need not be a
similitude, so that the similarity dimension of the system is less than the dimension
of the space. However, in a recent paper, He and Lau generalized the results of
Schief [31] to some self-affine iterated function systems, and they established an
algebraic criterion of the open set condition for such systems [14]. Luo and Yang
[22] further generalize this result to the graph IFS case, which is crucial in our
argument.

1.4. Geometric realization of substitution dynamic

For Pisot substitutions, a domain-exchange transformation D : X — X has been
defined by Rauzy [30], Arnoux and Ito [1]. We can generalize this definition to
hyperbolic substitutions:

k—1

D(z) =x+7(ey), ifxeX,andaxdg UXj.

j=1
To show this fractal domain-exchange transformation (X, D) is a realization of
the substitution dynamical system, we need to find a measure p supported on
X which is ‘translation invariant’ provided the translation is inside X, and that
X = U?Zl X; is a disjoint union in measure u.

The existence of a ‘translation invariant’ measure is confirmed by [22]. They
showed that the Hausdorff measure of X w.r.t. a pseudo norm is positive and
finite, i.e., 0 < HE(X) < +o0, where « is the Hausdorff dimension of X w.r.t. the
weak norm. Hence the restriction of HS, on X is such a measure. Let us denote
this measure by pu.
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To show that X = U?Zl X; is disjoint in measure u, we need to assume that
o satisfies a strong coincidence condition, which was first introduced by Dekking
for constant length substitution and then generalized to general substitution by
Host and Levishtiz.

Theorem 1.3. If o satisfies the strong coincidence condition, then (X, D,p) is
measure-preserving and it is isomorphic to the dynamical system (Q,T,v).

1.5. Questions

In the Pisot case, if we assume that o satisfies a super-coincidence condition, then
it is shown that (X, D, u) is a rotation on the torus, and hence the substitution
dynamical system has purely discrete spectrum [17]. However, in the non-Pisot
case, we do not know how this geometrical realization is related to the spectral
property of the substitution dynamical system.

The paper is organized as follows. In Section 2, we recall some recent results
on single-matrix graph IFS. In Section 3, we discuss the self-similar structure of
atomic surfaces and prove the open set condition holds. In Section 4, we construct
a fractal domain-exchange transformation (X, D, u), and we show that (X, D, u)
is isomorphic to (2, T,v) in Section 5.

0.5 0.5
e2 e2
ned \ ned
B <n%35 -t - m3°
el el
-0.5 -0.5
X

FIGURE 3. X; and X/ of 0 : 1 — 123, 2 - 1, 3 — 14, 4 — 3. The
eigenvalues are {2.09529, —1.35567, 0.73764, —0.47726}.

2. Single-matrix graph IFS

2.1. Graph IFS

Let (V,T') be a directed graph with vertex set V' = {1,..., N} and edge set T
We call {f.; e € T'}, a collection of contractions f. : R? — R% a graph-directed
iterated function system (graph IFS).
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ned

FIGURE 4. X; and X/ = X; +me; of 1 - 12, 2 -3, 3 — 42, 4 — 1.
The eigenvalues are {1.5129, —1.1787, 0.33292 + 0.67077i}.

Let I';; be the set of edges from vertex ¢ to j, then there are unique non-empty
compact sets {E;} V| satisfying ([27])

N
Ei=J U f(E), 1<i<N. (2.1)

j=1le€cl;

We call (Fy,..., En) the invariant sets of the graph IFS. (See also the book of
Falconer [12].)

The graph IFS is said to satisfy the open set condition (OSC), if there exist
open sets Uy, ...,Un such that

N
U U fw)cu, 1<i<N,

j=leely;

and the left-hand side are non-overlapping unions.

Let us define M = (m;;)1<i j<n to be the associated matrix of I', that is,
m;; = #I'j; counts the number of edges from j to ¢. We say I is strongly connected
if M is a primitive matrix. From now on, we will always assume that the graph
under consideration is strongly connected.

2.2. Single-matrix graph IFS
We are particularly interested in graph IFS {f.; e € I'} satisfying

fe=AYx+d,) forecT, (2.2)
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where A is an expanding matrix in My(R). (A matrix is expanding if all its eigen-
values have modulus greater than 1.) We shall call (2.2) a single-matriz graph
IF'S.

Ezxample.

(i) McMullen’s carpets [24], a class of typical self-affine IFS, are single-matrix
IFS.
(ii) Self-affine tilings studied in [4, 18, 20] are single-matrix IF'S.
(iii) Rauzy fractals of hyperbolic unimodular substitutions are single-matrix graph
IFS.

Denote by I'/; the paths from vertex i to vertex j with length n. For I =
e1...en € I, set fi(w) := fe; 0 fe, 0+ fe, (x) and define

dr == A" Yde, + A" 2dey + -+ Ad,, |, +d.,,
then fr(x) has the form: fr(z) = A~"(x 4 dy). Set
Dl = {dr; 1 €T} (2.3)
In this case, formula (2.1) can be simplified to Ei:U;.V:lA_l (E;+D;;), which is

N
AE; = | J (B; + Dy). (2.4)

Jj=1

Iterating(2.4), we obtain
N
A"E; = (B, +Dp).
j=1

2.3. Pseudo-norm
Let A be a dx d real expanding matrix with | det A| = g. [19] defines a pseudo-norm
w = w4 on R as follows (see also [14]).

Denote B(x,r) the open ball with center 2 and radius r. Then V' = A(B(0, 1))
\B(0,1) is an annular region. Choose any 0 < § < 3 and any C*° function ¢;(z)
with support in B(0,d) such that ¢5(z) = ¢s(—2) and [ ¢5(x)dz = 1, define a
pseudo-norm w(x) in R¢ by

w(z) = Z g h(Amz), (2.5)
nez
where h(z) = xv *¢s(x) is the convolution of the indicator function yy and ¢s(x).
It is shown that w(Az) = ¢"/%w(z) for all x € R?. Hence the matrix A is a
similitude in this weak norm. This fact plays a central role in [14] and [22].
Let E be a subset of R%. Define diam,F = sup{w(z — y) : z,y € E} be the
w-diameter of E. Now we can define a Hausdorff measure of E with respect to the
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pseudo-norm w(x).
o 5(B) =inf{> (diam, E;)* : E C | J E;, diam,, E; < 5}
i=1 i

Since Hj, 5(E) is increasing when ¢ tends to 0, we can define
HE(E) = lim M3 ().

It is shown that H%(E) is an outer measure and is a regular measure on the family
of Borel subsets on RZ. It is translation invariant and has the scaling property;
precisely,

HE(E+2z) =HS(E) and HY(AT'E) = ¢ */9HY(E). (2.6)
A Hausdorff dimension with respect to the pseudo-norm thus can be defined to be
dim,, E = inf{a : Hy, (E) = 0} = sup{a : Hy,(E) = co}.

The relation of dim,, F and the classical Hausdorff dimension dimg (E) has been
studied in [14].

When A is a similitude, then H!, and dim,, become the normal Hausdorff
measure and dimension respectively.

2.4. Algebraic criterion of OSC

The following criterion shows that a certain discreteness implies the open set con-
dition.

Theorem 2.1 ([22]). Graph IFS (2.2) satisfies the OSC'if and only if #D}; = #I'}}
and there is a r > 0 such that Dj; is r-uniformly discrete for all 1 <i,j5 < N and
n>1.

The above result is well known when A is a similitude or the system in
consideration forms a tiling system (20, 21]). In the IFS case, the result is proved
by He and Lau by using a pseudo-norm w on R?.

Under the pseudo-norm w, A becomes a “similitude”. Then using the method
developed by Bandt and Graf [5], and Schief [31], He and Lau recovered the results
of Schief. Later it is generalized to Graph-IFS by Luo and Yang [22].

Let A be the maximal eigenvalue of M, the associate matrix of I'.

Theorem 2.2 ([22]). For graph IFS (2.2), if OSC holds, then for any 1 <i < N,

(i) a =dim, F; = dlog A/ loggq.
(i) 0 < HE(E;) < 4o0.
(iil) The right-hand side of (2.1) is a disjoint union in measure HS..
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3. Verifying the open set condition for Rauzy fractal

3.1. Notations

For x € Z4, we denote by (z,i) := {x + fe;; 6 € [0,1]} the segment from z to
T + e;. Define y + (2,i) := (v +y,i). Let G = {(x,i) : = € Z% 1 < i < d}. The
term segment will refer to any element of G.

Recall that o(i) = a1 ... aq,.

The inflation and substitution map F, is defined as follows on the family of
subsets of G. Define

l;

Fy(0,i) := U{(f(ail CGi-1)) i)}, 1 <i<d.
k=1

Fy(xz,i) :={Mxz+k: ke F,(0,i)},
and for K C G,
F,(K):={F,(k): ke K}.

Rigorously we should use F,{(x,7)} instead of F,(x,7). By the definitions of the
incidence matrix and f, one has My,n = M2 and f(c(U)) = M,f(U) for every
word U, and so that Fon = F.

For a finite or infinite word s = $1...5S, ..., a broken line s starting from the
origin is defined as follows:

5= J{(f(s1..5i-1),50)}.

i>1
3.2. Self-similarity of Rauzy fractals
The following lemma holds for general substitutions. (See [11] as formula (3.2).)
Lemma 3.1 ([11]). For any substitution o, it holds that
d
Y= U (MY + f(aji...ajx-1)))- (3.1)
j=1 ajn=i
Set Zij = {f(aj1...a;x-1)): ajx =i}, then we have that
Zij = {Z : (271) € FU(O7j)}7 (32)
and (3.1) becomes

d
Y, = J (MY + Zi). (3.3)

Recall in Theorem 1.1, D;; = {M 7o f(aji ... aj(k—1)); @k =1}, we have

Diyj =M 'n(Z;)={M 'n(z): (2,i) € F,(0,)}. (3.4)
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Proof of Theorem 1.1. (i) By the definition of F,, we see that every element of ¥’
can be expressed as y = Zivzo MPFay,, where a;, belongs to the finite set

{f(ajl . ..ajk) 1 S 7 g d7 1 S k/’ S ll} (35)

(If s is a periodic point satisfying o*(s) = s, we replace o by o*.) We can choose
a real 6 such that |A;| < § < 1 holds for all contractive eigenvalues A;. Since 7(ay)
are points of the contractive eigenspace P, we have

N 0o C
ZMkﬂ'(ak) <C’Z€k:m,
k=0 k=0

where C' > 0 is a constant depends on the set in (3.5). So X is bounded in the
ball B(0,C/1 —6) C P and that X; are compact.

(i) Taking the projection m and then taking a closure on both sides of (3.3),
we obtain the set equations of the Rauzy fractals (1.1)

m(y)| =

d
M7X; = (X;+ D)) (3.6)
Jj=1 ([l

3.3. IFS and dual IFS

For a hyperbolic substitution o, there is a natural graph IFS associated with o.

Let Vj be the Perron-Frobenius eigenspace of M, i.e., the eigenspace corre-
sponding to the maximal eigenvalue of M. Let " : R% — Vj be the projection
along the eigenspaces. Set I; = {07"(€;); 0 <6 <1}, 1<i<d. Then it is easy
to check that {I;; 1 <i < d} are invariant sets of the graph IFS

d
ML= I +7"Z;.
j=1

Let us build up an automaton G as following: the state set is the alphabet
set {1,2,...,d}, if (2,7) € F,(0,7), then we draw an edge e from state i to j and
label this edge by it by z. Let us denote the label of e by d., i.e., de = z.

In the graph G, if we associate with each edge a contraction

ge(x) = M~z + 7"(de)),

then the invariant sets are exactly {I;; 1 <i <d}.

Let us build up another automaton G’ from G by reversing the direction of
all the edges. The state set and the label of edges remain the same as G. As a
corollary of Theorem 1.1, we have

Corollary 3.2. In the graph G', if we associate with each edge a contraction
ge(x) = Az + m(de)),
then the invariant sets of the graph IFS are exactly the Rauzy fractals Xy, ..., X4.
This fact has been mentioned implicitly in [34, 3, 1, 17].
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3.4. Verifying the open set condition.
Theorem 3.3.
(i) Dy ={mo M ™"z (2,1) € F(0, )}
(ii) #Dy; = #T7.
(iii) There exists a constant C such that for x € D, dist(n~'xz, P) < C.
(iv) #Dy; is r-uniformly discrete.
(v) The open set condition holds for Rauzy fractals.

Proof. (i) Recall that Z;; = {z € Z¢; (x,i) € F,(0,5)}. We set
Z5 = {M"™" Yo, + M™"2de, +---+Md,, , +en; €1...e, is a path from i to j}.

Clearly
D = a({M"de, + M" de,_, + -+ M ?de, + M de,;
€n ...€1 is a path from state i to j on G'})
=7 (M_"Zi"j)

moM™({z; (z,4) € F*0,4)}).
(ii) Since the elements in F*(0, j) form a broken line in the positive direction,
all (z,i) € F(0,7) are distinct, which implies that #D}; = #I7’.
(iii) Since any = € D}’ has the form

(M~ "d., + M" 'd., , +---+ M %d., + M~ 'd.,),
we have
rle=M"d,, + M"'d,, , +---+ M 2d, + M~ 'd,,.

Notice that all d., are taken from a finite set (the labels of the graph G), and M ~*
is contractive on V;. We conclude that the distance from 7~ !z to P is bounded by
a certain constant C, which is independent of the choices of 4,5 € {1,...,d} and
n € N.

(iv) Let us denote by C := {z : dist(x, P) < C'} the corridor near the space P.
Let B = B(0,1)N P where B(0,1) is the unit ball with center O. Then there are
only finite many points z € Z?\ {0} such that 7(z) € B(0,1). Suppose 7(z*) is the
nearest point to 0 among them. Let r = min{1, 7(z*)}. (If the unit ball contains
only the projection of O, we set r = 1.) Then 7(Z? N C) is r-uniformly discrete,
and hence its subsets Dj; are also r-uniformly discrete for all 1 <i,j <d, n > 1.

(v) Therefore, the open set condition holds by Theorem 2.1. This proves
Theorem 1.2. (]

4. Domain-exchange transformation on X

4.1. Strong coincidence condition

Let o be a substitution over A = {1,...,d}. Two distinct letters i, j € A are said
to have strong coincidence if there exist integers k,n such that ¢™(i) and o"(5)
have the same kth letter, and the prefixes of length k — 1 of ¢™(i) and o™ (j)



Realizations of Hyperbolic Substitutions 263

have the same image under the abelianization map f. A substitution o is said to
satisfy the strong coincidence condition if 7,j have coincidence for any i,j € A.
(See [16, 1, 6, 17].)

It is conjectured that all Pisot substitutions satisfy the strong coincidence
condition ([6, 17]) and the conjecture is confirmed for Pisot substitutions over
two letters [6]. However, a hyperbolic substitution may not satisfy the strong
coincidence condition. Let 7 be the substitution

7:1—-12,2—-3,3—24, 4 — 1.

We conjecture that the pair 2,3 do not have strong coincidence.

A measure p on X is called translation invariant (or a Haar type measure) if
w(B1) = pu(Bs2) holds provided By and Bs are Borel subset of X and By = By + v
for some vector v.

Let a = dim,, X be the Hausdorff dimension of X w.r.t. the pseudo norm
w = wps. Let

p=aHy|x
where a = 1/H%(X). Clearly p is translation invariant on X.

Proposition 4.1. Let o be a hyperbolic unimodular substitution with partial atomic
surfaces X1,...,Xq. If o satisfies the strong coincidence condition, then u(X; N
X;)=0 fori#j.
Proof. Since the letters i and j have strong coincidences, there is a letter k € A,
an integer n > 0 and a lattice point 2z € Z? such that (2, k) € F*(O,i) N E*(O, j).
Hence (z,k) € Fyn(0,1) N Fpn(O,4). By the definition of Dy; we have that m(z) €
Dy; N Dy;. This implies that both X; 4+ m(z) and X; + m(z) are pieces of the
subdivision of M (X}).

Hence, by the OSC, we have that HS ((X; + 7(2)) N (X; + 7(z))) = 0, and
so that u(X,; N X,) =0. O

4.2. Domain-exchange transformation

Actually, there is another way to tile X by X;. Consider

Y! ={f(s182...80): sp =1},
then Y is another partition of the stair determined by the fixed point. Clearly
Y/ =Y, +e;. Let X! =Y/, then
X! =X, +7(e;) and X = UL, X/,

and the union is non-overlapping in measure p since p(X;) = p(X!) and the total

measure is unchanged.

Accordingly, a domain-exchange transformation D : X — X can be defined by
k—1

D(z) =z +7(e;), ifzeX,andzx¢ UXJ"

j=1

For Pisot substitutions, this transformation was defined and studied in [1].
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Theorem 4.2. (X, D, u) is a measure preserving dynamical system.

Proof. Actually, we shall prove that for any Borel set B, u(D(B)) = u(B), which
is stronger than that u(D~(B)) = u(B).
Let U = U, ;(X; N X;) and set Xy = Xj \ U = Xy \ (UjzX;). Clearly

wX) = ZZZI 11(X). By the translation invariant of D, we have
w(D(X3)) = p(Xi + m(er)) = p(Xs).
Since D(X;) C X! and X = U%_, X! is a disjoint union in measure x, we have that
D(X;) are also disjoint in measure .
Set By := BN X;. Then u(B) = Y.¢_, u(By) and D(By) = By, + 7(ex) C
D(Xy). Hence D(By) N D(By) is a subset of D(X;) N D(Xy), and so that
w(D(By) N D(By)) = 0. Therefore,

) = U uDB) = | uBi) = u(B). o
k=1

5. Realization of the substitution dynamical system

5.1. Isomorphism of measure-preserving transformations
The following definition can be found in [35] p. 57.
Definition 5.1. Suppose (Xi,B1,m1) and (X3, B2, ma) are probability spaces to-
gether with measure-preserving transformations
T12X1P—>X1, TQZXQHXQ.

We say that Ty is isomorphic to Ty if there exist My € By, Ms € By with
m1 (M) =1, ma(Ms) = 1 such that

(1) T1M1 C j\417 T2M2 C MQ, and

(ii) there is an invertible measure-preserving transformation

(25 : M1 = M2 with ¢T1(£ZE) = TQ¢($) Vx € Ml.

In (ii) the set M; (i = 1,2) is assumed to be equipped with the o-algebra
M;NB; = {M;NB; B € B;} and the restriction of the measure m; to this o-algebra.

Clearly, if two systems are isometric, then they are spectrally isomorphic.
(See [35] Ch. 2.)

5.2. Construction of conjugacy

Recall that (2, T, v) is the substitution dynamical system, where Q={T"(s);n > 0}
is the orbit closure of the fixed point s of o, T is the shift operator and v is the
unique ergodic probability measure.

We define a projection p: Q — X. First, set

p(T"(s)) = p(snsnt1--.) =m0 f(8081-+-Sn—1),

where sy denotes the empty word and s; is the initial letter of the fixed point s.
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Lemma 5.2. p is uniformly continuous on the set {T™(s); n > 0}.
Proof. Suppose T™(s) and T™(s) are very close to each other, that is,

SnSn+1--+-Sn+L = SmSm~+1---Sm+L (51)

for very large L.
Primitive aperiodic substitutions are known to be bilaterally recognizable
[26]. Hence we can write (5.1) in the form

SnSntl---Sntl = SmSm+1 - SmtL = WioP (i)W, (5.2)
where i € A, Wy, Wy € A* and
S0S81 . .- Sm,1W1 = O'p(le)7 S0S81 ... Sn,1W1 = O'p(UQ)

for some words Uy, Us € A*. Moreover, p = p(L) depends only on ¢ and L, and p
tends to +o0o0 when L — +o0.
Set k = |Wy|, we have

p(T"s) = p(T"™s)| = [p(T"+Fs) = p(T™**s)|
=|mo f(s081.--Snt+k) — mo f(S0S1 .- Sm+tk)]
= |mo f(o?(U1)) — 7o f(a?(U))]
= |mo MP(f(Ur)) —mo MP(f(Us))|
< [MP o (x(f(Ur)) —n(f(U2))|
< 2diam (M?PX) < 26Pdiam X,
where |\;| < @ < 1 holds for every contractive A;. Therefore, when L is large, p

must be large and so that 260Pdiam X is small. This proves the uniform continuity
of p. O

Since T™(s) is dense in €2, hence p can be extended to by continuity, and
p is still continuous on 2. Therefore
p: Q- X
is well defined and it is an onto map by the definition of Rauzy fractal X.

It is easy to show that the following diagram is commutative.

0O —>L.,0

0| |7

X — X
D

Proposition 5.3. The following holds.

) plil = X:.
(ii) poT = Dop.
(iii) For [i1...i,] C €, we have that pliy...in] = X; N D7Y(X;,) N -

N DX ).
(iv) p~t: X — Q is a measurable mapping.
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Theorem 1.3. If o satisfies the strong coincidence condition, then (X, D,u) is
isomorphic to the substitution dynamical system (Q,T,v).

Proof. The restriction of measure p on X is still a probability measure and we still
denote it by p. Since p~! is measurable, v/ = p o p is the induced Borel probability
measure on §). Let us extend v/ to by setting /(2 \ Q) = 0. We obtain a Borel
probability measure on 2 and we still denote it by v/. It is easy to show that after
extension, we still have v/ = p o p.

Now we show that v/ is T-invariant.

V(T(H)) = popoT(H)=poDop(H)
= pop(H)=v'(H).
Since (2, T) is uniquely ergodic, we obtain that v/ = v. a
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Random Cantor Sets and Their Projections

Michel Dekking

Abstract. We discuss two types of random Cantor sets, M-adic random Can-
tor sets, and Larsson’s random Cantor sets. We will discuss the properties of
their ninety and fortyfive degree projections, and for both we give answers
to the question whether the algebraic difference of two independent copies of
such sets will contain an interval or not.
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1. Introduction

We start with an example of the kind of random Cantor sets that we will dis-
cuss. The classical triadic Cantor set is recursively obtained by dividing the unit
interval in the three intervals [0,1/3],[1/3,2/3] and [2/3,1], and then discarding
the middle interval. The two remaining intervals form C', and are subdivided into
three intervals of length 1/9, and in each of them the middle interval is discarded.
Continuing in this way one obtains a set C™ of 2™ intervals of length 37" in the
n'" step, and the classical triadic Cantor set is the intersection of the C™. In
the random version, one flips independently three coins for each of the intervals
[0,1/3],[1/3,2/3] and [2/3,1]. If a coin turns up heads then the corresponding
interval is discarded, if tails turns up then the corresponding interval is a member
of C*. Next, each interval of C! is subdivided into three intervals of length 1/9,
and the same coin flipping procedure is applied to these three intervals. In this
way one obtains a decreasing sequence of random sets C™ (C™ might be empty),
and the triadic random Cantor set C' is the intersection of the C™.

Algebraic differences (or sums) of deterministic Cantor sets have received a
lot of attention lately, see, e.g., [1], [2], [25], [12]. Here the algebraic difference (or:
arithmetic difference) of two arbitrary sets A, B C R is defined as the set of those
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real numbers that can be formed as the difference of a number from the first set
and a number from the second set:

A-B:={zx—y:x€ A,y € B}.

In this paper we will focus on the question whether the difference of two random
Cantor sets C; and C5 contains an interval or not. The condition dimg Cq7 +
dimyg Cy > 1, is a necessary condition for the algebraic difference C7 — C5 to
contain an interval. A conjecture by Palis and Takens ([23]) states that if

dimg C; + dimyg Cy > 1, (1)

then generically it should be true that C; — C5 contains an interval. Excluding the
case dimy C7 + dimy Cs = 1 the Palis-Takens conjecture thus essentially states
that the necessary condition regarding the sum of Hausdorff dimensions would also
be a sufficient condition.

For generic dynamically generated non-linear Cantor sets this was proved
in 2001 by de Moreira and Yoccoz ([4]). The problem is open for generic linear
Cantor sets.

The problem was put into a probabilistic context by Per Larsson in his the-
sis [20] (see also [19]). He considers a two parameter family of random Cantor sets
Cab, and claims to prove that the Palis conjecture holds for all relevant choices of
the parameters a and b (see Section 5).

We will consider the problem for M-adic random Cantor sets (where the
Palis conjecture may fail to hold in general). A simple observation (see Section 4)
gives that studying the difference is the same as studying a 45° projection. We will
therefore first (in Section 3) give similar results for the easier case of orthogonal
projections.

2. Random Cantor sets

We will introduce random M-adic Cantor sets, defined for any integer M > 2,
the base of the Cantor set. The randomness resides in the process of deletion of
intervals. See Section 5 for another type of random Cantor sets, where the position
of the intervals is random.

2.1. Trees

The construction of M-adic Cantor sets is intimately related to the notion of
M-ary trees.

Let M > 2 be an integer. An M-ary tree is a tree in which every node has
precisely M children. See Figure 1 for an example. The nodes are conveniently
identified with strings over an alphabet of size M; we use the alphabet A :=
{0,...,M —1}.

Strings over A of length n are denoted as i1 ...17,, where i1,...,i, € A. The
empty string is denoted by () and has length 0.



Random Cantor Sets and Their Projections 271

The M -ary tree T is defined as the set of all strings over the alphabet A. The
root node is the empty string . The children of each node 4 ...4, € T are the
nodes 11 .. .1%nin41 for all 7,41 € A. The level of a node corresponds to its length
as a string. For each n > 0, the n*™ level of the tree consists of all nodes at level
n, and it is denoted by 7,,. It thus holds that

T=UZ=J U - U fir..in}.
n>0 n>0141 €A in €A
2.2. Random M-adic Cantor sets
Let p := (po,...,pm—1) € [0,1]M, be a vector of probabilities (in general not a
probability vector). We introduce a probability measure P, on the space of labeled
trees, by giving each node ¢; ...%, a random label X;, ;. which will be 0 or 1.
The probability measure is defined by requiring that the X;, ., are independent
Bernoulli random variables, with Pp,(Xy =1) =1, and for n > 1 and 47 ...4, € A"
Pp(Xiy.i, = 1) = pi,,-
The randomly labeled tree determines a random Cantor set in [0,1] in the
following way. Define for all 4y ...4, € T
Z'1 i2 in ’i1 ig
Li i o= |—4 =+ = L
1o {M—FMQ—&- +M”M+
The n'" level approximation C™ of the random Cantor set C' is a union of such
nt" level M-adic intervals selected by the survival sets S, C 7,, defined by

Sp={t1...0n: X5, = X4, ==X, 4, =1}
The random Cantor set C is

C= Ol c" = ﬂ U L. -

n=1 i1...in€Sn

it
M?2 M T Mn

The classical triadic Cantor set can be obtained in this way by taking M = 3,
and the vector

p = (po,p1,p2) = (1,0,1).

e
S P DN

00 01 02 10 11 12 20 21 22

SN N AN AN AN N AN TN

00 001 002 010 011 012 020 021 022 100 101 102 110 111 112 120 121 122 200 201 202 210 211 212 220 221 222

FIGURE 1. A graphical representation of the first four levels — 7y, 77,
75 and 73 — of the 3-ary (ternary) tree 7.
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A well-known (see, e.g., [3]) example is M-adic fractal percolation with param-
eter p, which is obtained by choosing a number p in [0, 1], and taking the vector
p of length M equal to

p=(p,p,---,p).
This set is called also Mandelbrot percolation or canonical curdling (by Mandelbrot
himself). The term percolation actually refers to a two-dimensional version, which
we will discuss next (see also Figure 2).

2.3. Higher dimensions

Obviously the idea of M-adic Cantor sets can be extended to d-dimensional Eu-
clidean space, by considering the M%adic tree, whose nodes correspond to d-
dimensional level n M-adic hypercubes

(n) _ 7(n) (n) :
I . 7111 ><~~~><Ild7 lkEA”.

Jyrendy

The limit set C in [0,1]¢ is then defined by an intersection of approximating sets
C™ as above. In accordance with the structure of hypercubes we arrange the level
n symbols in matrices of size M™ x M™ x --- x M™.

In the sequel we shall for simplicity of notation mainly consider the case
d = 2. As a (deterministic) example, let M = 3 and define p° by

S Pgo Pgl sz 111
p = Pfo pfl sz = 1 01
Pgo P251 P§2 111

The limit set C(p®) equals the Sierpinski carpet. This set is not a Cantor set in
the usual sense, since it is not totally disconnected. However, in the sequel we
will continue to use the name Cantor set, were we do not refer to its topological
properties, but rather to the similarity of its construction with that of the classical
triadic Cantor set. It is in fact an open problem to determine for two-dimensional
fractal percolation with parameter p for which p the set is (almost surely) totally
disconnected, and for which p it is not ([3]).

Triadic fractal percolation in the plane is determined by a p with 0 < p <1,
and the matrix

p:

ASERS IS

p
b
b

ASERS TS

See Figure 2 for realisations of the first six approximants to C', where M = 2.
As a final example take d = 2, M = 3 and a p in [0, 1], and choose p*P
according to

"

p p

p*P=1{p 0
bp p b

In this way we obtain what we call the random Sierpinski carpet with parameter

p. See Figure 3 for a realisation of C° of this carpet.

b
p
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FIGURE 2. Realizations C1,...,C% of base 2 fractal percolation.

FIGURE 3. A realisation of C® for the random Sierpinski carpet (p = .9).

2.4. Joint survival distributions

So far we have considered M-adic random Cantor sets where the intervals are
picked or discarded independently of each other. However, if we collapse two steps
of the construction into one, passing to a M?-adic Cantor set generating the se-
quence C?" . n =1,2,..., which (in distribution) yields the same set

C = ﬁ Cin7
n=0
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then this independence is lost. For example, in fractal percolation in base M = 3,
]Pp([oo - 02)Pp(101 C 02) = p4 7é Pp(Ioo C 02, Iy C 02) = pg.

Since this order 2 Cantor set — and higher orders — will be important later, it is
necessary to generalize the definition of random Cantor sets. Let p be a probability
measure on the collection of subsets of A. We call i the joint survival distribution.
This measure induces a probability measure P, on the space of labeled trees,
where we label each node 4 ...4,, € 7 with X;,. ;. € {0,1}, by requiring that
P, (Xp = 1) =1 and that the sets

{in+1 € A Xil...inin+1 = 1} ~ (2)

are independent (and identically) distributed for all 4; .. .4, € 7.
For a joint survival distribution u the vector of marginal probabilities p :=
(p()7 N 7p]\{_1) is defined by

n

pi =P, (Xi=1), (3)

for all = € A. Note that these marginal probabilities do not need to sum up to 1. It
is remarkable that many properties of C' are already determined by these marginal
probabilities, rather than by the complete joint survival distribution. We give two
simple examples of this phenomenon in the next section.

2.5. Two basic structural properties

First we treat the question under which conditions C' is empty. The number of
level n intervals selected in C™, Card(S,,), is a branching process with as offspring
distribution the distribution of Card(S7). Since the C™ are non-increasing, C = ()
if and only if the branching process (Card(S,,)) dies out. Note that E,[Card(S1)] =

Ipll;-
It follows from well-known results in branching process theory that if

Ipll; <1 and P, (Card(S1) = 1) # 1,
then C' = () almost surely, and if on the other hand

Ilpll; >1or P, (Card(S;) =1) =1,

then C # () with positive probability.
The next question is: what is the dimension of C? It is well known (see, e.g.,
[18], [13]) that the Hausdorff dimension dimy and the box dimension dimp of the
random Cantor set C' are given by
log Card(S1) _ log(3 ;s pi) _ log|lpll

di C =dimp C = = =
i s log M log M logM ’

almost surely on {C # 0}.
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3. Orthogonal projections of M-adic random Cantor sets

Random Cantor sets are already considered in Mandelbrot’s book [21]. There he
uses 5-adic fractal percolation (called random curdling) in dimension d = 3 to
implement Hoyle’s model for galaxies. He gives the reader an idea of this galaxy
model by presenting plane projections, and remarks that “it is not rare that two
contributing cubes project on the same square”, but “that in the limit the pro-
jections of two points almost never coincide”. This is poetically phrased as “The
dust is so sparse as to leave space essentially transparent”.

This raises several questions about the size and the structure of an orthogo-
nal projection of an M-adic random Cantor set, as for instance “When does the
dimension not drop?”, “When is the Lebesgue measure of the projection positive?”
(see, e.g., [6]). Here we will focus on the question

“When will the projection contain a ball, i.e., have non-empty interior?”

For orthogonal projections of M-adic random Cantor sets this question has
been answered by Falconer and Grimmett. We consider projections in R? on the
first e coordinates, where 1 < e < d. For j = (J1y-- - Je) € A® let

N(j) = Card{i = (i1,...,ia) € Sy : (i,...,4ic) = j}, and mz=E,[N(j).

These are the number of surviving hypercubes in C' which project onto the sub-
cube of R corresponding to the vector j = (j1,---,Je), and their expectation. We
also need .
Nmin := min N(j).
JEA®
Theorem 1. ([14]+[15]) Let C be an M-adic random Cantor set in RY generated
by a joint survival distribution p, and let w, be the orthogonal projection on R¢,

where 1 < e < d.
(a) If for all j € A® m; > 1, then m¢C contains a ball almost surely on {C # 0}
if and only if P,y (Nmin > 1) =1 or Py, (Nmin > 2) > 0.
(b) If there exists a j € A° with msz < 1, then m.C' contains no ball almost surely.

As an example, let d=2, e=1, M = 3, and let pu give probability 1/3 to the
three sets consisting of two full columns (cf. Figure 4).

FIGURE 4. Sets A%\ {(i,0), (i,1), (i,2)}, for i = 0, 1,2 obtaining prob-
ability 1/3.

In this example mg = my = m2 = 2, but Npin = 0. Thus part (a) of
Theorem 1 implies that 7 C does not contain an interval (i.e., a one-dimensional
ball). Tt is interesting to remark that m C does have positive Lebesgue measure,
since momimg = 8, which is larger than 1 (see Theorem 8 in [5]).
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4. Fortyfive degree projections and differences

The algebraic difference A — B of two sets A and B can be seen (modulo a dilation
by v/2) as a projection under 45° of the Cartesian product A x B. See Figure 5
for an illustration of this.

A-B -  A-B

FIGURE 5. The algebraic difference A — B of A, B C R can be inter-
preted as a projection of the product set Ax B by the map (z,y) — z—y.

We consider the algebraic difference C; —Cs between two independent random
M-adic Cantor sets C; and Cs. In general, we denote the joint survival distribution
of C7 by p and that of Cy by A. The corresponding marginal distributions will be
denoted by p and q respectively. Sometimes, we will restrict ourselves to the
(marginal) symmetric case, where p = q, but in general we will allow p and A to
have different marginal probabilities.

The algebraic difference C'y — Cs is defined on the product space of the prob-
ability spaces of C1 and Cy. We will use PP := P, x P to denote the corresponding
product measure and E[-] to denote expectations with respect to this probability.

4.1. Correlation coefficients
Define the cyclic cross-correlation coefficients

M—1

V=D Pidi-k, (4)
=0

where the indices of p should be taken modulo M, and k € A. This definition is
extended to k € Z by setting v, 5, = 7, for all i € Z\ {0}. For the symmetric
case p = q, these coefficients are called the cyclic auto-correlation coefficients.
For brevity, however, we will use the shorter term correlation coefficients, without
making a distinction between the symmetric and the non-symmetric case.

4.2. A partial result

The main theorem in [7] links the 7, — the correlation coefficients defined in Sec-
tion 4.1 — to the interval-or-not question. In the setting of general joint survival
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distributions g and A, the condition stated below is sufficient for the theorem to
hold.
For a joint survival distribution g : 2% — [0, 1] we define its marginal support:

Suppm (1) == J {5 € A+ u(S) > 0}. (5)

In other words, the marginal support is the set of ¢ € A for which it holds that
pi = P, (X;=1) > 0. For example take M = 4 and p defined by n({0,3}) =
1({1,3}) = u({3}) = 3, then the marginal support is Suppm(p) = {0,1,3}.

We say a joint survival distribution u : 2% — [0, 1] satisfies the joint survival
condition if it assigns a positive probability to its marginal support:

p(Suppm (1)) > 0. (6)

Joint survival distributions that correspond to M independent Bernoulli vari-
ables satisfy the joint survival condition since we have

p(Suppm(w) = J[  pi>0
1€SUpPPm (1)

for them. In the example above, where Suppy, () = {0,1,3}, the joint survival
condition is not satisfied, because the set {0, 1,3} is not among those selected by
1 with positive probability.

Theorem 2. ([7]) Consider two independent random Cantor sets C1 and Co whose
joint survival distributions p and X satisfy (6), the joint survival condition.

(a) Ify,>1 forall k€A, then Cy —Cs contains an interval a.s. on {Cy —Ca#0}.
(b) If there exists a k € A with~y,,v,,, < 1, then C1—C> contains no interval a.s.

Proof. A proof for joint survival distributions corresponding to M independent
Bernoulli variables is given in [7]. An extension of this proof for general survival
distributions satisfying the joint survival condition is given in [10]. O

Theorem 2 is in general not conclusive for all pairs (p,q). Some ~y, might
be larger than 1 while others are smaller than 1, though never two consecutively.
Another gap, which is not uncommon in branching process theorems, has to do
with the boundary case 7, = 1. Consider for example the symmetric M = 3
case: in this case we always have v, > v; = 75, so it follows that the theorem is
conclusive for both v, > 1 and v; < 1; it is still not conclusive, however, for the
boundary case y; = 1.

Mora, Simon and Solomyak ([22]) have shown that the condition oy - - -
vrm—1 > 1 (cf. the orthogonal projection case), with a small extra requirement,
implies that the Lebesgue measure of C; — Cy is positive almost surely. With
this they can show that there exist random Cantor sets whose difference does not
contain an interval, but has positive Lebesgue measure.

The scope of Theorem 2 can be lifted by using the idea of higher-order Can-
tor sets.
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4.3. Higher-order Cantor sets

We already considered order 2 random Cantor sets in Section 2.4. Essentially,
the n*-order random Cantor set is constructed by ‘collapsing’ n steps of this
construction into one step.

We denote all entities of an n*'-order random Cantor set with a super-
script (™).

Formally, the n*f-order random Cantor set (n > 0) of an M-adic random
Cantor set with joint survival distribution p is an M"-adic random Cantor set
with the joint survival distribution (" defined below. Note that the alphabet
A™ is the set {0,..., M™— 1}. The joint survival distribution u(™ : 22 — [0, 1]
is determined uniquely by requiring that

Xlin) ~ HXk'l...ki = Xk1Xk1k2 '”Xkl--'k"’
=1

forall k = kM '+ -+ k1 M+E, € A(”), where the Xy,  k, are defined in
(2), and in particular

{km“ €A™ X b = 1} ~ .

for all ky ...k, € T™. From this definition, it is clear that the higher-order
marginal probabilities are given by

1) = HP” (Xkyooky =1) = Hpk'“ (7)

for all k = kyM™ ' + -+ k, € A because Xy s Xieykgy -+ -y Xy .k, are inde-
pendent.

The joint survival condition (6) nicely propagates to higher-order Cantor sets.
If 1 satisfies the joint survival condition, then

p;cn) = P#(n) (Xlgn)

Suppm (u(™) = {k =k M" o ky € A :p,(cn) = Hpki > 0}7
i=1

which implies that p(™) satisfies the joint survival condition as well:

M(”) (Suppm(ﬂ(n))> = (M (Suppm(u)))l-&-a-i-a Fedam™ >0

where a := Card(Suppm (¢)). This ensures that Theorem 2 can be successfully

applied to higher-order Cantor sets C\™ and C§™ when the joint survival condition
holds for p and A.
The key observation regarding higher-order Cantor sets is that for all n > 1

c~ (Y erm =, (8)
m=1
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hence statements such as Theorem 2 can be applied to higher-order correlation
coefficients 7™ in order to get results not only for C{™ — C{™ but for Cy — Cy

as well. This approach will lead to Theorem 3 in the next section.

4.4. Lower spectral radii

The following definition due to Gurvits ([16]) generalizes the concept of ‘spectral
radius’ to a set of matrices.

Let ||-|| be a submultiplicative norm on R¥*? and ¥ C R?*4 a finite non-empty
set of square matrices. The lower and upper spectral radius of 3 are defined by

.= liminf . A = - C AT
p(E) =liminfp (5, [M1),  p, (5 )=, min JAr---An] 7 (9)
p(¥) = Tim sup pn (3 D, P11 s=, max |4 Al (10)

Note that for ¥ = {A}, with A a square matrix, the lower and upper spectral
radius are equal to p(A), the spectral radius of A.

For the algebraic difference of two M-adic random Cantor sets, we are inter-
ested in the lower spectral radius of a set of matrices

Y= {M(0),... ., M(M—1)}. (11)
To define these matrices we first introduce real numbers my, for k = —M+1, — M+
2,...,M—2,M—1 by
my = Z Pigj (12)
i,jEA: i—j=k
and put m_j; = mpyr = 0. The number my, is the expected number of squares in

the tilted C{ x C3 whose right half-projects on the interval ‘/75 Iy, see Figure 6 for
an illustration.

o

V2
2

FIGURE 6. When M =4, m1 = p1qo + p2q1 + p3qe, and m_3 = poqs.
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Next we define the so-called growth matrices M (k) by

_|MmEr1-m ME—m
M (k) = | e (13

for k € A. The my’s are related to the v4’s by
My +Mg—M = Vk-

The following theorem provides a generalization of Theorem 2 for the margin-
ally symmetric case p = q (where m_; = my), using the concept of the lower
spectral radius.

Theorem 3. ([10]) Consider the algebraic difference Cy — Cy of two M -adic in-
dependent random Cantor sets C7 and Cy whose joint survival distributions u
and X\ satisfy the joint survival condition (6) and have equal vectors of marginal
probabilities p = q such that my > 0 for all k € A. Let Y pq be as in (11).

(a) If p(Xpm) > 1, then Cy — Ca contains an interval a.s. on {Cy — Ca # 0}.
(b) If p(Xm) <1, then Cy — Cy contains no intervals a.s.

It is not known whether a similar result holds for the marginally asymmetric
case p # q. It is clear however, that the joint survival condition is too strong:
there are families of p’s who do not satisfy the joint survival condition for which
Theorem 3 is true. An improvement of this condition has recently been given
in [11].

Note that the interval or not question is entirely determined by the marginal
vector p, and that Theorem 3 yields a surface in RM that separates the interval
case from the no interval case. For M = 2 and M = 3 this surface has been
determined (in respectively [10] and [7]). For all M > 4 the problem is open. This
is connected to the fact that in general it is very hard to determine a lower spectral
radius (see [26]).

5. Larsson’s random Cantor sets

Let a and b be two positive numbers with
1
a> 7 and 3a <1-—20b. (14)

Larsson’s random Cantor set is obtained as follows: first remove an interval of
length a from the middle of the unit interval, and intervals of length b from both
ends. Then put intervals of length a according to a uniform distribution in the
remaining two parts [bé — %] and [% +35,1— b} — note that this is possible by
the second part of condition (14). These two randomly chosen intervals of length
a are called the level 1 intervals of the random Cantor set C, ;. We write C’;,b for
their union. In both of the two level 1 intervals we repeat the same construction
(scaled by a) independently of each other and of the previous step. In this way

we obtain four disjoint intervals of length a?. Similarly, the set Cyp consists of 2"
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level n intervals of length a™. Then Larsson’s random Cantor set is defined by (see
Figure 7 for an illustration)

oo
Cap = [) Ciy-
n=1

T

(SIS}
—_

|
S
—_

N

FIGURE 7. The construction of the Cantor set C, . The figure shows
Cly CHy

The next theorem was stated by P. Larsson.

Theorem 4. ([19],[8]) Let a and b satisfy (14), and let Cy, Cs be independent
random Cantor sets having the same distribution as Cqp defined above. Then the
algebraic difference Cy — Cy almost surely contains an interval.

Note that the first part of condition (14) implies that (surely!)
log2 1
g2

dlmH (Ca,b) = — loga B .
Theorem 4 hence implies that the Palis-Takens conjecture holds for the Larsson
random Cantor sets.

Larsson’s proof is based on a limit theorem for multitype branching processes
with continuous state space ([17]), but both in his paper in the Comptes Rendues
([19]), and in his thesis ([20]) he fails to justify the use of this limit theorem. For
a correct proof see [8].

6. Final remarks

The random Cantor sets considered here form a very natural class of random
fractals. In fact, they have a relation to the most natural random fractal: Brownian
motion. Yuval Peres ([24]) has shown that for d > 3 the path of Brownian motion
(restricted to the unit cube) ‘sees’ sets in the same way as fractal percolation with
parameter p = 2279, This means that there exist positive constants a and b such
that for any Borel set B

aP(BNC #0) <P(BNW((0,00]) #0) <bP(BNC #£10),

where C' is d-dimensional fractal percolation with parameter 229, and W ((0, oc])
is the path of Brownian motion.

The class of M-adic Cantor sets considered here can be considerably extended
by letting the survival of a subinterval depend on the presence/absence of the
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neighbouring intervals, see [9]. Figure 8 illustrates one of the new phenomena that
may occur.

e
A R
g -‘M"

) B!

FIGURE 8. Six iterates of an example of fractal percolation with neigh-
bour interaction.
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